UNIT-I

Basic Number Theory

The theory of numbers is the branch of mathematics which deals with properties of the whole
numbers (counting numbers also called positive integers).

Euclid also made an important contribution by finding all the perfect numbers.

e.g. 6 =1+ 2+ 3 is a perfect number (the sum of all its proper divisors).

Well Ordering Principle: If A is a non-empty set of positive integers, then A contains a
least (smallest) integer; i.e. o € Asuch thata<b,V b €A.
OR

Every non-empty subset of the set of positive integers has a least element.
e.g. N=1{1,2,3,...} — smallest element =1
A ={2,3,4} — smallest element =2
“Well-ordering principle” is a fundamental tool in Mathematics and is used to:

(1) Prove results using Mathematical Induction

(i1) Prove by contradiction

(ii1) Establish the correctness of many algorithms in mathematics and computer science.

Archimedean Property: If a, b are any two positive integers, then there exists a positive integer
n such that na > b.

Divisibility

If a and b are integers with a # 0, we say that “a divides b” if there is an
integer c such that b = ac.

Notation: a divides b, we say that ‘a is a factor of b’.
The notation a | b denotes that a divides b.

If a does not divide b, then we write a  b.
e.g. 317, since 7/3 is not an integer.

3|12, since 12/3 =4 or 12 = (3)(4).

Properties of divisibility

Ifa, b, ¢, d, m and n are arbitrary integers, then:
1)a|a (Reflexive Property)
Proof: We know thata=1-a
a=a-1l, where 1 is an integer
=ala
2) If a and b are non-zero integers such thata |b and b | a, thenb=+a (or) |b| = |
a | b = b = aki, for some integer ki
b | a = a = bk, for some integer k>
b = ak;
= (bko)k;
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b = b(kaki1)
> bkki —1)=0
Since ki, ko are integers and b # 0, this is possible only if kik, =1.
ora=#b (or)b=#a = |b|=|a|
3)Ifa|bandb|c,thena|c. (Transitive property)
Ifalb = b =aki, for some integer ki
Ifb | ¢ = c = bke, for some integer k»
c =bks
= (akko
¢ = a(kik2), where ki, ko are integers
=alc
4)Ifa|banda]c,then
a | mb + nc, where m and n are integers
(Linearity property)
Given a | b = b = aki, where k; is some integer.
a | ¢ = c = aka, where k; is some integer.
mb + nc = m(ak) + n(ako)
= a(mk; + nk»)
Since mk; + nk> is an integer,
=a| mb+nc
NOTE:
Ifm=1,n=-1,thenalb-c
Ifm=1,n=1,thena|b+c
5)Ifa|b, then a | (bx) for all integers x.

Given a | b = b = aky, for some integer ki

bx = (aki)x
= a(kix), where kix is an integer
= a | bx

6) If d | n, then d | an where a # 0. (Multiple Property)
Given d | n = n = dki, where k; is an integer
= an = adk;
= d(ak1)
As a, ki are integers, ak is an integer.
=d | an
7)If ad | an and a # 0, then d | n. (Cancellation property)
Given ad | an
= an = (ad)ki, where ki is some integer

an — adk; =0

aln — dki)=0
Asa +#0,

n—dk; =0
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n = dk;
=d|n

Soif ad | an, then d | n.

8)1|n, Vn
Asn=1Xxn
=1]|n

9)n|0ifn*0
Ifn+0,then0=0Xn
0 =n x 0, where 0 is an integer
=>n|0

10)
Ifajbanda|c,thenal(b+c)
b=an,c=am
b+ c=an+am =a(n + m)
=a|(b+c)

Problems based on divisibility

1) If a and b are positive odd integers, prove that 2 | (a2 + b?) but 4 } (a2 + b?).

Given a and b are positive odd integers.
=>a=2m+1, b=2n+1
a2+b2=0C2m+1)>+(2n+1)*
=4m’+4m+ 1 +4n°+4n+ 1
=4(m*+n*+m+n)+2
Clearly it follows that 2 | (a® + b?), but 4  (a? + b?).

2) If a and b are positive integers witha # 0 suchthatalbandal (b +
2), prove thata=1lora=2.
Sincea|banda|(b+2),

=a | [(b+2)-Db]forallintegersx=-1,y=1

=al2

=>a=l1lora=2

3) For any integers a, b, c with a # 0, prove that if a does not divide bc,
then a does not divide b and a does not divide c.
Suppose a |bora]c.
Case (1): Ifa|b
= b = ak, for some integer k
= bc = a(kc)
Since k is an integer and ¢ is an integer, kc is an integer.
=a | bc
Case (i1): Suppose a | c

= c = aki, for some integer ki
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= bc = b(aki) = a(bk;)
=a | bc

Hence, ifa|bora|c, thena|bc.

Taking contrapositive of this:
Ifatbc,then—(alboralc)
—(a|lb) A —(alc)
= Ifatbc,thenatbandatc

4) Show that there do not exist integers x, y, z such that
14x — 35y + 42z = 90
Suppose there exist integers x, v, z such that 14x — 35y + 42z = 90.

Since 7 divides all of 14x, —35y and 42z, it follows that 7 divides 14x —
35y + 42z. But 7 does not divide 90. This is a contradiction. Hence there
are no integers X, v, z such that 14x — 35y + 42z = 90.

5) If, for some integers a and b, the integer 5a + 8b is a multiple of 12, prove that the integer
19a + 4b is also a multiple of 12.

19a + 4b = 19a + 5a — 5a + 8b — 8b
= 24a + 12b — (5a + 8b)
= 12(2a + b) — (5a + 8b)
12(2a + b) is a multiple of 12 and (5a + 8b) is also a multiple of 12.
= 12(2a + b) - (5a + 8b) is also a multiple of 12.

6) If a, b, c are integers such that 5a + 7b + 11c¢ is a multiple of 31, prove that 21a + 17b + 4c¢ is
also a multiple of 31.

Rla + 17b + 4c = 31(a+ b + c) — 2(5a + 7b + 11c)
31(a+ b +c)is divisible by 31 and 2(5a + 7b + 11c¢) is also divisible by 31.
= 21a+ 17b + 4c is divisible by 31.

7) Prove that 3 | (7" — 4") for every positive integer n.
Forn=1,
31(7' —4H=33
= The result is true for n = 1.
Assume that the result is true for n = k.
3|(7% = 4Y
Consider,
gkt gktl — 7.7k — 4.4k
=375+ 4.7 — 4-4k
=375+ 4(7% — 4%
3]3-7%and 3 | 4(7% — 4%
=3 | [7k+1 _ 4k+1]
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Prime numbers

An integer p > 1 whose only divisors are 1 and p is called a prime number.
An integer > 1 which is not a prime number is called a composite number.
e.g. Prime numbers from 1 to 100 are

2,3,5,7

11,13,17,19

23,29

31,37

41,43, 47

53,59

61,67

71,73,79

83, 89

97
e.g. The integers 4, 6, 8, 9, 10, 12, 14, 15 are composite numbers.
If n is a composite number, then n has divisors other than +1 and +n.

= n = nn2 for some integers ny, n2 with 0 <n; <nand 0 <n><n

Division Algorithm

Let a and b be integers with b # 0. Then there exist unique integers q and
r such that

a=bg+r, with0 <r < |b]|

Common divisor

Given two integers ‘a’ and ‘b’, if there is an integer ‘d’ such that d | a and d | b, then d is called a
common divisor of ‘a’ and ‘b’.

Greatest common divisor

Suppose ‘a’ and ‘b’ are integers. If there is an integer d > 0 such that
(i)d|aandd|b
(i1) every common divisor of ‘a’ and ‘b’ divides d,
then we say ‘d’ is the greatest common divisor (gcd) of a and b. It is denoted by gcd(a, b) or (a, b).
e.g. 1) GCD of 24 and 36
Divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24.
Divisors of 36 are 1, 2, 3,4, 6,9, 12, 18, 36.
Common divisors of 24 and 36 are
1,2,3,4,6,12
ged(24,36) =12
2) What is the ged of 17 and 227
Divisors of 17 are 1, 17.
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Divisors of 22 are 1, 2, 11, 22.
Common divisors are 1.

ged=1
3) Find ged(12, 18).
Divisorsof 12 are 1, 2, 3, 4, 6, 12.
Divisors of 18 are 1, 2, 3, 6, 9, 18.
CD.arel,?2,3,6.

GCDis 6

Co-prime numbers (or) Relatively prime numbers

If gcd(a, b) = 1, then we say that a and b are relatively prime integers.
e.g. 12, 35 are relatively prime.
As divisors of 12 are 1, 2, 3,4, 6, 12
Divisors of 35 are 1, 5, 7.
CD.=1
G.CD.=1

Examples of relatively prime integers
(i)a=12,b=35

35=12(2) + 11

12=11(1)+1

11=1(11)+0

ged(12,35)=1

= 12, 35 are relatively prime.
(i))a=49,b=18

49=18(2)+ 13

18=13(1)+5

13=52)+3

5=3(1)+2

3=2(H)+1

2=112)+0

ged(49, 18) =1

= 49, 18 are co-primes.
(iii)a=21,b=064

64=213)+1

21=1221)+0

ged(21,64) =1

= 21, 64 are relatively prime.
(iv)a=28,b=45

45=28(1)+ 17

28=17(1)+ 11
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17=11(1) + 6

11=6(1)+5
6=5(1)+1
5=1(5)+0

ged(28,45)=1
= 28, 45 are relatively prime.

NOTE: For positive integers a and b, the gcd is the smallest positive integer which can be written in
the form ax + by for some integers x and y.

Properties of co-prime (or) relatively prime numbers

1) Any two distinct primes are relatively prime. e.g. (7, 13) =1
2) Any two consecutive integers are relatively prime. e.g. (9, 10) =1

3) The integers a and b are relatively prime if and only if 1 can be expressed as a linear combination
of aand b.

4) Suppose a and b are relatively prime and a | be, then a | c.

5) Suppose a, b and c are integers such that a and b are relatively prime and a | cand b | c. Then ab |
C.

6) Suppose a prime p divides a product ab. Thenp |aorp | b.
Problem
Show that, for any positive integer m, the numbers 3m + 2 and 11m + 7 are relatively prime.
Sol:
1=11(3m + 2) — 3(11m + 7)
This shows that 1 is a linear combination of 3m +2 and 11m + 7.

Therefore, 3m + 2 and 11m + 7 are relatively prime.

NOTE: For positive integers a and b, the gcd is the smallest positive integer which can be written in
the form ax + by for some integers x and y.

e.g.a=12,b=18, ged(12, 18) =6.

Properties of ged

The ged has the following properties:

(1) ged(a, b) = gcd(b, a) (Commutative law)

Sol: Let ged(a, b) = d.

d is the smallest positive integer which can be written in the form
d = ax + by, for some integers x and y

d=Dby +ax
d is the smallest positive integer such that d = by + ax, for some integers x and y.
= gcd(b, a) =d

= gcd(a, b) = ged(b, a)
(2) ged(a, (b, ¢)) = ged((a, b), ¢) (Associative law)
(or) (a, (b, ¢)) = ((a, b), ¢)
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Proof: Let d = ged(a, ged(b, ¢)). Thend |aand d | ged(b, ¢),sod|a,d|bandd |c.
Similarly, let e = gcd(ged(a, b), ¢). Thene |a,e|bande | c.
Thus d and e are both the greatest positive common divisor of a, b and c. Therefore d = e.
Hence ged(a, ged(b, ¢)) = ged(ged(a, b), ¢).
(3) (ac, be) =|c|(a, b) (Distributive law)
Letd=(a, b).
=d|aandd|b
a=dm, b = dn, for some integers m, n
ac = dcm and be = den
Hence |c|d divides both ac and bc.
(ac, bc) =|c|(a, b)
Proof for ¢ >0
Let g=(a, b) and G = (ac, bc). We want to prove that G = cg.
1) Show that cg < G
By definition of ged, g |aand g | b.
Multiplying by c, cg | ac and cg | bc.
As cg is a common divisor of ac and bc, it must be less than or equal to the greatest common divisor
of ac and bc.

=cg<G ..(1)
2) To show that G < cg
As g = (a, b), there exist integers x and y such that
g =ax + by
cg =acx + bcy
We know that G = (ac, bc).
= G |acand G | bc
= G | (acx + bey)
=G| cg
=>G<cg ...(2)
From (1) and (2), G = cg.
Proof for ¢ <0
If c is negative, let k = —c = |c|, where k > 0.
Using the property (x, y) = (||, y|),
(ac, be) = (Jac|, |bc|)
= (lalk, Iblk)
Applying the result for positive integers proved above:
(lalk, [blk) = k({a], [b]) = |c|(a, b)
So, for any non-zero integer c,
(ac, bc) =c|(a, b)
(4)(a,1)=(1,a)=1 and (a, 0) = (0, a) = |a]
(1) Let (a, 1)=d.
=d|aandd |1
Asd|1,d=1.
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= (a,1)=1and(1,a)=1
(i1) Let (a, 0) =d.
= d = ax + Oy, for some integers x, y

d=ax

=ald ..(1)
As (a,0)=d,

=>d|a ..(2)

From (1) and (2), |d| = |a].
= (a,0)=(0,a) = |a|

Euclidean Algorithm

Statement: Given two positive integers a and b with a > b, an algorithm known as Euclid’s algorithm
may be employed to obtain the gcd of a and b.

According to this algorithm, gcd(a, b) is obtained by applying the division algorithm repeatedly to a
and b and obtaining a set of remainders as shown below.

Leta=r9,b=r
Asa>b,ro>r
ro=r1iqi+t1r, 0<n<n
n=nq@+tn 0<n<n

n=nq3trn, 0<n<r

In-2 =TIn-1qn-1+1, O0<mm<rmn-1
In-1=TInqn + 0
By division algorithm: dividend = divisor X quotient + remainder.

We stop the process when the remainder becomes zero. The last non-zero remainder 1y, is the ged(a,
b).

Problems on ged

1) Find the ged of a =258 and b = 24. Also express the gcd as a linear combination of a and b.
258 =24(10) + 18
24=18(1)+ 6
18=6(3)+0
Since the remainder is zero, we stop the process.
The last non-zero remainder is 6.
= gcd(258, 24) =6
Now, by working backwards, we find that
gcd =6 =24 — 18(1)
=24 — [1 X 258 — 24 x 10]
=24 — 258 +24 X 10
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=(-1) X 258 + 11 X 24
Thus gcd(258, 24) = 6 is expressed as a linear combination of 258 and 24.

2) Find the gcd of 250 and 111. Express the gcd as a linear combination of these numbers.
250=111(2) + 28
111 =28(3) +27
28=27(1)+1
27=127)+0
gcd(250, 111) =1
1=28-1X%X27
=28 — [1 x {111 - (28 x 3)}]
=28 —111+28 X 3
=28 x4 - 111
= [250 — (111 x 2)] x 4 — 111
=250 x4 -8 Xx111 - 111
=250 x4 -9 X111
gcd(250, 111) is expressed as a linear combination of 250 and 111.

3) Find the gcd of 826 and 1890 using Euclidean algorithm and express the gcd as a linear
combination of 826 and 1890.

1890 = 826(2) + 238

826 =238(3) + 112

238=112(2) + 14

112=14(8)+0

ged =14

14 = 238 — (112 X 2)
=238 — [2 X {826 — 3 X 238}]
=238 — 2 X 826 + 6 X 238
=238 X7 — 2 X 826
= [1890 — 826 X 2] X 7 — 2 X 826
=1890 X 7 — 14 X 826 — 2 X 826
=1890 X 7 — 16 X 826

4) By using Euclidean algorithm find the gcd of 1769 and 2378 and also find x and y such that
(1769, 2378) = 1769x + 2378y
2378 =1769(1) + 609
1769 = 609(2) + 551
609 =551(1) + 58
551 =58(9) + 29
58=29(2)+0
gcd =29
29 =551 - 58 X9
= 551 — [609 — 551 X 1] X9
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=551 — 609 X 9+ 551 X9
=551 X 10 — 609 X 9
= [1769 — (609 X 2)] X 10 — 609 X 9
=1769 X 10 — 609 X 20 — 609 X 9
=1769 X 10 — 609 X 29
= 1769 X 10 — [2378 — 1769 X 1] X 29
= 1769 X 10 — 2378 X 29 + 1769 X 29
= 1769 X 39 — 2378 X 29
=1769x + 2378y

=>x=39,y=-29

Problems for Practice

1) Find the gcd of 1479 and 272 using Euclidean algorithm and express the ged as a linear
combination of 1479 and 272.

ged =17
17=1479x + 272y

2) 12378, 3054
ged =06
6 =132 X 12378 — 535 X 3054

3) ged(56, 72) = 56x + 72y, find x, y
ged(56,72) =8
8 =56x+ 72y
x=4,y=-3

4) gcd(24, 138) = 24x + 138y, find x, y
gcd(24, 138) =6
6 =24 X 6+138(—1)
x=6,y=-1

5) ged(23,37) =23a + 37b, find a, b
ged(23,37)=1
a=-8Db=5

Fundamental Theorem of Arithmetic

Every integer n > 1 can be represented as a product of prime factors in only one way, apart from the
order of factors.

Proof: We prove the theorem by induction on n.
For n =2, the theorem is true.

2 itself is a prime number
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Assume that the theorem is true for m > 1 and less than n.
If n is a prime, then there is nothing to prove.
If n is composite, then there is a positive divisor d with d # 1 and 4 # n:
thusn =cd, wherec # 1, c # n.
Since ¢ <n and d <n, by hypothesis c and d can be written as products of prime numbers.

= nis a product of prime numbers.
To prove uniqueness, we use Euclid’s Lemma: if a prime p divides a product ab, thenp |a orp | b.
Proof of the lemma: If p t a, then gcd(p, a) = 1. Hence there exist integers
x and y such that px + ay = 1.
Multiplying by b gives pbx + aby = b. Since p divides both terms on the left, p | b. Thusp |aorp | b.
Now suppose that n has two prime-factor representations:

n=7pip2 ... P
n=qiq2 ... qi
where pi’s and q;’s are primes.
piln=pi|(qq..q)
= p divides one of the g;’s, say q;
By the theorem: If p is a prime and p | ab, thenp |aorp | b.
If p1 | qi, then p1 = q;.
[Since p and q are primes and p | q, then p = q.]
Proceeding like this, we find that every p must equal some q and conversely q must be equal to some
p.
This proves the required uniqueness of the result.
NOTE: The above theorem is also known as the Unique Factorization Theorem.
The representation of n > 1 as a product of primes is referred to as the canonical representation of n.
Examples
1) Express 10! as product of primes.
10!=10x9x8xT7Tx6x5x4x3x2x]
=2x5x32x2PxTx2x3Ix5%x22x3x2
=28 x34x 52 x7
2) Express 3105 as product of primes.
3105=3°x5x23
3) Find the prime factorization of
(1) 100 (ii) 641 (iii) 999 (iv) 1024 (v) 7007
100 = 2% x 5
641 = 641
999 = 33 x 37
1024 =210
7007 =7x7x11 %13
Problems
Using F.T.A., express the following numbers as a product of prime numbers:
1) 5544
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5544 =23x32x 7 x 11
2) 4849845

4849845 =3 x5 x 7 x 11 x 13 x 17 % 19
3) 9999

9999 =32 x 11 x 101

Euclid's Lemma

Ifa|bcandif(a,b)=1,thena|c.
Proof: Since (a, b) =1, we can write
1 = ax + by, where x, y are integers
c =acx + bey
a|ac and it is given that a | bc.
= a | acxanda | becy
= a | acx + bcy

=alc

Prime number

An integer n > 1 is called a prime number if the only positive divisors are 1 and n. [f n> 1 and if n is
not prime, then n is called a composite number.

Euclid’s theorem for Prime Numbers

There are infinitely many prime numbers.
Proof: (By contradiction)

Assume that there are finitely many prime numbers. Then we can say that there are n prime numbers
and we can write them down, in order:

2=p1<p2<p3<..<pn
Let the list of all prime numbers be p1, p2, p3, .., Pn.
Let N=1+pip2ps ... pn
Since N > p, and pa is the largest prime number, N is not prime.
By the Fundamental Theorem of Arithmetic,
N can be written as a product of primes, i.e., N must have a prime factor.
This means one of the primes in our list must divide N.
= There exists an integer i with 1 <i < n such that p; divides N.
Since pi | N and pi | p1p2p3 -.- Pi --- Pn,
=pi | [N = (Dip2ps ... pi ... pn)]
=pil|l
Butp; 2 2; it is impossible that p; divides I.
So we get a contradiction.
Hence our assumption that there are finitely many primes is false.

= There are infinitely many primes.

13Page 13



Fermat numbers

The numbers which are of the form 2" + 1, n = 0, are called Fermat numbers.
Fo=2"+1,n20
Fo=2'+1=3
Fi= 224+1=5
Fo=2+1=17
F3=28+1=257
F4=21°+1=65537
Fs =232 +1=4294967297
NOTE: The Fermat numbers Fo, F1, F2, F3 and F4 are prime, whereas Fs is composite.
These numbers are also used in plane geometry.
Gauss proved that if F, is a prime, say F, = p, then a regular polygon of p sides can be constructed
with straight edge and compass.
No Fermat prime beyond F4 is currently known. In fact, for 5 < n < 16, each
Fermat number F, is composite.

Problem 1
Use Fermat factorization method to factorize n = 119143.
We know that
(345)>=119025 < 119143 < (346)> = 119716
(346)* — 119143 = 573
(347)> — 119143 = 1266
(348)> — 119143 = 1961
(349)> — 119143 = 2658
(350)> — 119143 = 3357
(351)> — 119143 = 4058
(352)* — 119143 = 4761 = 692
(352 — (69)?=119143
= 119143 = (352 + 69)(352 - 69)
=421 x 283
This is the required factorization.

Problem 2
Use Fermat factorization method to factorize n = 23449.
As 123449 =~ 153.13, so 153 < 123449 < 154.
(153)* < 23449 < (154)*
(154)*> — 23449 = 23716 — 23449 = 267
(155)* — 23449 = 576 = 242
= (155)* — (R4)>=23449
23449 = (155 + 24)(155 — 24)
=179 x 131
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This is the required factorization.

Euclidean Algorithm

Theorem: Statement
Given two positive integers a and b, where a > b.

Let a =ro, b =r1, and apply the division algorithm repeatedly to obtain a set of remainders 12, 13, ..., In
after successive divisions by the relations

ro=riqi+trn, 0<n<n
n=nq+mn, 0<n<n
n=rqstr, 0<r<r

-2 =In-1qn-1+Tn, O <1 <rp-1

In-1 = Inqn + n+1, Where 41 =0
Then 1, the last non-zero remainder in this process, is (a, b), the ged of a and b.
Proof: Part 1
Given a and b are positive integers, where a =ro, b =r1.

By the definition of 1i’s (1= 1, 2, 3, ...), we observe that r; is a non-negative and decreasing sequence.
After a finite number of steps,

In-1= InQn + In+1, Where rn+1 =0
I'n-1 = I'n(n
= | -1
From the previous equation,
In-2 =TIn-1(n-1 tIn
I'n-2 = I'nQndn-1 + In
rn-2 = (qnqn-1 + 1)
= In | In-2
Similarly, from other relations,
In| -3, In | In-4, ..., In | T1, In | T0
Asa=roand b=ry,
=>nm|bm|a
= rn is a common divisor of a and b.
Part 2
Let p be any common divisor of a and b.
=pla
=>plb
We have to prove that p | rn.
Since ro =ri1q1 + 12
=10 — riqa
Asp|roandp |1,
=>p | rn
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Similarly, p | 13, ..., p | rn-1, p | In.
Every common divisor of a and b divides rx.
= gcd(a, b)=ry

CONGRUENCES

The word congruence was introduced by Karl F. Gauss. It is denoted by

If m is a positive integer, then two numbers a, b are said to be congruent
modulom if m | (a — b).

a = b (mod m) if and only if a — b =mgq, for someq € Z
Examples:

1) 3 =24 (mod 7), since 7 | (3 —24) = 7| =21

2) =31 =11 (mod 7), since 7 | (=31 - 11) = 7 | —42

3) =15 = —64 (mod 7), since 7 | (=15 + 64) = 7 | 49

4) 6 =1 (mod 5), since5|(6—-1) =515
NOTE:
1) Any two numbers are congruent modulo 1.
2) Any two integers are congruent modulo 2 if both are even or both are
odd. Also, every integer is congruent to its negative modulo 2, since a —
(—a) = 2a.
3) If a is any integer, then by the division algorithm,

a=mg+r,where0<r<m,m>0

=a-r=mq

=>m]|(a-r)

= a=r(modm), wherer=0,1,2,..(m-1)

Linear congruence

A linear congruence is an equation of the form ax = b (mod m), where a, b
are integers, m is a positive integer (m > 0), and x is an unknown integer
to be found.

Solution of linear congruence

The linear congruence ax = b (mod m) has a solution if gcd(a, m) divides
b.

NOTE: If gcd(a, m) + b, then it has no solution.
The congruence means
m | (ax — b)

= ax - b = mk, for some integer k
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Number of solutions

1) If gcd(a, m) = d and d | b, then there are exactly d incongruent solutions modulo m.

Two solutions x; and x> to a linear congruence are considered incongruent modulo m if they leave
different remainders when divided by m.

In simpler terms, they are completely distinct when compared within the
standard set of remainders {0, 1, 2, -, m — 1}.

Congruent solutions: x; = X» (mod m). This means x; — X is exactly divisible by m. They
represent the same family of numbers.

Incongruent solutions: x; # X» (mod m). This means x| — X is not divisible by m. They represent
truly unique answers.

Example: 2x = 4 (mod 6)
Find the number of solutions.

a=2,b=4,m=6

ged(a, m) = ged(2, 6) =2

Since 2 | 4, there are exactly 2 incongruent solutions modulo 6.
Test values from O to 5, as it is modulo 6.

If x=2,2x = 4 (mod 6)
4=4(mod6) >6]|(4-4) = True
If x =5, 2(5) = 4 (mod 6)
10 =4 (mod6) =6 (10 —-4) = 6| 6 = True
Therefore, the two solutions 2 and 5 are incongruent, since 2 # 5 (mod 6),
as 6+ (2 — 5).
If we continue testing, we find that x = 8 is also a solution as
2(8) = 4 (mod 6)
But 8 = 2 (mod 6). Therefore x = 8 is congruent to x = 2. It is not counted
as a new, unique solution.
2) If d + b, there is no solution.
Example:
6x = 7 (mod 14)
a=6,b=7,m=14
gcd(6, 14) =2
Since 2 t 7, the congruence has no solution.
3) The solutions can be obtained by
X =Xo + (m/d)t, where xo is an initial solutionandt=0,1, 2, -, (d — 1)

Linear Diophantine equation

If ax = b (mod m) is a linear congruence, it can be expressed as ax — my =
b. This is known as a Diophantine equation.

ax = b (mod m)
=>m| (ax-b)

= ax-b=my

1 7Page 17



S>ax-my=b
Example: Find all possible values of the linear congruence
9x = 12 (mod 15) ...(1)
Comparing with ax = b (mod m):
a=9,b=12,m=15
gcd(a, m) = ged(9, 15) =3
3112
So equation (1) has 3 solutions.
Solution set:
x=xo+ (m/d)t, £t=0,1,2, -, (d-1)
We know that the linear Diophantine equation of (1) is
9x — 15y =12 ...(2)
ged(9, 15)=3
15=9(1)+6
9=6(1)+3
6=312)+0
3=9-6(1)
=9 — [15 - 9]
=29 - 151
Multiplying by 4 on both sides:
12 = 9(8) — 15(4)
Comparing with 9x — 15y = 12,
x0=28,y0=4
x=8+(15/3)t, t=0,1,2
x =8+ 5t
Ift=0,x=8
Ift=1,x=8+5=13
Ift=2,x=8+10=18 = 3 (mod 15)
Therefore, the least non—negative incongruent solutions are x = 3, 8,
13 (mod 15).
Method 2:
Given that
9x = 12 (mod 15) ...(1)
Comparing ax = b (mod m):
a=9,b=12,m=15
gcd(a, m) = ged(9, 15) =3
15=9(1)+6
9=6(1)+3
6=312)+0
3=9-6(1)
=9 — [15 - 9]

1 8Page 18



=2:9-15
=312
The given congruence 9x = 12 (mod 15) will have 3 distinct solutions.
X =Xo + (m/d)t, where t =0, 1, 2
X =Xo + 5t
Testing values:
For x = 1: 15 does not divide 9 — 12 = -3
For x = 2: 15 does not divide 18 — 12 = 6
For x = 3: 15 divides 27 — 12 =15
So let xo = 3 be the initial solution of the given congruence.
X =Xo+ (m/d)t, t=0,1,2
x =3+ (15/3)t
x=3+5t
x =3 whent=0
x=8 whent=1
x =13 whent=2
Hence x = 3, 8 and 13 (mod 15) are the three incongruent solutions.
2) Find all possible sets of the linear congruence
7x = 1 (mod 31) ...(1)
a=7,b=1,m=31
gcd(a, m) =ged(7,31) =1
Therefore equation (1) will have only one solution.
31=7(4)+3
7=312)+1
3=13)+0
1=7 - 3(2)
=7—-[31-17(4)]2
=7 —2-31 +8-7
=9-7 — 2-31
We know that the Diophantine equation of (1) is
7x — 3ly =1
Comparing, we get
X0=9,y0=2
X =Xo + (m/d)t, where t =0
x=9
3) Find all solutions of
14x = 12 (mod 18) ...(1)
Comparing with ax = b (mod m):
a=14,b=12, m=18
gcd(a, m) = ged(14, 18) =2=d
18=14(1)+4
14=4(3)+2
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4=2(2)+0
As 2| 12, equation (1) will have 2 distinct solutions.

2 =14 — 4(3)

=14 - [18 — 14]3

=14 - 18-3 + 14:3

=14-4 - 18-3 ...(2)
The Diophantine equation of (1) is

14x — 18y = 12
Multiplying both sides of equation (2) by 6:

12 = 14(24) — 18(18)

x0=24,y0=18
Solution set:

x =Xo+ (m/d)t, t=0, 1

x =24+ (18/2)t

X =24+ 9t

For t =0, x = 24 = 6 (mod 18)

Fort =1, x=33 =15 (mod 18)
Therefore, the two incongruent solutions are x = 6 and x = 15 (mod 18).
Characterize whether the following linear congruences have solutions or not. If so, find all possible
solutions.

4)

9% = 6 (mod 15) ...(1)

a=9,b=6,m=15

ged(a, m) = ged(9, 15) =3

316
Therefore equation (1) will have 3 distinct solutions.

15=9(1)+6

9=6(1)+3

6=32)+0

3=9-6

=9 - [15 — 9]
=29 -15 ...(?)
The Diophantine equation of (1) is

9x — 15y =6
Comparing equation (2) with the above form and multiplying by 2:

6 = 9(4) — 15(2)

xo=4,y0=2

x =Xo + (m/d)t, where t =0, 1, 2

x =4+ 5t

x=4+5t t=0,1,2

x=4

x=9
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5)
10x = 15 (mod 45) ...(1)
Comparing with ax = b (mod m):
a=10,b=15 m=45
gcd(a, m) = ged(10,45)=5=d
As 5] 15, equation (1) has 5 distinct solutions.
45=10(4)+5
10=52)+0
5 =45 - 10(4)
=45-1 — 10-4 ...(2)
The Diophantine equation of (1) is
10x — 45y =15
Using equation (2):
10(—4) — 45(-1) =5
10(-4 X 3) — 45(-1 x 3) =15
10(-12) — 45(-3) =15
X0 = —12, Yo = -3
x=Xo+ (m/d)t, t=0,1,2,3,4
x=-12 + 9t
x = —12, =3, 6, 15, 24; equivalently, x = 6, 15, 24, 33, 42 (mod 45).
6)
183x = 15 (mod 31) ...(1)
a=183,b=15 m=31
ged(a, m) = gcd(183,31)=1=d
1]15
Therefore equation (1) has only one distinct solution.
183 =31(5) + 28
31=28(1)+3
28=3(9) +1
3=13)+0
1 =128 - 3(9)
=28 — [31 — 2819
=28 — 31-9 + 28-9
= 28-10 — 31-9
=[183 — 31-5]10 - 31-9
=183-10 — 31-50 — 31-9
=183-10 — 31-59 ...(2)
The Diophantine equation of (1) is
183x — 31y =15
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Multiplying equation (2) by 15:
15 = 183(150) — 31(885)
X0 =150
Solution continued
X =Xo + (m/d)t
=150 + (31/1)t, where t = 0,1,2,--,(d-1)
t=0
x =150
x = 150 = 26 (mod 31)

System of linear congruences

A linear congruence which is of the form ax+ by =r (modm), cx+dy = s
(mod m) is known as a system of linear congruences in two variables,
where m is a positive integeranda, b,c,d, r, s € Z.

The necessary and sufficient condition for the system of linear congruences to have a unique solution
is

gcd(ad — bc, m) =1
1) Find the solution of the system of linear congruences
3x + 4y = 5 (mod 13) ...(1)
2x + 5y = 7 (mod 13) ...(2)
Comparing equation (1) with ax + by = r (mod m):
a=3,b=4,r=5m=13
Comparing equation (2) with cx + dy = s (mod m):
c=2,d=5,s=7, m=13
ad — bc=3(5) —4(2) =15-8=17
gcd(ad — bec, m) = gcd(7,13) =1
Therefore the given system has a unique solution.
Multiply equation (1) by 5 and equation (2) by 4:
15x + 20y = 25 (mod 13)
8x + 20y = 28 (mod 13)
Eliminating y:
7x = =3 (mod 13)
This is a linear congruence in one variable witha=7,b=-3, m = 13.
ged(7,13) =1
So equation has one solution.
From the Diophantine equation
7x — 13y = -3 ...(4)

13=7(1)+6
7=6(1)+1
6=1(6)+0
1=7-6
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=7-(13-17)
=27 -13
Multiplying by —3:
-3="7(-6) — 13(-3) ...(5)
X0 = —6, Yo = -3

Let the initial value be xo = —86.
X = xo + (m/d)t, where t =0
X=-6

Substitute x = —6 in equation (1).
Eliminating x:
Multiply equation (1) by 2 and equation (2) by 3:
6x + 8y = 10 (mod 13)
6x + 15y = 21 (mod 13)
-7y = —11 (mod 13)
7y = 11 (mod 13) ...(6)
ged(7,13) =1
So equation (6) has one solution.
Diophantine equation corresponding to (6):
Ty — 13k =11 ...(7)
13=7(1)+6
7=6(1)+1
6=1(6)+0
1=7-6
=7-(13-17)
=2:7-13
Multiplying by 11:
11 = 7(22) — 13(11) ...(8)
Comparing (7) and (8),
yo=22,ko=11
y=yo+ (m/d)t,t=0
y=22
Thus x = —6 and y = 22 is a solution; equivalently, the unique solution
modulo 13isx =7 and y = 9 (mod 13).
2) Solve
7x + 3y = 10 (mod 16) ...(1)
2x + 5y = 7 (mod 16) ...(2)
Comparing equation (1) with ax + by = r (mod m):
a=7,b=3,r=10,m=16
Comparing equation (2) with cx + dy = s (mod m):
c=2,d=5,s=7, m=16
ad —bc=7%X5—-3X2=35-6=29
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gcd(ad — bc, m) = gcd(29,16) =1
Therefore the given system has a unique solution.
Eliminating y: multiply equation (1) by 5 and equation (2) by 3.
35x + 15y = 50 (mod 16)
6x + 15y = 21 (mod 16)
29x = 29 (mod 16)
This is a linear congruence in one variable.
gcd(29,16) =1
Hence it has one solution.
Diophantine equation:
29x — 16y =29 ...(4)
29=16(1)+13
16=13(1)+3
13=3(4)+1
3=13)+0
1=13 - 3%X4
=13 — (16 — 13)x4
= 13%X5 — 16%x4
= (29 — 16)%x5 — 16%4
= 29X5 — 16X9
Multiplying by 29:
29%5(29) — 16(29%9) =29
29(145) — 16(261) = 29
xo = 145, yo =261
Let the initial value be xo = 145.
X =Xo+ (m/d)t,t=0
x = 145
Eliminating x: multiply equation (1) by 2 and equation (2) by 7.
14x + 6y = 20 (mod 16)
14x + 35y = 49 (mod 16)
—29y = —29 (mod 16)
29y = 29 (mod 16) ...(5)
gcd(29,16) =1
So equation (5) has one solution.
Diophantine equation:
29y — 16k =29 ...(6)
Multiplying the identity 29X5 — 16X9 =1 by 209:
29(145) — 16(261) = 29
yo =145, ko =261
y =yo + (m/d)t, where t =0
y =145
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Therefore x = 145 and y = 145 is a solution: equivalently, the unique
solution modulo l6isx =1 andy = 1 (mod 16).
Simultaneous linear congruences

A system of two or more linear congruences need not have a solution even though each individual
congruence has a solution.

For example, there is no x which simultaneously satisfies x = 1 (mod 2)
and x = 0 (mod 4), even though each congruence separately has a
solution.

In the above example, moduli 2 and 4 are not relatively prime.

We shall prove that a system of two or more linear congruences can be solved simultaneously if the
moduli are relatively prime in pairs.

Chinese Remainder Theorem

Assume mj, my, ..., m; are positive integers and pairwise relatively prime; i.e.
gcdmi,mj) =1, 1 # j

Let ay, a2, ..., ar be arbitrary integers. Then the system
X = a; (mod my)
X = a; (mod my)

X = a, (mod my)
has a unique simultaneous solution modulo mimo---m,.
PROBLEMS

1) Using Chinese Remainder Theorem, solve the system of linear congruences
x =2 (mod 3) ...(1)
x = 3 (mod 5) ...(2)
x =2 (mod7) ..(3)
Hereai=2,a2=3,a3=2;m; =3, m=5m3=7.
The moduli are pairwise relatively prime:
gcd(3,5)=1, ged(3,7)=1, gcd(5,7)=1
m = mimyms3 = 3x5x7 =105
Let x = aiN1x1 + aaNaxo + azNsx3, where Ni = m/m;.

N1 =105/3=35

N2 =105/5=21

N3 =105/7=15
Now

ged(Ni,mp) = ged(35,3)=1
35x1 = 1 (mod 3)
Ifx; =1, then 35 = 2 (mod 3), not 1.
Ifx; = 2, then 70 = 1 (mod 3). Hence x; =2.
ged(N2,mz) = ged(21,5)=1
21x2 = 1 (mod 5)
Ifx, =1, 21 =1 (mod 5). Hence x,=1.
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gcd(N3,m3) = ged(15,7)=1
15x3 = 1 (mod 7)
Ifx3=1,15 =1 (mod 7). Hence x3=1.
x = Niaix1 + Naaxxo + Nzaszxs
=(35)(2)(2) + 2DHB3)(1) + (15)(2)(1)
=140 + 63 +30 =233
x = 233 (mod 105)
= x =23 (mod 105)
2) Solve
=1 (mod 4), x = 0 (mod 3), x = 5 (mod 7)
mi=4, my=3, m3=7; a;=1, a,=0, a3=5
m =4x3x7 =84
N =84/4=21
N2 =84/3 =28
N3 =84/7=12
ged(N1,mp) = ged(21,4)=1
21x; = 1 (mod 4)
Ifx; =1, 21 =1 (mod 4). Hence x; = 1.
gcd(N2,m2) = ged(28,3)=1
28x, = 1 (mod 3)
Ifx; =1, 28 = 1 (mod 3). Hence x>=1.
gcd(N3,m3) = ged(12,7)=1
12x; = 1 (mod 7)
Testing values: x3 = 1 gives 5, x3 =2 gives 3, x3 =3 gives 1 (mod 7). Hence x3 = 3.
x = Njaixi + Naaxxe + N3azxs
= DH(M)(A) +(28)(0)(1) + (12)(5)(3)
=21+ 180 =201
x = 201 (mod 84)
= x = 33 (mod 84)
The smallest positive solution is x = 33.
3) Solve the following system of simultaneous linear congruences:
x =2 (mod 7), x =7 (mod 16)
Here a1 =2,a,=7; mi =7, my = 16, and gcd(7,16)=1.
m=mmy=7x16=112
Ni=m/m;=112/7=16
No=m/my;=112/16 =7
ged(N1,m1) = ged(16,7)=1
16x; = 1 (mod 7)
Testing: 16 = 2 (mod 7). Thus 2x; = 1 (mod 7), giving x; =4.
gcd(N2,mz) = ged(7,16)=1
7x; = 1 (mod 16)
Testing x2=1,2,... gives x2 = 7, since 7X7 =49 = 1 (mod 16).
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x = aiNx1 + aaNa2xo
=2x16x4 + TxTxT
=128 +343 =471

x = 471 (mod 112)

= x =23 (mod 112)
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RANDOM VARIABLES

A random variable X is a real-valued function of the elements of the sample space of a random
experiment. In other words, a variable which takes the real values, depending on the outcome of
a random experiment is called a random variable, ¢.g.,

(1) When a fair coin is tossed, S = {H, T}. If X is the random variable denoting the number of
heads,

X(H)=1and X(T) =0.
Hence, the random variable X can take values 0 and 1.

(i1) When two fair coins are tossed, S = {HH, HT, TH, TT}. If X is the random variable denoting
the number of heads,

X(HH)=2, X(HT)=1, X(TH) =1, X(TT) =0.
Hence, the random variable X can take values 0, 1 and 2.

(ii1)) When a fair die is tossed, S = {1, 2, 3, 4, 5, 6}. If X is the random variable denoting the
square of the number obtained,

X(1) =1, X(2) =4, X(3) = 9, X(4) = 16, X(5) = 25, X(6) = 36.

Hence, the random variable X can take values 1, 4, 9, 16, 25 and 36.

Types of Random Variables
There are two types of random variables:

(1) Discrete random variables (ii) Continuous random variables
Discrete Random Variables

A random variable X is said to be discrete if it takes either finite or countably infinite values.
Thus, a discrete random variable takes only isolated values, e.g.,

(1) Number of children in a family

(i1) Number of cars sold by different companies in a year
(111) Number of days of rainfall in a city

(iv) Number of stars in the sky

(v) Number of hot days in a year



Continuous Random Variables

A random variable X is said to be continuous if it takes any values in a given interval. Thus, a
continuous random variable takes uncountably infinite values, e.g.,

(1) Height of a person in cm

(i) Weight of a bag in kg

(ii1) Temperature of a city in degree Celsius
(iv) Life of an electric bulb in hours

(v) Volume of a gas in cc

Example 1: Identify the random variables as either discrete or continuous in each of the
following cases:

(1) A page in a book can have at most 300 words

X = Number of misprints on a page

(i1) Number of students present in a class of 50 students

(ii1) A player goes to the gymnasium regularly

X = Reduction in his weight in a month

(iv) Number of attempts required by a candidate to clear the IAS examination

(v) Height of a skyscraper

Solution
(1) X = Number of misprints on a page.

The page may have no misprint or 1 misprint or 2 misprints ... or 300 misprints. Thus, X takes
values 0, 1, 2, ... 300. Hence, X is a discrete random variable.

(i1) Let X be the random variable denoting the number of students present in a class. X takes
values 0, 1, 2, ... 50. Hence, X is a discrete random variable.

(111) Reduction in weight cannot take isolated values 0, 1, 2, etc., but it takes any continuous
values. Hence, X is a continuous random variable.

(iv) Let X be a random variable denoting the number of attempts required by a candidate.
Thus, X takes values 1, 2, 3, .... Hence, X is a discrete random variable.

(v) Since height can have any fractional value, it is a continuous random variable.



PROBABILITY MASS FUNCTION

The probability distribution of a random variable is the set of its possible values together with
their respective probabilities. Let X be a discrete random variable which takes the values xi, X2,
... Xn. The probability of each possible outcome x; is pi = p(xi) = P(X =x;) fori=1, 2, ..., n. The
number p(xi), 1 = 1, 2, ..., n must satisfy the following conditions:

(i) p(xi) = 0for all values of x;
(i) > pla)=1

The function p(x;) is called the probability function or probability mass function of the random
variable X. The set of pairs {xi, p(xi)},1=1, 2, ..., n is called the probability distribution of X.

The distribution of the random variable which can be displayed in the form of a table is shown
below:

X =x; X1 Xy X3 Xn

pa)=PX=x) [p) | PO | pGr) | | p(xa)

DISCRETE DISTRIBUTION FUNCTION

Let X be a discrete random variable which takes the values x4, x,, ... such that x; < x, < -+ with
probabilities p(x;), p(x3), ... such that p(x;) = 0 for all values of i and

Zn: p(x) =1

The distribution function F (x) of the discrete random variable X is defined by

FOO=PX<0) =) p)

XisX

where x is any integer. The function F(x) is also called the cumulative distribution function. The
set of pairs [x;, F(x;)],i = 1,2, ..., is called the cumulative probability distribution.

X X1 X2

F(x) | p(x1) | p(x1) + p(x2)

Example 1: A fair die is tossed once. If the random variable is getting an even number, find
the probability distribution of X.



Solution When a fair die is tossed, S = {1,2,3,4,5,6}. Let X be the random variable of getting an
even number. Hence, X can take the values 0 and 1.

3 1

PX=0)=P(1,35) ===

(X =0)=P(L35) == =3

P(X=1)=P(24,6 3.1

(_ )_ (")_6_2

Hence, the probability distribution of X is:
X =
Tl |

PX=x)|% 1A

Also,

bo=1
=

N[ =

YP(X =x) =

Example 2: Find the probability distribution of the number of heads when three coins are
tossed.

Solution When three coins are tossed, S = {HHH,HHT,HTH, HTT,THH, THT, TTH,TTT}

Let X be the random variable of getting heads in tossing of three coins. Hence X can take the
values 0, 1, 2, 3.

1
P(X =0) = P(no head) = P(TTT) = 3
3
P(X =1) = P(one head) = P(HTT,THT,TTH) = 3
3
P(X = 2) = P(two heads) = P(HHT,HTH,THH) = 3

1
P(X = 3) = P(three heads) = P(HHH) = 3

Hence, the probability distribution of X is:

X=x

PX=x)|%|%|%|%

Also,



+3+1—1
8 8

@| w

+

ol I

YPX =x)=

Example 3: State with reasons whether the following represent the probability mass
function of a random variable:

(1)
X =
* o 3
P(X=x)|04]03/02]0.1
(i1)
X=x Nol1l2]3
PX=x)|1/1/1]1
212122
(iii)
X= 0 |[1]2]3
PX=x)| _1{1/1/1
44|24
Solution

(i) Here, 0 < P(X = x) < 1 is satisfied for all values of X.
PX=x)=PX=0)+PX=1)+P(X=2)+P(X=3) =04+03+02+0.1=1
Since },P(X = x) = 1, it represents probability mass function.

(i1) Here, 0 < P(X = x) < 1 is satisfied for all values of X.
P(X=x)=P(X=0)+P(X=1)+P(X=2) +P(X=3) = —+ 4+ +-=2>1
Since },P(X = x) > 1, it does not represent a probability mass function.

(iii) Here, 0 < P(X = x) < 1 is not satisfied for all the values of X, as

1
P(XZO):—E

Hence, P(X = x) does not represent a probability mass function.



Example 5: A random variable X has the probability mass function given by:

X

P(X =
X' =x) 0.1 0.2 0.5

Find (i) P(2 < X < 4), (i) P(X > 2), (iii) P(X is odd), and (iv) P(X is even)

Solution

HPR2<X<4)=PX=2)+P(X=3)= 02+0.5=0.7
(i) P(X >2)=PX=3)+P(X=4)= 05+0.2=0.7

(iii)) P(X is 0odd) =P(X=1)+P(X=3)= 0.1 +0.5=0.6

(iv) P(Xiseven) =P(X=2)+P(X=4)=> 02+02=04

Example 6: If the random variable X takes the values 1, 2, 3, and 4 such that
2P(X=1)=3P(X=2)=5P(X =3)=5P(X =4)

Find the probability distribution.

Solution Let
2P(X=1)=3PX=2)=PX=3)=5PX=4)=k
Then:

k k k
P(X=1)=§, P(X=2)=§, P(X =3) =k, P(X:4):§
Since
PX=1)4+PX=2)+PX=3)+PX=4)=1

:k+k+k+k—1
2 3 5

:>k(1+1+k+1)—1
2 3 5/



=k

Hence, the probability distribution is:

)=1=>k

30
61

X =x
1 2 3
POC=0) 5 10 30 L]
61 61 61 61

Example 10: Construct the distribution function of the discrete random variable X whose

probability distribution is as given below:

X
1 2 3 4 5 6 7
P(X =x)
0.1 0.15 0.25 0.2 0.15 0.1 0.05
Solution: Distribution function of X:
X P(X = x) F(x)
| 0.1 0.1
2 0.15 0.25
3 0.25 0.5
4 0.2 0.7
5 0.15 0.85
6 0.1 0.95
7 0.05 1

Example 11: A random variable X has the probability function given below:




P(X =x)

Find (i) k, (i1)) P(X < 2), (iii)) P(X < 2), (iv) P(0 < X < 2), and (v) the distribution function.

Solution

(1) Since P(X = x) is a probability mass function,
1
ZP(sz)=1:>k+2k+3k=1:>6k=1:>k=g

Hence, the probability distribution is:

X

—_

P(X =x)

N = O
N DN
N W N

Example 13: A discrete random variable X has the following distribution function:
1 1 5
F(x)={0forx<1§for1Sx<45f0r4gx<6gf0r6ﬁx<101forx210

Find: (i) P(2 < X < 6), (i) P(X = 5), (iii) P(X = 4), (iv) P(X < 6), and (v) P(X = 6)

Solution

1

2

(i) P(X=5)=P(X <5)—P(X <5)=F(5) —P(X <5) =

()P(2< X <6)=F(6)—F(2) =

alun
Wl

N |-

R
2

(i) PX =4) =P(X<4)—PX <4 =F#) - PX<4)=2—-==

(iv) P(X < 6) = F(6) = =

(VP(X=6)=P(X<6)—P(X<6)=F(6)—PX<6)=

o |lun
I
N |-

PROBABILITY DENSITY FUNCTION



Let X be a continuous random variable such that the probability of the variable X falling in the
small interval

1dt +1d
x—odxtox+odx

is f(x)dx, i.e.,

1 1
P(x—ideXSx+§dx) = f(x)dx

The function f(x) is called the probability density function of the random variable X and the
continuous curve y = f(x) is called the probability curve.

Properties of Probability Density Function
1 f(x)=0, —ow<x<®

Gy [5, fdx=1

(i) P@<X<b)=[ flo)dx

Note: P(X =2 x)=1—-P(X <x)

CONTINUOUS DISTRIBUTION FUNCTION

If X is a continuous random variable having the probability density function f (x), then the
function

F(x)zP(XSx)zfx f(Odt, —o<x <o

is called the distribution function or cumulative distribution function of the random variable X.
Properties of Cumulative Distribution Function

(i) F(-w0)=0

(i) F(w)=1

(i) 0<F(x)<1] -—-owo<x<m

(iv) P(a<X <b)=F(b)—F(a)

W) F'®)==2F@®=f(x), f(x)20

Problem1: Show that the function f(x) defined by



1
flx) = {7 1 < x <80 otherwise

is a probability density function for a random variable. Hence, find P(3 < X < 10).

Solution

f(x)=0 in 1<x<8

o)

J._O:o fx)dx = fl f(x)dx + fls f(x)dx +f8 £(x)dx

— 00

81
=O+f -dx+0
1 7

Hence, f(x) is a probability density function.

10 10

8
P(3< X <10) = j FGOdx = J £(x)dx +J F(x)dx
3 8

3

Problem?2: Find the constant k such that the function
f(x) = {kx? 0 < x < 3 0 otherwise

is a probability density function and compute (i) P(1 < X < 2), (ii) P(X < 2), and (iii)
P(X > 2)



Solution

Since f(x) is a probability density function,

f_o:o f(x)dx =1

f_(:o f(x)dx+j(;3 f(x)dx+f f(x)dx =1

3

3
0+f kx?dx+0=1
0

31’
klgL |
E(27—O)=1
3
9k:1:>k:1

9

Hence,

1
f(x) = {§x2 0 < x < 3 0 otherwise

i) PA<x<2)=[ f(x)dx



Problem3: If the probability density function of a random variable is given by
fX)=k(1—x%) 0<x<1
=0 otherwise

Find the value of k and the probabilities that a random variable having this probability density
will take on a value (i) between 0.1 and 0.2, and (ii) greater than 0.5.

Solution
Since f(x) is a probability density function,
f f(x)dx =1

f_(; f(x)dx+jol f(x)dx+j1 F(x)dx = 1

1
0+f k(1—x®)dx+0=1
0

x31"
klx 3 0 1
k(1—1)=
3
k E=1=>k=—
3

Hence,
3
f(x) =E(1—x2) 0<x<l1

=0 otherwise

(1) Probability that the variable will take on a value between 0.1 and 0.2

0.2

P(01<X<02)= f £(x) dx

0.1

0.2 3
= J =(1—x?)dx
0 2

.1



3 3102
-5

:;([ 0008] [ 0001)

= 0.1465

(1)) Probability that the variable will take on a value greater than 0.5

(0]

P(X > 05) = j £(x) dx

0.5

1

= f(x)dx +j f(x)dx

0.5 1

(0]

13
=f ~(1—-x*dx+0
05 2

3 1
—f (1—x?)dx
2Jos

Problem4: The length of time (in minutes) that a certain lady speaks on the telephone is found to
be a random phenomenon, with a probability function specified by the function

X
f(x)=A4e5, x=0
=0 otherwise
(i) Find the value of A that makes f(x) a probability density function. (i) What is the probability

that the number of minutes that she will take over the phone is more than 10 minutes?

Solution



(i) For f(x) to be a probability density function,

f_o:o f(x)dx=1
f:o f(x)dx+j;oo f(x)dx=1

o x
0 +f Ae 5dx =1
0

A [—Se_g]:) —1

—54(e ™ —-e =1
_54(0-1) =1

SA=1=>A4=

ul] =

Hence,

1 _x
f(x)=§e 5, x=0

=0 otherwise

(i) P(X > 10) = [, f(x)dx
= foo 1e_gdx
10 5
1 _x1®
=z|-5e73]

= —(e™ —e?)

10
=—(0—e?)=¢2

ProblemS: Let the continuous random variable X have the probability density function
2 :
fx) = {x—3 1 < x < o 0 otherwise

Find F (x).



Solution:

x x 9 x 21
Fo=] ow=| Ga=o+| %%m:0+2k712_f”f
-0 1 1 —Z4],
1 1
=~(z-1)=1-5
Hence,

1
F(x) :{1_x_2 1 < x < 0 0 otherwise

Problem6: Verify that the function F(x) is a distribution function.
FxX)={0x<01—e**x>0

Also, find the probabilities P(X < 4), P(X >8), P4 <X <8)

Solution: For the function F(x),
(i) F(—0) = 0

(i) F(0) =1—-e""=1-0=1
(1) 0<F(x) <1, forallx

(iv) F(x) is non-decreasing

If f(x) is the corresponding probability density function,

d 1 .,
f) =-F() = f(x)={0x<0 e ¥t x>0

]_Z f(x)dx=Jo f(x)dx+f0 £ dx

— 00

“ 1
=O+J —e ™/ *dx
o 4

1
= —Z' 4€_x/4|80

= e

=—[0—-1]



Now, compute the probabilities:
HPX<4)=F4)
e—1

=1—-el=

e

(i)P(X>8)=1-P(X<8)=1-F(8)

1
=1-(1-e?H=e?=—=

82
(ili) P(4 <X <8)=F(8) —F(4)

Problem7: The probability density function of a continuous random variable X is given by
fX)={ax0<x<1lal<x<23a-—ax2<x<30otherwise

(i) Find the value of a, (ii) Find the cdf of X.

Solution:

(1) Since f(x) is a probability density function,

1 2 3

_[_O:o f(x)dx=j° f(x)dx+JO axdx+J1 adx+f2 (3a — ax)dx = 1

—00

ax?|’
=0+ lTl + [CLX]% +
0

3 ale
ax — —
2 2

=a[%—0]+a(2—1)+[(9a—92—a>—(6a—2a)]

2 +(9a 4) g a+i_152a=1 1
= — —_— = — —_= = = = = —
p AT\ )Ty TaTy a a=3

(i) Fx) = 7 f(t)de

For0<x<1:



X
0

F(x)=f0 f(x)dx+fx f(x)dx=o+f atdtzla—l _ o’

Forl <x < 2:

F(x) = f:o f(x)alx+f01 f(x)dx+f1x f(x)dx

1 x

F(x)=J;) atdt+f1

at?]*
adt = ITl + [at]f =
0

a+ 1_a+ B a
> a(x )—2 ax—a=ax-—3

For2 <x<3:

F(x)=j_(:o f(x)dx+]01 f(x)dx+f12 f(x)dx+j2x f(x)dx

1 2 X

F(x)=0+f atdt+f adt+f (3a — at) dt
1 2

0

_a+ + [3at atZ"_a+ + (3 ax’ 6a — 2
=5ta a 22—2 a ax —— (6a — 2a)

_a a3 ax? g =3 ax? 5a
=7 ta+3ax—— a=3ax—— 5
Hence, the cumulative distribution function (cdf) F(x) is:
ax? a ax? 5a
F(x)={TOSxS1ax—E 1Sx§23ax—7—72SxS3

MEASURES OF STATISTICS FOR DISCREATE RANDOM VARIABLES
1. Mean

The mean or average value (1) of the probability distribution of a discrete random variable X is
called as expectation and is denoted by E (X).



n

p=EX =) xp@) =Txp@)

i=1

Where p(x) is the probability mass function of the discrete random variable X. Expectation of
any function ¢p(x) of a random variable X is given by

E[¢p()] = Z ¢ (xi) - p(x) = Xp(x) - p(x)

Some important results on expectation:

M Ek) =k

(ii) E(kX) = kE(X)

(i) EX+k)=EX)+k

(iv) E(aX+b)=aEX)+b

(v) E(X+Y)=EX)+E() Provided E(X) and E(Y) exist

(vi) E(XY)=E(X)-E(Y)if X and Y are two independent random variables.

Note: E(X?) =Y  x%.p(x)

W)EMk) =k
Proof:

E(k)=%x (kK)-p(x)=kX, px)=k (since}, px)=1)

(i) E(kX) = kE(X)
Proof:

E(kX) = Xx  (kx) - p(x) =kXy xp(x) =kEX) (since E(x) =%, x.p(X))

(iii) EX+k)=EX)+k
Proof:

Let k be a constant. Then,



E(X+k)=z (x+k)-p(x)=z x-p(x)+z k-p(x)

X X

Now,

o X x-p(x)=EX)
o 3. kp)=k- I, p@ =k 1=k
So,

EX+k)=EX)+k

(iv) E(aX+b)=aEX)+b
Proof:

Let a, b be constants. Then,

E(aX+b)=z (ax+b)-p(x)=z ax-p(x)+z b-p(x)

X X

Now,

o %, axp=a-¥, x-p®=a EX)
e . bp()=b-%, px)=b-1=b

So,
E(aX+b)=aEX)+Db

V) EX+Y)=EX)+E(), provided E(X) and E(Y) exist

Proof (for jointly discrete random variables):

EX4+Y) =) > @y -pen=) > xp@n+) > y-p@y)
x y x y

X y
Now,
4 Zx Zy x'p(x'y):Zx x'Zy p(x'y):Zx x'pX(x):E(X)
e Y 2y Yy XY=, V2 pY)=X, y- Q@ =EY)
So,



E(X+Y)=EX)+E(Q)

vi) EQXY)=E(X)-E(Y),ifX andY are independent
Proof:

By definition,

E) =) > xy-py)
x y

If X and Y are independent, then:

P(LY) =px() By G) S EAV) =D " xypy() - py )
x y

Now rearrange the double sum:

Ean) =D x| ) ymvO) | = B0 E(Y)
y

X

2. Median

The median is the point which divides the entire distribution into two equal parts. If X is a
random variable, the value of X = x for which the cumulative distribution function F(x) = % is
called the median of X.

For a discrete random variable X, if there exists no x such that F(x) = %, then the median M of
the probability distribution is given by

X+ x
M=k ; k+1

1 1 .
Where F(x;) < > and F(xp4q1) > p and x;, and xj,, are two consecutive values of X.

3. Mode

The mode is the value of discrete random variable X for which the probability is maximum.



4. Mean Deviation

Mean deviation of the probability distribution of a discrete random variable X is given by
MD = E{|X — ul}
= - ul @)
i=1
= Xlx —ul-px)

Where p(x) is the probability mass function of the discrete random variable X.

5. Variance

Variance characterizes the variability in the distributions. Even two distributions with the same
mean can still have different dispersion of data about their means.

Variance of the probability distribution of a discrete random variable X is given by:
Var(X) = 62 = E(X — p)?
= E(X? = 2XE(X) + u?)
= E(X?) — E(2Xp) + E(u?)
= E(X?) — 2uE(X) + u? [+ uis constant]
=E(X?) —2up+p* [ EX) = E(X)
= E(X?) —u?
= E(X?) — [EX)]?

Some important results on variance:
(i) Var(k)=0

(i) Var(kX) =k?- Var(X)

(1)) Var(X + k) =Var(X)

(iv) Var(aX +b) = a? - Var(X)

Definition of variance in terms of expectation: Var(X) = E(X?) — [E(X)]?



i) Var(k)=0
Let X = k, a constant.

o E(X)=k
o E(X?) =E(k* = k?

So:
Var(X) =EX®>) —[E(X)]*=k*—-k*=0

(i) Var(kX) =k?-Var(X)

LetY = kX
o E(Y)=E(kX)=kEX)
e E(Y?) =E[(kX)?] = E[k?X?] = k2E(X?)

Then:
Var(kX) = E(Y?) — [E(Y)]? = k2E(X?) — [kE(X)]? = k*(E(X?) — [E(X)]?) = k? - Var(X)

(i) Var(X + k) =Var(X)

LetY =X+k
o EY)=EX+k)=EX)+k
o E(Y?) =E[(X +k)?] = E[X? + 2kX + k?] = E(X?) + 2kE(X) + k?

Now apply variance formula:
Var(X + k) = E(Y?) — [E(Y)]?

Substitute:

= (E(X?) + 2kE(X) + k?) — (E(X) + k)?
= E(X?) + 2kE(X) + k? — (E(X)? + 2kE(X) + k?)

Cancel terms:
= E(X?) — [E(X)]? = Var(X)

(iv) Var(aX +b) = a?-Var(X)
LetY =aX+b
o E(Y)=aEX)+b



e E(Y?) =E[(aX + b)?] = E[a®’X? + 2abX + b?] = a*E(X?) + 2abE(X) + b?

So:
Var(aX + b) = E(Y?) — [E(Y)]?
Substitute:
= (a’E(X?) + 2abE(X) + b?) — (aE(X) + b)?
= a?E(X?) + 2abE(X) + b? — (a’E(X)? + 2abE(X) + b?)
Cancel:

=a?(E(X?») —E(X)?) = a? - Var(X)

6. Standard Deviation

Standard deviation is the positive square root of the arithmetic mean of the squares of the
deviations of the given values from their arithmetic mean. It is denoted by the Greek letter o.

o)

SD=o=|)  xF-pCx)-u

i=1

=VEX?) —p?
= VEX?*) — [EQOP

Problem1: 4 random variable X has the following distribution:

X 1 2 3 4 5 6
P(X=x) | 1/36 | 3/36 | 5/36 | 7/36 | 9/36 | 11/36

Find (i) mean, (ii) variance, and (iii) P(1 < X < 6).

Solution
(i) Mean

p=Lxp(x)

~(135)+ (30) + (0 30) + (+39) +(559) + (o)



_161_447
36

(ii) Variance

02 = Nap(x) — 2

= (12. %) + (22.%) + (32.%) + (4?%) + (52.%> + (62.%) — (4.47)?

_ Al 19.98 = 1.99
- 36 O - "

(i) P(1<X<6)=PX=2)+P(X=3)+P(X=4)+P(X =5)
3 5 7 9 24

—_ . —_t— = —

36 36 36 36 36
=0.67

Problem?2: The probability distribution of a random variable X is given below.

Find (i) E(X), (i) Var(X), (i) E(2X — 3), and (iv) Var(2X — 3)

X 2 |-11(0 |1 |2
P(X=x){0.2]0.1]03/03]0.1

Solution

(i) EX)=2Xx-p)
= (=2)(0.2) + (=1)(0.1) + 0(0.3) + 1(0.3) + 2(0.1) = 0

(i) Var(X) =Yx*p(x) - [E(X)]?
= 4(0.2) + 1(0.1) + 0 + 1(0.3) + 4(0.1) — 0 = 1.6

Gii) E(2X —3) = 2E(X)—3 = 2(0) — 3 = —3
(iv) Var(2X —-3)=22-Var(X) =4-(1.6) = 6.4



Problem3: The probability distribution of a random variable X is given by

X -3 6 9
fx) 1/6 1/2 1/3

Compute E(X), E(X)? and hence find E(3X + 2)?

Solution: E(X) = ¥y, x:f(x) = (-3)¢+6(G)+9(3) ==

1 1 1 93
E) =) () = (-3 2+ 62G) +9°(Q) = >

Vi

E(3X +2)?2 = E[9x% + 12x + 4] = 9E(x)? + 12E(x) + 4

10Dy 4 1oLl 4 4y 2 837, 132
=95 +12(5) +4l = —+ =
977

Problem4: A random variable X has the following probability function:

x |0[1]2 [3 |4 |56 |7
p(x) | 0 [k |2k |2k |3k | k2 | 2k* | 7k> +k

(i) Determine k.

(i) Evaluate P(X < 6),P(X =2 6),P(0 <X <5),and P(0 < X < 4).
(iii) If p(x < K ) > 0.5, find the minimum value of K
(iv) Determine the distribution function of X.

(v) Find the mean.

(vi) Find the variance.

Solution
(i) Since p(x) is a probability mass function,

Xr(x) =1



0+k+2k+2k+3k+k*>+2k>+7k*+k=1
10k2 +9k =1=10k%?+9% —1=0=10k*+10k—k—-1=0
= 10k(k+1)—1(k+1) =0= (10k = 1)(k+1) =0

k—1 k=-1
_10 or =

1
k=ﬁ [ Since p(x) =20,x € Z* ]

(ii)
PX<6)=PX=0)+PX=1+PX=2)+P(X=3)+P(X =4)+P(X =5)
=0+01+4+02+02+0.3+0.01=0381
P(X>6)=1-P(X<6)=1-081=0.19
PO<X<5)=PX=1+P(X=2)+P(X=3)+P(X =4)
=0.1+02+02+03=0.8
PO<X<4)=PX=0)+P(X=1)+P(X=2)+P(X =3)+PX =4)
=0+01+02+02+03=038

(ii1) The required minimum value of K is obtained as below
p(x<1)=p(x=0)+p(x=1) =0.1
p(x<2)=p(x=0)+p(x=1) +p(x=2) =0.3
p(x<3)=p(x=0)+p(x=1) +p(x=2) +p(x=3) =0.5

p(x<4)=p(x=0)+p(x=1) +p(x=2)++p(x=3) + p(x=4)=0.8
>0.5

The minimum value of K for whichp (x £ K)>05isK=4

(iv) Distribution function of X:

x | p() | F&)
0/0 |0
0.1 |0.1




p(x)

Fx)

0.2

0.3

0.2

0.5

0.3

0.8

0.01

0.81

0.02

0.83

N N[N B |W N X

0.17

1.00

)

u=Yxp(x)

=0-0+1(0.1) + 2(0.2) + 3(0.2) + 4(0.3) + 5(0.01) + 6(0.02) + 7(0.17)

= 3.66

(vi)

Var(X) = 0? = Zx?p(x) — u?

= 0+ 1(0.1) + 4(0.2) + 9(0.2) + 16(0.3) + 25(0.01) + 36(0.02) + 49(0.17) — (3.66)?

= 3.4044

ProblemS5: A fair dice is tossed. Let the random variable X denote the twice the number
appearing on the dice. Write the probability distribution of X. Calculate mean and variance.

Solution

Let x be the random variable which denotes twice the number appearing on the dice.

(i) Probability distribution of X:

10

12

px) | 1/6 | 1/6

1/6

1/6

1/6

1/6

(ii) Mean:

p = Yxp(x)




<2 ra oo+ )

=7

(iii) Variance:

0% = $a?p(x) — 2

=4 (%) +16 (%) +36 (%) + 64 (%) +100 (%) + 144 (%) — (7)?

= 11.67

Problem6: Two unbiased dice are thrown at random. Find the probability distribution of the
sum of the numbers on them. Also, find mean and variance.

Solution
If a pair of fair dice is rolled, then
S ={(1,2,3,4,5,6) x (1,2,3,4,5,6)}
={(1,1)(1,2)(1,3)(1,4)(1,5)(1,6); (2,1)(2,2)(2,3)(2,4)(2,5)(2,6) (3,1)(3,2)(3,3)(3,4)(3,5)(3,6); (4,1) (4,2
Let X be the random variable defined as the sum of two fair dice, then
P(X =2)=P(1,1) = 1/36
P(X =3) = P[(1,2), (2,1)] = 2/36
P(X = 4) = P[(1,3),(2,2)(3,1)] = 3/36
P(X =5) = P[(1,4), (2,3), (3,2), (4,1)] = 4/36
P(X = 6) = P[(1,5), (2,4), (3.3), (4,2), (5,1)] = 5/36
P(X = 7) = P[(1,6), (2,5), (34)(4.3), (5,2), (6,1)] = 6/36
P(X = 8) = P[(2,6,(3,5), (4,4), (5,3), (6,2)] = 5/36
P(X = 9) = P[(3,6), (4,5), (5.4), (6,3)] = 4/36
P(X = 10) = P[(4,6), (5,5), (6,4)] = 3/36
P(X = 11) = P[(5,6), (6,5)] = 2/36



P(X =12) = P[(6,6)] = 1/36

Hence the probability distribution of X is given as follows:

X 2 3 4 5 6 7 8 9 10 |11 12

P(X | 1/36 | 2/36 | 3/36 | 4/36 | 5/36 | 6/36 | 5/36 | 4/36 | 3/36 | 2/36 | 1/36
)

Mean:
p=Yxp(x)
1
=%(2+2-3+3-4+4-5+5-6+6-7+5-8+4-9+3-10+2-11+1-12)

=7
Variance:
0% = Tx’p(x) — p?
:%(22+2-32+3-42+4-52+5-62+6-72+5-82+4'92+3'102+2'112+1
- 122) — 72
= 5.83

Problem7: A sample of 3 items is selected at random from a box containing 10 items of which 4
are defective. Find the expected number of defective items.

Solution
Let X be the random variable which denotes the defective items.

e Total number of items = 10
e Number of good items = 6
e Number of defective items = 4

c 1
P(X = 0) = P(no defective item) = % =2
3
. . 4C1 6 Cz 1
P(X = 1) = P(one defective item) = g =3
3
“c,6¢, 3

P(X = 2) = P(two defective items) = o, — 10
3



ic 1
P(X = 3) = P(three defective items) = # = 30
3

Probability distribution:

X o |1 |2 |3
P(X=x) | 1/6 | 1/2|3/10 | 1/30

Expected number of defective items:

E(X) = Xxp(x)
1 3 1
=0+<E)+2'E+3'%

=1.2

Problem8: A player tosses two fair coins. He wins 100 if a head appears and 3200 if two heads
appear. On the other hand, he loses 500 if no head appears. Determine the expected value of
the game. Is the game favorable to the player?

Solution

Let X be the random variable which denotes the number of heads appearing in tosses of two fair
coins.

S = {HH,HT,TH,TT}

p(x;) = P(X = 0) = P(no heads) = %

N

p(xz) = P(X = 1) = P(one head) = 7 :%
p(x3) = P(X = 2) = P(two heads) :%

e Amount to be lost if no head appears: x; = —3500
e Amount to be won if one head appears: x, = 3100
e Amount to be won if two heads appear: x3 = X200

Expected value of the game:



u=Xxp(x)

= xX1p(%1) + x20(x2) + x3p(x3)

- -s00(}) +10(2) o)

= —X25

MEASURES OF STATISTICS FOR CONTINUOUS RANDOM VARIABLES

. Mean The mean or average value u of the probability distribution of a continuous
random variable X is called the expectation and is denoted by E (X).

u=EX) = f_ xf(x)dx

Expectation of any function ¢(x) of a continuous random variable X is given by

Elp(0] =, ¢C)f(0)dx

. Median The median is the point which divides the entire distribution into two equal
parts. In case of a continuous distribution, the median is the point which divides the total
area into two equal parts. Thus, if a continuous random variable X is defined from a to b
and M is the median,

fM f(x)dx—1
a )

By solving any one of this equation, the median is obtained.

. Mode The mode is value of x for which f(x) is maximum. Mode is given by
f'x)=0 and f"(x)<0 for a<x<b

. Mean Deviation Mean deviation of the probability distribution of a continuous random
variable X is given by

b
MD = J |x — ulf(x)dx

Variance The variance of the probability distribution of a continuous random variable X
is given by



b
Var(X) = 0% = f (x — w)?f(x)dx

a

b
= f x2f(x)dx — u?

6. Standard Deviation The standard deviation of the probability distribution of a
continuous random variable X is given by

SD =, /Var(X) =0

Problem1. For the continuous random variable having pdf
f(x)=4x3 0<x<1
=0 otherwise

Find the mean and variance of X.

Solution

Mean = u = ffooo xf (x)dx

= ]_(; xf(x)dx+J01 xf(x)dx+J xf(x)dx

1

1
=0+ j x(4x®)dx + 0
0



Var(X) = f°° x2f(x)dx — u?

o

:J._: xzf(x)dx+f1 xzf(x)dx+f x%f(x)dx — u®

1

2

1 4
=0+ f x%(4x3)dx + 0 — <§>
0

Problem2. For the triangular distribution

fx)=x, 0<x<1
=2—-x, 1<x<2

=0, otherwise

Find the mean and variance.

Solution

uzf_o:o xf(x)dx

o

=f0 xf(x)dx+f1 xf(x)dx+f2 xf(x)dx-i-f xf (x)dx
o 0 . 2



1 2
=O+f xzdx+f x(2—x)dx+ 0
0 1

2

1
= f x2dx + f (2x — x%)dx
0 1

B b1
~(5-9)#[(+-3)- (1-3)

Problem3. A continuous random variable has the probability density function
f(x) =kxe ™ x>0,1>0

=0 otherwise

Determine (i) k, (ii) mean, and (iii) variance.

Solution

Since f(x) is a probability density function,

f_o:o f(x)dx =1

_ f_(; f(x)dx+fooo fdx =1

=0 +f kxe ***dx =1
0

—x? —Ax271%

e e
k|x. -1 P =1
0

-2

(fo-0-(o-2)]-



k

== 1
k =A%
Hence,
f(x)=2xe ™™, x>0, 1%0
=0 otherwise
(i1)) Mean

U =f xf(x)dx
0 oo
=f xf(x)dx+f xf(x)dx
—c0 0
=0 +f xA?xe Mdx
0
=/12f x%e Mdx
0
e~ Ax e~ Ax e~ x @
— 22 ].2 _
=1 [x(_/l) 2x<lz>+2<_/13>lo

=/12[(0—0+0)—(0—0—%)]

2
A

(ii1) Variance

o? =f x2f(x)dx — u®
0
[ s o~ Ax , o~ x o~ Ax o~ Ax o 4
=1 |x “x — 3x = + 6x e -6 I Tz
0
4

6
=’12[(0_0+0_0)_(0_0+0_F) -3




Problem4. A continuous random variable has probability density function
fx)=6(x—x2), 0<x<1

Find the (i) mean, (ii) variance, (iii) median, and (iv) mode.
Solution
(@)

/,tzf_o:o xf(x)dx

[ee)

= fo xf(x)dx+f1 xf(x)dx+f xf(x)dx
— 0

1

1
=0+f x-6(x —x*)dx+0
0

1
= 6] (x? — x3)dx
0

(ii)

Var(X) = J-°° x2f(x)dx — u?



(0]

= f x2f (x)dx + f x?f(x)dx + f x?f (x)dx — p?
—00 0 1

1 1
=O+f x2 6(x—x¥)dx+0—-
0 4

(iii)

1

ja " fodx = ij Fodx =

M 1
J 6(x —x¥)dx = =
0 2



(2M —1)(2M? —2M —1) =0

1++3
M=—=

M—1
=5 or

Since M € (0,1),

. 1
Hence, median M = >

(iv) Mode is the value of x for which f(x) is maximum. For f(x) to be maximum, f'(x) = 0
and f"(x) < 0.

ffx)=0
6(1—2x)=0

1
X=3

f'(x) =—12

Atx = f"(x) = =12 <0
Hence, f(x) is maximum at x = %

Mode = 1
2

Problem 5: The daily consumption of electric power (in millions of kW -hours) is a R.V. having
the PD.F. f(x) = %xe""/3 , x>0

0, x<0

If the total production is 12 million kW -hours, determine the probability that there is power cut
(shortage) on any given day.

Solution: Probability that the power consumed is between 0 to 12 is

1

PO<x<12)=[" fdx=[" sxe*Pdx=-Ze ™ —ePi2=1-5¢7"

0
Power supply is inadequate if daily consumption exceeds 12 million kW, i.e.,

P(x>12)=1-P(0<x<12)=1—[1—-5e"4] = 5¢~* = 0.0 915781



Problem 6: The probability density function of a random variable X is
1.
f(x)=§smx, 0<x<m

=0 otherwise

Find the mean, mode, and median of the distribution and also, find the probability between 0 and
V3

>
Solution

(@)
U= f xf(x)dx

= ]_(; xf(x)dx+j" xf(x)dx+J: xf (x)dx

0

T 1
=0+f x(—sinx)dx+0
0 2

1 Y
= —f xsinx dx
2Jo
1
=3 [—xcosx + sinx]§
m
2

(i1) Mode is the value of x for which f(x) is maximum. For f(x) to be maximum, f'(x) = 0
and f"(x) < 0.

ff(x)=0
cosx =0

o
X=3

f"(x)=— Esinx

T

Atx = g, f"(x) = —% < 0. Hence, mode = —

Z,
(iii)



fM f(x)dx=f1: f(x)dle

2
fM 1 p 1
. ZSlTlX X—Z

Q

— M _ —
[—cosx]y >

N[~ N

1
(cosM —1) = >

1—cosM =1

cosM =0

Hence, median M = %
(iv)
P(0<x<z)—fﬂ/2 f(x)dx
2/ 0

/2 1
= —sinx d
JO ZSLTLX X

1
=-3 [cosx]’ot/2

= 1o 1—1
B 2( )_2

Problem 7: The cumulative distribution function of a continuous random variable X is
F(x)={1—-e?*,x>0,0,x <0.

Find the (i) probability density function, (ii) mean, and (iii) variance.

Solution

(i) f(x) = = F(x)



1
f(x) =§e‘2x, x>0
=0 x<0

(yu=J", xf(x)dx

= f°° xf(x)dx

1 [oe)
= —f xe ?* dx
2 J,

H=)-1(5)+],
Sfo-0-(-3)

1

1
2

(iii) Var(X) = [©. x2f(x) dx — u?
- | 2 dx— g2
0

1r” 1
=—j xle P dx — —
0

2 64
1 e—2% =2 e—2% © 1
— 2 _ P,
-2l (=)= ()2 (55), e
_Lio-o 0)(0 0 1) !
_2[ 4) 64
11
8 64
7



BINOMIAL DISTRIBUTION

Consider n independent trials of a random experiment which results in either success or failure.
Let p be the probability of success (remaining constant every time) and g = 1 — p be the
probability of failure.

The probability of x successes and n — x failures is given by p*q™™* (multiplication theorem of
probability). But these x successes and n — x failures can occur in any one of the "C, ways in
each of which the probability is same. Hence, the probability of x successes is

PX=x)="C,-p*-q"*, x=012,....,n, wherep+q=1
A random variable X is said to follow the binomial distribution if the probability of x is given by
PX=x)=px)="C,-p*-q"* x=012,....n, p+q=1

The two constants n and p are called the parameters of the distribution.

Examples of Binomial Distribution

(1) Number of defective bolts in a box containing n bolts.

(i) Number of post-graduates in a group of n people.

(111) Number of oil wells yielding natural gas in a group of n wells tested.

(iv) Number of machines lying idle in a factory having n machines.

Conditions for Binomial Distribution

The binomial distribution holds under the following conditions:
(1) The number of trials n is finite.

(i1) There are only two possible outcomes: success or failure.
(ii1) The trials are independent of each other.

(iv) The probability of success p is constant for each trial.

Constants of the Binomial Distribution

1. Mean of the Binomial Distribution



E(X) =Xx p(x)

n

:Z x_nx.px.qn—x

x=0

:O.nCO.pO.qn+1.ncl.p.qn_1+2.ncz.pz.qn_2+...+n.n n.pn

nn.-1) nn—1)(n-2) GV 3p3 + - +np”

=nq"p+ 2.5 3.2.1
nn—1.)(n—2
=nq" 'p +n(n— Dq" ?*p* + ( > )1( )q"‘3p3 + - +np"

nplq" ! + (n— D" 2pt + EEE g p? + np ]

=np(g+p)" t=np (sincep+q =1)

=>EX)=np |[sincep+q=1]

2. Variance of the Binomial Distribution
Var(X) = E(X?) — u?
n
=Y -
x=0
n

=z xz_an,px,qn—x_uZ

x=0
n
=Z [x +x(x = D] -"Cy - p* - "% —
x=0

n

n
=Z x-" x-px-q”‘x+z x(x=1) - "Cy-p*-q" T —p

x=0 x=0

=np + [2.1.nC,q" ?p? + 3.2.nC3q™ 3p° + +n(n — 1)"C,p"] — u?

=np+ [2.1.—“2:;1) q"?%p? + 3.2.—n(n_;2)_§n_2) q" 3p3 + +n(n— Dp"] — u?

=np + [n(n—1)q"?p* + n(n — 1)(n — 2)q"3p* + - + n(n — Dp"] — p®
=mp+nn—Dp*[q" %+ (n—2)q" Pp+ - +p" 7] - p?

=np+nn—1Dp*(q+p)"*—p* [ p+q=1]



=np +n(n — 1)p? — u?
=np + n(n — 1)p? — n?p?
= np + n2p? — np? — n2p?
= np — np?
=np[l—pl=npq [ 1-p=q]

=npq

3. Standard Deviation of the Binomial Distribution

SD =+Variance = \/npq

4. Mode of the Binomial Distribution

The mode of the binomial distribution is the value of x at which p(x) has maximum value.

e Mode = integral part of (n + 1)p, if (n + 1)p is not an integer
e Mode=(n+1)pand (n+ 1)p — 1,if (n + 1)p is an integer

Recurrence Relation for the Binomial Distribution
For the binomial distribution,

n!
P — n X ANn—X — X ANn—Xx
) x P4 (n—x)!x!p 1

n!
)2 1) ="C x+1 n—-x—-1 _ x+1 n—-x-1
Px+1)  (n—x)! o x! o p
Px) (m—x—-1!" (x+1D! ¢
n—x)Xn-x-—1)! x! n—x
_ (-0 x( ) WP (L5X P
(n—x-—1)! (x+1)xx! gq x+1 q

n—xp
:>P(x+1) :maP(X)

Binomial Frequency Distribution



If n independent trials constitute one experiment and this experiment is repeated N times, the
frequency of x successes is N - P(X = x), i.e.,

N x,px.qn—x

This is called expected or theoretical frequency f(x) of a success.

i f(x)=Nzn: PX=x)=N i P(X=x)=1]

The expected or theoretical frequencies f(0), f(1), f(2),...,f(n) of 0,1,2,...,n successes are
respectively the first, second, third, ..., (n + 1) term in the expansion of N(p + q)". The
possible number of successes and their frequencies is called a binomial frequency distribution. In
practice, the expected frequencies differ from observed frequencies due to chance factor.

Problem1:

The mean and standard deviation of a binomial distribution are 5 and 2. Determine the
distribution.

Solution
p=np=>5
o=.,npq=2
npq =4
npq 4 4 L L 4 1
25— = - = — = —_—_— = -
w5 1757°F 1 575
1
np =5, (g)n=5=>n=25
Hence, the binomial distribution is
1 X 4 25—x
P(X = X) = ZSCx (g) (g) , X = 0,1,2,...,25

Problem2:

The mean and variance of a binomial variate are 8 and 6. Find P(X > 2).



Solution

npq_6_3:> _3:> — 1 _ 3_1
np 8 4 (1 a PTITITITLTY
1
np =8, n(Z)=8:>n=32
1x 3323{
P(X=x)=32Cx(Z) (Z) , x=012,...,32

P(X>2)=1-P(X<2)
=1-[P(X=0)+P(X = 1)]

1
—1- Z P(X = x)
x=0
3 32—x

-3 el ()

x=0

= 0.9988

Problems3:

The mean and variance of a binomial distribution are 4 and % respectively. FindP (X > 1).

Solution
p=np=4
2= = —
o npq 3
npqg 4/3 1 1 1 " 1 2
—_—— - = - = f— — R =
w4 3 9737°F 1 3°3

2
np=4:>n(§)=4:>n=6

6—x

2\ (1
P(X:.X'): Cx(g) (g) ) X:0,1,2,...,6



PX>1)=1-PX<1)=1-P(X =0)
-1=6(3) () = 1-(5) - ossus

Problem4:

With the usual notation, find p for a binomial distribution if n = 6 and 9P (X = 4) =
P(X =2).

Solution
For the binomial distribution,
PX=x)="C,-p*-q"* x=012,...,n
Given:
n==o6
9P(X =4) = P(X = 2)
9-°C, p*-q*=°C,-p* - q*
9-°C4-p*-q*=°C,-p*-q" =>9p* =q* = (1-p)*
92 =1-2p+p?=>8p?+2p—-1=0
Now solving the quadratic:

_ —2+VE+32 -2+v36 -2+6
P=—">%8 ~ 7~ 16 16

N

Since probability cannot be negative,

Problemb5:

If the probability of a defective bolt is %, find the (i) mean, and (ii) variance for the
distribution of 640 defective bolts.



Solution

(i) Mean:
640
u=np= ke 80
(ii) Variance:
1 7
1=17p=17573

1 7
Variance = npq = 640 - (5) . (5) =70

Problem6:

4 coins are tossed simultaneously. What is the probability of getting (i) 2 heads? (ii) at least
2 heads? (iii) at most 2 heads?

Solution

Let p be the probability of getting a head in the toss of a coin.

—l g=1-p=1 n=4
p_z’ q_ p_z' n=

The probability of getting x heads when 4 coins are tossed is:

4—x

4 X 4—x 4 1 ¥ 1
PX=x)="C,-p*-q = C’“(E) (§> , x=0,123,4

(i) Probability of getting 2 heads:

P(X = 9 = 4¢ (1)2 (1)2_6_3
®=2="¢\3) "\3) =16~ 3
(ii) Probability of getting at least two heads when 4 coins are tossed

P(X>2)=P(X=2)+P(X=3)+P(X =4)



(iii) Probability of getting at most 2 heads when 4 coins are tossed

PX<2)=PX=0)+PX=1)+PX =2)
-3 w03 al) Q) g
x=0 x=0

Problem?7:

Two dice are thrown five times. Find the probability of getting the sum as 7 (i) at least once,
(ii) two times, and (iii) P(1 < X < 5)

Solution

In a single throw of two dice, a sum of 7 can occur in 6 ways out of 6 X 6 = 36 ways: (1,6),
(6,1), (2,3), (5,2), 3,4), (4.3)

Let p be the probability of getting the sum as 7 in a single throw:

6 1 5
ngzg’ q:l—p:g' n=5
The binomial distribution:
1 X 5 5—-x
P(X =x)=5C,-p*-q°* =5C, (8) (6) , x=012,...,5

(i) Probability of getting the sum 7 at least once in 5 throws of two dice

o (15 3125\ 4651
Pz =1-PXx=0=1- CO(E) (E) :1_(7776):7776

(ii) Probability of getting the sum 7 exactly two times in 5 throws of two dice

<. (1Y 5\ 625
PX=2)="C (E) (8) ~ 3888



(iii) Probability of getting the sum 7 for 1 < X <5
P1<X<5)=PX=2)+PX=3)+P(X=4)

> ) () -
= C.|— — —_
*\6 6 7776

X=2

ProblemS8:

If 10% of the screws produced by a machine are defective, find the probability that out of 5
screws chosen at random, (i) none is defective, (ii) one is defective, and (iii) at most two are
defective.

Solution
Letp=0.1,g=1—-p=09,n=5
P(X =x)=5C,- (0.1)*-(0.9)°*, x=0,1,...,5

(i) Probability that none of the 5 screws is defective

P(X =0) =5C, - (0.1)° - (0.9)° = 0.59049

(ii) Probability that one screw out of 5 screws is defective

P(X =1)=5C;-(0.1)*- (0.9)* = 0.3281

(iii) Probability that at most 2 screws are defective

2
P(XSZ)=P(X=0)+P(X=1)+P(X:2)=Z P(X = x)

x=0
2

= z 5C, - (0.1)* - (0.9)5™ = 0.99144

x=0

Problem9:



The probability of a man hitting a target is § (i) If he fires S times, what is the probability

of his hitting the target at least twice? (ii) How many times must he fire so that the
probability of his hitting the target at least once is more than 90%?

Solution

Let p be the probability of hitting the target:

_1 =1 =1 L_:Z =5
p - 3 4 q - p - 3 - 3 4 n=
Probability of hitting the target x times out of 5 times:
x 5-x

5 X 5-x 5 1 2
PX=x)="C,-p*-q°7* = Cx<§> (5) , x=012,...,5

(i) Probability of hitting the target at least twice out of 5 times:
PX=22)=PX=2)+PX=3)+PX=4)+P(X=5)

=Y ra=n=) ()@

_ B 0.5391
T 2437

5—x

(ii) Probability of hitting the target at least once out of 5 times:

We want:
PX>1)>09=1-PX=0)>09=>PX=0)<0.1
1% /2\"  2\"
Pa=0="a(3) (5) =(3)
We want:
2\" 2\"
1—<§> >0.9:(§) <0.1
Tryn = 6:
6 2\ 6

(§> =0.088=1-— (5) =0.9122 > 0.9



Hence, the man must fire at least 6 times so that the probability of hitting the target at least once
is more than 90%.

Problem10:

Out of 800 families with 5 children each, how many would you expect to have (i) 3 boys? (ii)
5 girls? (iii) Either 2 or 3 boys? (iv) at least one boy? Assume equal probabilities for boys
and girls.

Solution

Let p be the probability of having a boy in each family:
p:—, q:l—p:—, n:5, N:800

The probability of having x boys out of 5 children in each family:

5—x

5 X 5—x 5 1 ¥ 1
P(X=x)="C,-p*-q = Cx(f) (E) , x=012,...,5

(i) Probability of having 3 boys out of 5 children in each family

=900 () -3

Expected number of families having 3 boys out of 5 children =N - P(X = 3)

5
=800 -— = 250
16

(ii) Probability of having 5 girls, i.e., no boys out of 5 children in each family

=003 () -3
K=0="6{3) \3) =%
1
Expected number of families with 5 girls out of 5 children = N - P(X = 0) = 800 - 32
=25

(iii) Probability of having either 2 or 3 boys out of 5 children in each family



w

P(X—2)+P(X—3)—Z PX=x)=) *C ()()Sx:g

x=2
Expected number of families having either 2 or 3 boys out of 5 children = N - P(X
5
=20r3)=800-§= 500

(iv) Probability of having at least one boy out of 5 children in each family
PX=>1)=PX = 1)+P(X=2)+P(X=3)+P(X=4)+P(X=5)=Z P(X =x)
5
=Y ) () -5
B *\2) \2) 32
x=1

Expected number of families having at least one boy out of 5 children=N -P(X = 1)

= 800 51 775
= i

x=1

Probleml11:

Seven unbiased coins are tossed 128 times and the number of heads obtained is noted as
given below:

No.ofheads |0 |12 |3 |4 |5 |67
Frequency 7161191353023

Fit a binomial distribution to the data.

Solution

Since the coin is unbiased,

For binomial distribution,

7—x

X
— _n X L =X _ 7 1 l —
PX=x)="C,-p*-q ="Cy , x=012,...,7

Theoretical or expected frequency



7

f(xX)=N-P(X=x)=128-7C, (%)

1\
2] =1
2
7

1> _

£(0)=128-7¢,

/N N

N

F(1) =128-7¢,

N

7

1
£(6) =128 -7C, ) =7
1

©
Fy=128-7,(2) -

Binomial distribution

No. of heads x 0 1 2 3 4 5 6

Expected binomial frequency f(x) 1 7 21 35 35 21 7

Problem12: Fit a binomial distribution to the following data:

“lol1 |2 |3 |4

fl2114]2034]22

Solution

Yfx  2(0) + 14(1) + 20(2) + 34(3) + 22(4) + 8(5) _ 284

= 2.84
>f 2+14+20+34+22+8 100

Mean =

For binomial distribution,




Given:
u=np=284, n=5
= 5p =2.84=p =0.568
q=1—-p=1-0.568 =0.432

Binomial Distribution Formula:
PX=x)="C,-p* -q"* = 5Cx - (0.568)* - (0.432)5_", x=0,12,...,5
N=)f =100

Theoretical or Expected Frequency f(x) = N - P(X = x)
£(0) =100 -5C, - (0.568)° - (0.432)° = 1.505 =~ 1.5
f(1) =100 -5C; - (0.568)* - (0.432)* = 9.899 ~ 10
f(2) =100-5C, - (0.568)2 - (0.432)3 = 26.01 =~ 26
f(3) =100-5C; - (0.568)3 - (0.432)% = 34.2 ~ 34
f(4) =100-5C, - (0.568)*- (0.432)' = 22.48 ~ 22
£(5) =100 -5Cs - (0.568)° - (0.432)° =591 ~ 6

Binomial Distribution Table:

x 0 |1 (213 |45

Expected binomial frequency f(x) | 1.5 | 10 | 26 | 34 | 22

Poisson Distribution

A random variable X is said to follow Poisson distribution if the probability of x is given by

e~ Apx

PX=x)=p(x) = x=0,12,..

x!

where A is called the parameter of the distribution.



Poisson Approximation to the Binomial Distribution:

Poisson distribution is a limiting case of binomial distribution under the following conditions:
(1) The number of trials should be infinitely large, i.e., n = oo.

(i1) The probability of success p for each trial should be very small, i.e., p = 0.

(ii1) np = A should be finite where A4 is a constant.

The binomial distribution is: P(X = x) = (g) p*q"™*  [since q =1 — p]

Putting p =%,
X nMn—-1n-2)..n—x+1Dn—x) /A" PN
P( ZX): (n—x)!,x! (E) (1_E>

P(X:x):n(n—l)(n—i)!...(n—x+1) (A)x<1 /1)

n—x

n

n

_nn-D@n-2).(n—x+1) /1"(1 A)"( /1)

—_ 1__
x! n* n

—-X

n

—X

n

_nn-1DH@m-2)..(n-x+1) ﬁ( /1)”< /1)

nx x! n

= (=2) (-0 (- 00 ()

Since limy .o (1-2) " = e and limyr (1-2) (1-2) . (1-22) = 1

n n

—-X

Taking the limits of both the sides as n — oo,

Ae?

P(X =x)= et x=012,..,00

Examples of Poisson Distribution:

(1) Number of defective bulbs produced by a reputed company
(i1) Number of telephone calls per minute at a switchboard
(111) Number of cars passing a certain point in one minute

(iv) Number of printing mistakes per page in a large text



(v) Number of persons born blind per year in a large city

Conditions of Poisson Distribution:

The Poisson distribution holds under the following conditions:

(1) The random variable X should be discrete.

(i1) The numbers of trials n is very large.

(ii1) The probability of success is p is very small (very close to zero).
(iv) A = np is finite.

(v) The occurrences are rare.

Constants of the Poisson Distribution:

1. Mean of the Poisson Distribution

(0]

EC) =) xp(o)

x=0

(o]
D
= x .
x!
x=0
[ee]

x=0

had /lx—l
— -1
¢ ’12 (x—1)!
x=1

AZ
=/18"1(1+/1+§+---) wherer = x — 1

= le et

=1

2. Variance of the Poisson Distribution:

Var(X) = E(X?) — u?



o)

= Z x%p(x) — 22

x=0
had -2
= Z 2.5 A A?
Tox!
x=0
o -A9x
e A
=Z [x(c— 1) +x].—— -4
por x!
® -A9x *® -A9x
e "1 e A
=z x(x—1). + X. — 12
x! x!
x=0 x=0
*® e—ll’{x—Zl’{Z ®
= — — )2 [ .
Z x(x 1)'x(x—1)(x—2)!...+l A [Slncez X
x=0 x=0

— )2

= e A)2 [z Y
— |
= (x —2)!

/12
= e™*)? <1+/1+§+--->+ A—22

:e—AAZel + /1_/12
=2 +2-2
=1

3. Standard Deviation of the Poisson Distribution:

SD = v Variance = V2

4. Mode of the Poisson Distribution:

Mode is the value of x for which the probability p(x) is maximum.
p(x) 2p(x+1) and p(x)=2px—1)

When p(x) = p(x + 1),

e—/l/lx - e—l/lx+1
x!' T (x+ D!




1> A
Tx+1

x+1)=2

x=21-1...(1)
Similarly, for p(x) = p(x —1)
x< A....(2)
Comparing eq(l) and 2) wegetA —1 <x < A
Hence, the mode of the Poisson distribution lies between A — 1 and A.

Case I: If A is an integer then 4 — 1 is also an integer. The distribution is bimodal and the two
modes are A — 1 and A.

Case II: If 4 is not an integer, the distribution is unimodal and the mode of the Poisson
distribution is an integral part of A. The mode is the integer between A — 1 and A.

Recurrence Relation for the Poisson Distribution:

For the Poisson distribution,

e~ A)x
p(x) = o
—/1/1x+1
1)=———
PO+ D =573
A e
T x+1 x!
2
T x+1 p(x)

A
=>pkx+1)= mp(x)

Problem1: If the mean of a Poisson variable is 1.8, find (i) P(X > 1), (ii) P(X =5), and
(111) P(0 < X <5).

Solution For a Poisson distribution,



e—LS(L8)x

P(X =x)= o , x=01,2,..
1)
PX>1)=1-PX<1)
=1-[PX=0)+PX =1)]
—18 x
- Z (1 8)
~ 1.8¢718
=1- <e 18 4 T )
= 0.5372
(i1)
e 18(1.8)5
P(X =5) = — = - 0.026
(ii1)

PO<X<5=PX=1)+PX=2)+P(X=3)+P(X =4)

_ z e—l.BJE!l.B)x

x=1

= 0.7983

Problem2: If a random variable has a Poisson distribution such that P(X
=1) = P(X =2), find (i) the mean of the distribution, (ii) P(X = 4), (iii)
P(X =2 1), and (iv) P(1 < X < 4).

Solution For a Poisson distribution,

—Alx
P(X =x)= I x=01,2,..

(1)
P(X=1) = P(X = 2)
e L e )2

1! 2!




Hence,
—29Xx
P(X =x) = , x=0,12,..
(i)
P(X=4)= :!24
= 0.9022
(iii)
P(X>1)=1-P(X =0)
e 220
=1-=5
=1—e?
= 0.8647
(iv)

P(1<X<4)=P(X=2)+P(X =3)

3
e 22%
B x!
x=2

= 0.4511

Problem3: If X is a Poisson variate such that P(X = 0) = P(X = 1), find P(X = 0) and using
recurrence relation formula, find the probabilities at x =1, 2, 3, 4, and 5.

Solution For a Poisson distribution,

e )X
P(X =x)=

, x=012, ..
P(X=0)=P(X =1)

e 0 e A

0! 1!

1=2



Hence,

-1l1x

e
P(X =x)= ol x=012,..

(i)
—110

e
P(X =0) = ——=103678

(i1) By recurrence relation,
+1) = A A=1
px+ 1) =——=p [1=1]
p(1) = p(0) = 0.3678
1
p(2) = 5(0.3678) = 0.1839
1
p(3) = §(0.1839) = 0.0613

1
p(4) = 7(0.0613) = 0.015325

1
p(5) = £ (0.015325) = 0.003065

Problem4: If the variance of a Poisson variate is 3, find the probability that (i) X = 0,
(ii) 0 < X £ 3, and (iii) 1 £ X < 4.
Solution For a Poisson distribution,

Variance = Mean = A1 =3

—32x
P(X =x) = o X= 0,1,2, ...
(i)
—330
P(X=0)= o e 3 =0.0498
(i1)

PO<X<3)=PX=1)+P(X =2)+P(X =3)



& e 33%
- z x!
x=1
= 0.5974

(iii)
P1<X<4)=PX=1+PX=2)+PX=3)

3
e~33%
B x!
x=1

= 0.5974

ProblemS5: If a Poisson distribution is such that
3
EP(X =1)=PX =3),

find (i)) P(X = 1), (i) P(X < 3),and (i) P(2 < X <5).
Solution For a Poisson distribution,

e X
P(X=x)= I x=01,2,..

%P(X =1)=P(X =3)

3 e A _ e )3

2 11 3!

3_12

2 6

A2—-9=0

A=3-3
Since A > 0, 4 = 3.
Hence,

—-32x

P(X =x)= TRt x=01,2,..



P(X>1)=1-P(X =0)

e~330

=1-0

=1—e73

= 0.9502
(i1)
P(X<3)=PX=0)+P(X=1)+P(X =2)+P(X =3)

3 e 33% 7330 7331 =332 =333

S e o,
x!

x=0

0! 11 21 3
= 0.6472
(iii)
PR2<X<5=PX=2+P(X=3)+P(X=4)+P(X =5)

e 33%
B x!
x=2

= 0.7169

5

Problem6: Six coins are tossed 6400 times. Using the Poisson distribution, what is the
approximate probability of getting six heads 10 times?

(ii) A Poisson distribution has a double mode at x = 3 and x = 4. What is the
probability

that x will have one or the other of- these two values.

Solution

Let p be the probability of getting one head with one coin.

P=§

6
Probability of getting 6 heads with 6 coins = (%) = é

n = 6400



1
A=np 600(64) 00

Probability of getting x heads

—Alx

P(X=x)= x=012,..

x!
Probability of getting 6 heads 10 times

8_100(100)10

— -30
o1 =1.025x 10

P(X = 10) =

(z) Since 2 modes are given when 1 is an integer, modes are 1 — 1 and A.
A-1=3>1=4

8_4(4)3

Probability (when x = 3) = ~—

e—4(4)4

Probability (when x = 4) = —,_

Required Probability = P(x =3 0r4) =P(x =3)+ P(x = 4)

_ e *(4)3 N e *(4)* _ 64

Ry
3 21 3 e " =0.39073.

Problem?7: If 2% of lightbulbs are defective, find the probability that (i) at least one is defective,
and (i1) exactly 7 are defective. Also, find P(1 < X < 8) in a sample of 100.

Solution
Let p be the probability of defective bulb.
p =2%=0.02
n =100
Since p is very small and n is large, Poisson distribution is used.
A=np =10000.02) = 2
Let X be the random variable which denotes the number of defective bulbs in a sample of 100.

Probability of x defective bulbs in a sample of 100

e Ax
P(X=x)= TR x=0,1,2,..




(1) Probability that at least one bulb is defective
PX=>21)=1-PX=0)

e—220
0!

=1-

=1—e2

= 0.8647

(i1) Probability that exactly 7 bulbs are defective

—297

7!

P(X=7)=

= 0.0034

(i) P(1<X<8)=PX=2)+PX=3)+PX =4)+PX=5+PX=6)+P(X=7)

Problem8: A hospital switchboard receives an average of 4 emergency calls in a 10-minute
interval. What is the probability that (i) there are at most 2 emergency calls? (i1) there are exactly
3 emergency calls in an interval of 10 minutes?

Solution

Let p be the probability of receiving emergency calls per minute.

2 04 n=10
P=10~ "% "7

A=np=10004) =4
Let X be the random variable which denotes the number of emergency calls per minute.

Probability of x emergency calls per minute:



e—/l/lx e—44x

P(X =x)= o = pranl x=012,..

(1) Probability that there are at most 2 emergency calls

PX<2)=P(X=0)+P(X=1)+P(X=2)

:§: —44x
x=

0

40 41 42
=e" <—|+?+2'>

(i1) Probability that there are exactly 3 emergency calls
—443

3!

P(X=3)=

= 0.1954

Problem8: The number of accidents in a year attributed to taxi drivers in a city follows Poisson
distribution with a mean of 3. Out of 1000 taxi drivers, find approximately the number of drivers
with (1) no accidents in a year, and (ii) more than 3 accidents in a year.

Solution
For a Poisson distribution,
A=3, N =1000

Probability of x accidents in a year:

B B —A/lx B e~ 33x B
P(X =x)= e x=01,2,..
(1) Probability of no accidents in a year:
—330 s
P(X=0)= TR

= 0.0498



Number of drivers with no accidents:

f(x) = NP(X = 0) = 1000(0.0498) = 49.8 ~ 50

(i1) Probability of more than 3 accidents in a year:
P(X>3)=1-P(X <3)
=1-[PX=0)+PX=1)+PX=2)+PX =3)]

X =x)

e 33%

x!

1-—
=1

3
> P
x=0
3
xz=0

= 0.3528
Number of drivers with more than 3 accidents:

f(x) = NP(X > 3) = 1000(0.3528) = 352.8 ~ 353

Problem?9: fit a Poisson distribution to the given data:

Number of deaths (x) | 0 1 |2 |34
Frequency (f) 122 160 | 15

Step 1: Calculate the Mean (A)

The mean A of a Poisson distribution is:

_Lfx
xf

1= 122(0) + 60(1) + 15(2) + 2(3) + 1(4)
B 1224+60+154+2+1

/1_0+60+30+6+4_100
B 200 "~ 200

A

=0.5

So,A=0.5

Step 2: Poisson Probability Formula



—llx

P(X=x)= por
For A=0.5:
o PO)=e5 2% = 6705 = 0,6065
o P()=e™5-2% = 06065 0.5 = 0.3033
o PQ)=e5 2> = 06065 0.125 = 0.0758
o P@)=e5-2" = 06065 - 0.0208 = 0.0126
o P@)=e5 -2 = 0.,6065 - 0.0026 = 0.0016

Step 3: Expected Frequencies

Expected frequency = N - P(X = x), where N = }.f = 200.

E(0) = 200 X 0.6065 = 121.3 ~ 121
E(1) =200 x 0.3033 = 60.7 = 61
E(2) =200 X 0.0758 =15.2 = 15
E(3) =200 X 0.0126 = 2.5 = 3
E(4) =200 X 0.0016 = 0.3~ 0

Step 4: Comparison Table

x | Observed f | Poisson P(x) | Expected f (N-P(x))
01122 0.6065 121

1|60 0.3033 61

2|15 0.0758 15

312 0.0126 3

4 0.0016

NORMAL DISTRIBUTION

The normal distribution is a continuous distribution. It can be derived from the
binomial distribution in the limiting case when n, the number of trials is very

large and p, the probability of a success, is close to % The general equation of
the normal distribution is given by



_lx—p»
e 2(0)

10 =
where the variable x can assume all values from —oo to + . u and g, called the
parameters of the distribution, are respectively the mean and the standard
deviation of the distribution and —oo < u < o, ¢ > 0. Here x is called the normal
variate and f(x) is called probability density function of the normal
distribution.

If a variable x has the normal distribution with mean u and standard deviation
o, we

briefly write x : N(u, 0%)

The graph of the normal distribution is called the normal curve. It is bell-
shaped and

symmetrical about the mean u. The two tails of the curve extend to + o and — «©
towards the positive and negative directions of the x-axis respectively and
gradually approach the x-axis without ever meeting it. The curve is unimodal
and the mode of the normal distribution coincides with its mean u. The line x =
u divides the area under the normal curve above x-axis into two equal parts.
Thus, the median of the distribution also coincides with its mean and mode.
The area under the normal curve between any two given ordinates x = x; and
X=X,

represents the probability of values falling into the given interval. The total area
under the normal curve above the x —axis is 1.

f(x) 4

XV

BASIC PROPERTIES OF THE NORMAL DISTRIBUTION:

The probability density function of the normal distribution is given by




@fE)=0a) [, fdx=1,
i. e., the total area under the normal curve above the x —axis is 1.
(i1 The normal distribution is symmetrical about its mean.

(iu) It is a unimodal distribution. The mean, mode and median of this
distribution coincide.

STANDARD FORM OF THE NORMAL DISTRIBUTION:
4f(z)

If X is a normal random variable with mean u and standard deviation o, then
the random variable Z = }%“ has the normal distribution with mean 0 and

standard deviation 1. The random variable Z is called the standardized (or
standard) normal random variable.

The probability density function for the normal distribution in standard form is
given by

F(2) = ——e 2

z) =—e

V2m

It is free from any parameter. This helps us to compute areas under the normal
probability curve by making use of standard tables.

Note 1. If f(z) is the probability density function for the normal distribution,
then

P(zy <Z<z)= fZZf f(2)dz = F(z,) — F(z,) , where F(z) = [~
z)

f(2)dz=P(Z <

o



The function F(z) defined above is called the distribution function for the normal
distribution.

Note 2. The probabilities P(z; < Z < z,), P(z1 < Z < z,), P(z; < Z < z;) and
P(z; < Z < z,) are all regarded to be the same.

Note 3. F(_Zl) = 1 - F(Zl)

Characteristics of normal distribution:

1. The normal distribution curve is bell shaped curve and it is symmetric about
the linex = pu

2. X - axis is an asymptote to the normal curve.

3. Area under normal curve is unity.

4. The linear combination of independent normal variate is a normal variate. i.e if
x and y are normal variate then ax + by is also a normal variate.

5. No portion of the curve lies below the x — axis.

6. The mean, median and mode of the N.D. will coincide.

7. p(u—0c<x<pu+o0)=p(-1<x<1)=0.6826

8. p(u—20<x<u+20)=p(—2<x<2)=0.9844

9. p(u—3c<x<u+30)=p(—3<x<3)=09973

Pix)s
T I 1T 1 I,
=37 O =26 y—g B Ute p+2c  u+do
Fig. 5.2
10. The max. value of Normal density (also called Gaussian distribution) is
L_ and it will occur at x = U
oV2m
Proof: we know that f(x) = ——e (s )
roof: we know that f(x) =St e
) = — L o3 _ 2 xmin L
f(x)—o_2n_€20 2(0)0

o2 o2

f'tx) = f(x) [— (xa;zu)] = 0= f(x)[- (x—u)] o _ (x—u) -0

x—u=0=>x=u



At x = p we will get f maximum

52 1 o 1
Now, f(x) = me 2 =l S

Notel: [n=[" e *x" ldx
Note2: [ =+x
Note3: [n+l=nln

Note4: [~ e‘zz/zdz=\/§

2
Proof: Put%zt:zz=2t=>z=\/2_t:dz=\/§idt= 1 dt

2Vt NeT

o] oo _l
Substitute in the above we have [ et —dt = ifo e~ttT2dt =

1o g1, 1l 1 o~ W
Sl eftdt=Flo=5Vr= |-

MEAN OF NORMAL DISTRIBUTION

Consider the normal distribution with g, o as the parameters then

p=E@=[  xf@

1,x—U\ o

=/ x m/lﬁ e 305V dx [ Since [~ f(x)dx =area under normal curve
= 1]
Put%zzsothatx=u+az ~dx =odz

*© 1 1 5
U= J (u+o0z) e 2% (odz)

ovV2m
R T f e 27 dz
V2m f_oo
2_.“ e—Zz/ZdZZZ_# E:‘u
V2 Jo \V2m N2
) o0 1,2 . . o0 _1,2 o0 1 _,2

[ since [ ze™2” dzis odd function =f__  ze2” dz=0and [ = 12dz
is even function so, we write [ \/%e‘zz/zdz = \/%fooo e ?’/2dz and also we

know that fooo e"zz/zdz—\[]



VARIANCE OF NORMAL DISTRIBUTION

1,.x—U

ez dx

Variance = [ (x—u)za1
Putx?Tuzz SX—U=0z=> x=u+oz ~dx =odz

Variance = [ (az)zﬁﬁe‘zz/ 20dz

=— 2)2e % /2gdz
Van_oo @)
2072 5
=— 2)2e % /2gdz
), (2)
z? _ 2 _ _ oL g1
Put—=t=z —Zt:>Z—\/E:>dZ—\/§2ﬁdt—mdt
20% (@ _,dt
=— 2te™" —
V27l' 0 \/Z_t
202 (@ _at
=— te™t—
v Jo Vit
f Vte tdt
20
S “t427 14t
Vi Jy
2021 o2 _ 2
2 rOZir(3)=%va=0

The standard deviation of the normal distribution is o

Mode of normal distribution:

Mode is the value of x for which f(x) maximum i.e at mode f'(x) = 0 and

F(x) <0

X—pt
By definition we have f(x) = ﬁe_i(_)z



) = e T - 2L
e = F [~ (58] = - f -]

Now, f'(x) =0iex=u
1 1
ffe === fOC-nI'=-Z D0 -nl

__ Ui [(x—f' () + F@)]

X =
2

= =) ()] + reo

LT K(x ;2;02)]]

At x = u, f"(x) becomes negativei.eatx =u f'"(x) =

e

o2

<0

Hence x = u is mode of normal distribution

Median of normal distribution:

If M median of normal distribution fiwm flx) = %

1 M Lk _1
= O'mf—oo e 2o dx = 2
: 1 u _1x—iy2 M _1x—io 1
ie=[ff, e dx+ [ e da] = ()

. 1 u _l(ﬂ)z
Consider, ——[ Jo e e dx]
Put%zzsothatx=y+az ~dx = odz
_ 1 u _lx—u Zd _ 1 0 _ﬁ d
_omf—oo erorax= m[f—oo e 20 dz]
1 0 2 1 22

=% J, € 7dz also = [ ez dz(by symmetry)

SR
B

~ e (2)



Sub (2) in (1) we get

1 M _LX=hy2
= fu e 2o’ dx=0

oV2T

1.x—1
—=(=—=

= x=pu [since f:’ e 7275 " dx becomes 0 if either x = u or integrand = O or

limits are equal]

Therefore, in N.D Mean = Median = Mode

Mean deviation from the mean for normal distribution:

By the definition of Mean deviation, we have ffooo |(x — w)|f (x)dx

x—[,l.)z

1 [ee] _l
a_\/ﬁf—oo |(x — w)le™2s Vdx

[putPutx?Tuzzsothatxzu+az s dx = odz]
o *© 1 2
— |zle 2P dz
VZnJ_oo
Z2[" e
o zle 2 dz
21 0
V2o [ _éd
— ze z
Vi Jg

2
[put Put%z t = z? =2t = 2zdz = 2dt > zdz = dt]

o[ g ()]
_\/E 0 ¢ _\/E _10

V2 V2o _ 4 .
ﬁg 0+1)= ﬁa =<0 (approximetly)

AREA UNDER THE NORMAL CURVE:



The total area under this curve is 1 By taking z = %, standard normal curve is formed.

The area under the curve is divided into two equal parts by z = 0. The area between the ordinate
z = 0 and any other ordinate can be noted from the supplied table. It should be noted that mean
for the normal distribution is 0.

Af(z)

Area=05 Area=0.5

\4

@] z
APPLICATIONS OF NORMAL DISTRIBUTION:

De Moivre made the discovery of this distribution in 1733. This distribution has an important
application in the theory of errors made by chance in experimental measurements. Its more
applications are in computation of hit probability of a shot and in statistical inference in almost
every branch of science.

Method1: When z > positive values
Region: P(Z > 1.5)

0.40F Standard Normal (p=0, o=1)
P(Z > 1.5)

Probability Density
o
N
o

P(Z > 1.5) — shaded area to the right of Z = 1.5
p(z>15)=05-p(0<z<15)=0.5-0.4332 =0.0668



Probability Density

Method2: When z < positive values

Region: P(Z < 1.5)

0.401 Standard Normal (u=0, 0=1)
P(Z < 1.5)

0.35f
0.30
0.25
0.20
0.15f
0.10

0.05F

0.00f

P(Z < 1.5) — shaded area to the left of Z = 1.5.

p(z < 1.5) =0.5+p(0 <z < 15) = 0.5 + 0.4332 = 0.9332

Method3: When z lies between two positive values

Region: P(0.5 < Z < 2.0)

040 Standard Normal (u=0, o=1)
P(0.5 < Z < 2.0)

Probability Density
o
N
(=)

g

0.15
0.10r
0.051
0.001
-4 -3 -2 -1 0 1 3 4
z

P(0.5 < Z < 2.0) — shaded area between Z = 0.5 and Z = 2.0



P(05<Z<20)=P(0<Z<2)—p(0<z<0.5)=04772-0.1916 = 0.285

Method4: When z < negative values

Region: P(Z < -1.5)

Standard Normal (u=0, 0=1)
P(Z < -1.5)

0.40r

0.35}

0.30F

0.25}

0.20F

0.15F

Probability Density

0.10f

0.05f

0.00f

P(Z < —1.5) — shaded area to the left of —1.5
p(z < —15) =05 —p(=1.5 <z <0) = 0.5 —p(0 < z < 1.5) = 0.5 — 0.4332 = 0.0668

Method5: When z > negative values

Region: P(Z > -1.5)

Standard Normal (u=0, o=1)
P(Z > -1.5)

0.40r

035}

0.30

0.25¢1

0.20

0.15¢

Probability Density

0.10

0.05¢1

0.00r

P(Z > —1.5) — shaded area to the right of —1.5
p(z>—15) = 05+p(~15<z<0) =05 +p(0 < z < 1.5) = 0.5 — 0.4332 = 0.0668



Method6: When z lies between two negative values

Region: P(-2.0 < Z < -0.5)

0.40¢ Standard Normal (u=0, o=1)

P(-2.0 < Z < -0.5)
0.35}
0.30f
0.25¢}
0.20}

0.15

Probability Density

0.101

0.05f

0.00

=4 -3 -2 -1 0 1 2 3 &
z

P(—2.0 < Z < —0.5) — shaded area between two negative Z values
P(—20<Z<-05)=P(0<Z<2)—p(0<z<0.5)=04772—-0.1916 = 0.2856

Method7: When z lies betweemt both positive and negative values

Region: P(-1.5 < Z < 1.5)

1 '
Standard Normal (u=0, 0=1)

P(-1.5 < Z < 1.5)

0.40

0.35f

0.30f

0.25¢

0.20r

0.15f

Probability Density

0.10f

0.05f

0.00

P(—1.5 < Z < 1.5) — shaded area between symmetric positive and negative values



P(-1.5<Z<15)=P(0<Z<15)+ p(0<z<15) = 0.4332 + 0.4332 = 0.8664

1Q. A manufacturer knows from experience that the resistance of resistors he
produces is normal with mean 100 ohms and standard deviation 2 ohms. What
percentage of resistors will have resistance between 98 ohms and 102 ohms?

Normal Distribution: Probability between 98Q and 102Q
Solution: Step 1: Write given data 0.200(

0.175}

e Mean (u) =100
e Standard deviation (o) =2
e Range =[98, 102]

0.150

Probability Density
o o o
o = =
~ o N
w o w

0.050
1

0.025¢ Normal Distribution (u=100, 6=2)
980 < X < 102Q

0.000 F === Mean = 100Q

L L 1 L L L
94 96 98 100 102 104 106

Resistance (Q)
Step 1: Convert to Z-scores
For X = 98:
_98—100_—2_ 1
1 2 2
For X = 102:
_ 102 — 100 _ 2 _
T2 T2
So,

P(98 <X <102)=P(-1<Z<1)

Step 2: Break into two parts

P(-1<Z<1)=P(-1<Z<0)+P(0<Z<1)

Step 3: Use standard normal values

From Z-tables:



e P(0<Z<1)=0.3413
e SoP(—1<Z<0)=0.3413 (by symmetry)

Thus,
P(-1<Z<1)=0.3413 + 0.3413 = 0.6826

Step 4: Convert probability to percentage

0.6826 x 100 = 68.26%

Q2. Mean height of students in a class is 158 cm with standard deviation of 20 cm. Find
how many students’ heights lie between 150 cm and 170 cm, if there are 100 students.

Solution: Write given data; Mean (u) = 158; Standard deviation (o) = 20;
Range =[150, 170]; Total students = 100

Q2: Heights between 150 and 170 cm
1

0.0200 4
1
1
Expected count = 38
0.0150 |

Probability Density
o
o
=
o
=]

0.0025 1
Normal Distribution (u=158, 0=20)
0.0000} —==- Mean = 158
80 100 120 140 160 180 200 220 240

X values

Step 1: Convert to Z-scores

For X = 150:

150158 -8 _

= = =04
4 20 20

For X =170:



_170—158_12_06
z- 20 20

So,
P(150 < X <170) =P(-04< Z <0.6)

Step 2: Split into two parts

P(—04<Z<0.6)=P(—04<Z<0)+P(0<Z< 0.6)

Step 3: Use standard normal table values
From Z-table:

e P(0<Z<04)=01554 = P(—0.4<Z<0)=0.1554
e P(0<Z<0.6)=0.2257

So,
P(—-0.4 < Z < 0.6) =0.1554 + 0.2257 = 0.3811

Step 4: Convert probability to number of students

100 x 0.3811 = 38.1 = 38

Q3. If the masses of 300 students are normally distributed with mean 68 kg and S.D. 3 kg,
how many students have masses

o greater than 72 kg
o less than or equal to 64 kg
o between 65 kg and 71 kg inclusive

Solution: If masses of 300 students are normally distributed with mean =68 kg, S.D. =3
kg:

Q3(i): Mass > 72 kg

0121

=4
=
o

e
o
<]

o
o
)]

Probability Density

o
o
=



Q3(ii): Mass = 64 kg

(i) Students with mass gréater than 72 kg
2" _72-68/ 41
g 008 3 /37
29%7 P(X >72) £ P(Z > 1.33)
. £ 004} i
Using symmetry: :
0.02 !
P(Z > 1.33)=0. Eﬂmﬁg@u«@z < 1:83)
0.00F === Mean =
From Z-tables: P(0 < Z < 1. 3%) = 0.4082. °© Xvame;" 7

P(Z > 1.33) = 0.5 —-0.4082 = 0.0918
Number of students:

300 x 0.0918 =~ 28

Answer: P(Z > 1.33) = 0.0918 = 28 students



(if) Students with mass less than or equal to 64 kg

Z_64—68_—4_ 133
-3 3 7

P(X < 64) = P(Z < —1.33)

Using symmetry:
P(Z<-133)=05-P(0<Z<133)
From Z-tables: P(0 < Z < 1.33) = 0.4082.
P(Z < -1.33) = 0.5 - 0.4082 = 0.0918
Number of students:
300 x 0.0918 =~ 28
Answer: P(Z < —1.33) = 0.0918 = 28 students

Q3(iii): Mass between 65 and 71 kg

]
1
1
0.12}
P=0.6827
0.10 1
- 1
= 1
wn 1
T 0.08F i
e i
z 1
= 0.06 L
o 1
a 1
o 1
5 0.04f !
i
1
0.02 0
Normal Distribution (u=68, 0=3)
0.00F === Mean = 68
55 60 65 70 75 80

X values

(iiif) Students with mass between 65 kg and 71 kg inclusive

For X = 65:

65 — 68




For X =71:
_71—68
273
P(65<X<71)=P(-1<Z<1)

Break into two parts:

P(-1<Z<1)=P(-1<Z<0)+P(0Z<1)
From Z-tables:

e P(0<Z<1)=0.3413

So,

P(-1<Z<0)=0.3413, P(0<Z<1)=0.3413

P(-1<Z<1)=0.3413 + 0.3413 = 0.6826
Number of students:
300 x 0.6826 = 204.8 = 205

Answer: P(—1 < Z < 1) =0.6826 = 205 students

4. (a) 1000 students have written an exam. The mean marks =35 and S.D. = 5. Find:

o How many students’ marks lie between 25 and 40?
o How many students got more than 40 marks?
o How many students got below 20 marks?
(b) Find the mean and S.D. of a normal distribution in which 7% of items are under 35
and 89% are under 63.

Solution: 4(a): 1000 students have written an exam. Mean = 35, S.D. = 5. Find:

e How many students’ marks lie between 25 and 40
e How many students got more than 40 marks
e How many students got below 20 marks

Write given values; u =35, o=05, N =1000

We will use the Z-transformation: Z = %



Q4(a)(i): Marks between 25 and 40

0.081 -

1
0.07r P=0.8186
Expected count = 819

o ©

o o

[T =
: ]

Probability Density
=]
[=]
B

0.03r
0.02
0.01f
Normal Distribution (p=35, 0=5)
0.00 ¢t === Mean = 35
15 20 25 30 35 40 45 50 55
X values

(i) Students with marks between 25 and 40

For X = 25:

7 _25—35_

1 — 5 -
For X = 40:

7 _40—35_1

2 — 5 -
So,

P(25<X<40)=P(-2<Z<1)
Break into two parts:
P(-2<7Z<1)=P(-2<Z<0)+P(0<Z<])
From Z-tables:

e P(0<Z<2)=04772 = P(-2<Z<0)=0.4772
e P(0<Z<1)=0.3413

So,
P(-2<7Z<1)=04772+ 0.3413 = 0.8185

Number of students:



1000 x 0.8185 = 819
Answer: P(—2 < Z < 1) =0.8185 = 819 students

(ii) Students with marks more than 40

40 — 35
Z @Aty aks b 40
0.08} i
So, 0.07} i
_00sf P(X > 40) = P(Z'> 1)
) 2 0.05} I
Using symmetry: & |
E 0.041 !
2 003l P(Z>1)=0.5—IF(O<Z<1)
From Z-table: P(0 < %0 1) = 0.3413. i
Y P(Z > 1) = 0500:3413-= 051587
0.00 -—- Mean = 35
Number of students: 15 20 25 30 35 20 25 50 55

X values

1000 x 0.1587 = 159



Answer: P(Z > 1) = 0.1587 = 159 students

Q4(a)(iii): Marks < 20

©
o
o

o
o
w

Probability Density
o
o
Y

Normal Distribution (u=35, 0=5)

0.00 === Mean = 35

15 20 25 30 35 40 45 50 55
X values

(iii) Students with marks below 20

,_20-35 _
===

So,
P(X<20)=P(Z<-3)
Using symmetry:
P(Z<-3)=05-P(0<Z<3)
From Z-tables: P(0 < Z < 3) = 0.49865.
P(Z < —-3) =0.5-0.49865 = 0.00135
Number of students:
1000 x 0.00135 = 1
Answer: P(Z < —3) = 0.00135 = 1 student

Q4 (b): Find the mean and S.D. of a normal distribution in which 7% of items are under 35
and 89% are under 63.

Find mean and S.D. of a normal distribution in which:

® 7% are below 35— P(X < 35) = 0.07



e 89% are below 63 - P(X < 63) = 0.89
>1—-P(X<63)=P(X>63)=1-0.89=0.11

Normal Distribution with Probabilities (as in sketch)
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w

Probability Density
o
N
o
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1
1
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1
1
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1
1
1
1
1
=)
I

35

e 0 1 ] 3 )
Standardized Z values
Step 1: Convert probabilities to Z-scores

e For probability =0.07 = 0.5 — 0.07 = 0.43 = z; = —1.48
e For probability =0.11 = 0.5 —-0.11 = 0.39 = z, = 1.23

For P(Z < z) = 0.07:

z; = —1.48 (fromnormal tables)
For P(Z < z) = 0.89:

z, = 1.23 (fromnormal tables)

So:

=-148 ...(1)

Step 2: Solve equations



From (1):
35—u=-1480 = u=35+1480
From (2):
63—u=123¢c = u=63-1230
Equating:
35+ 1.480 = 63 —1.230

2
2710 =28 = o¢=——=10.33

Now substitute into (1):

1 =35+ 1.48(10.33) ~ 35 + 15.3 = 50.3

Q5(a) Find the mean and S.D. of a normal distribution in which 31% of items are under 45
and 8% are over 64.

(b) Suppose the weights of 800 male students are normally distributed with mean 28.8 kg
and S.D. 2.06 kg. Find the number of students whose weights are

o between 28.4 kg and 30.4 kg
o more than 31.3 kg

Solution(a): Find the mean and S.D. of a normal distribution in which 31% of items are
under 45 and 8% are over 64.

Step 1: Write probability statements

e P(X<45)=0.31
e P(X>64)=0.08
Let mean = p, standard deviation = o.

Step 2: Convert to Z-scores using normal table

e For probability =0.31 = 0.5 —-0.31 = 0.19 = z; = —0.50
e For probability =0.08 = 0.5 — 0.08 = 0.42 = z, = 1.41

Normal Distribution Partition (Q5a style)
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Step 3: Write equations

=-050 ...(1)

=141 ...(2)

Step 4: Solve simultaneously

From (1):

45 —u=-0500 = u=45+0.500
From (2):

64—u=1410 = u=64-141o
Equating:

45+ 0.500 = 64 — 1410
0.500 + 1.410 = 19
1910 =19 = o0 =995

Now substitute back:

1 =454+ 0.50(9.95) = 45 + 4.98 = 49.98

Solution(b): Weights of 800 male students are normally distributed with:
u=288 oc=206 N =800

We need to find:

Number of students with weights between 28.4 and 30.4



Number of students with weights more than 31.3

Q5(b)(i): Weights between 28.4 and 30.4

0.200 !
[}
0.175} i
Expected count = 287
0.150} 2
z i
‘@ 0.125 I
a |
Z 01001 i
; e
®0.075 i
£ :
(=% 1
0.050} 1
1
1
0.025 i
Normal Distribution (u=28.8, 6=2.06)
0.000 === Mean = 28.8
200 25 75.0 275 300 25 35.0 375
X values
Case 1: Between 28.4 and 30.4
For X = 28.4:
7 28.4 — 28.8 0.19
1 2.06 '
For X = 30.4:
7 30.4 — 28.8 0.78
2 2.06 '
So,

P(284 <X <304)=P(-0.19<Z<0.78)
Break into two parts:
P(-0.19<7Z2<0.78) =P(—-019<Z<0)+P(0<Z<0.78)
From Z-tables:

e P(0<Z<019)=0.0751 = P(—0.19 < Z < 0) = 0.0751
e P(0<Z<0.78) = 0.2822

So,



P(—0.19 < Z < 0.78) = 0.0751 + 0.2822 = 0.3573

Number of students:
800 x 0.3573 ~ 286
Answer: P(—0.19 < Z < 0.78) = 0.3573 = 286 students

Q5(b)(ii): Weights > 31.3

0.200 | !
0.175} !
0.150 i
B 0.125 i
a l
2 0100 E
E 0.075 i
£ !
0.050 :
0.025 i
Normal Distribution (u=28.8, 0=2.06)
0.000 | ——- Mean = 28.8
200 225 750 275 300 05 350 375
X values
Case 2: More than 31.3
For X = 31.3:
31.3 —28.8 191
206 7
So,
P(X >313) = P(Z > 1.21)
Using symmetry:

P(Z>121)=05-P(0<Z<121)
From Z-tables: P(0 < Z < 1.21) = 0.3869.
So,

P(Z>1.21)=0.5-0.3869 = 0.1131

Number of students:



800 x 0.1131 = 91
Answer: P(Z > 1.21) = 0.1131 = 91 students

Q6. In a sample of 1000 cases the mean of atest =14 and S.D. = 2.5. Assuming normal
distribution, find:

o How many students score between 12 and 15?
o How many students score above 18?
How many students score below 187

Solution: Step 1: Write givendata; u = 14, o =25, N =1000

Q6(b)(i): Scores between 12 and 15

0.16 :
1
0.14 P=0,4436
Expected count = 444
0.12 1
z |
2 o010} i
[} 1
< i
2008} I
3 :
3 0.06f i
o 1
& |
0.04 !
1
0.02f |
Mormal Distribution (p=14, 0=2.5)
0.00F === Mean = 14
5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
X values

(i) Students scoring between 12 and 15

_12-14 s 7 _15—14_04
1= 925 T T %27 95 T

So,
P(12<X <15 =P(-08<Z7Z2<04)
Break into two parts:

P(-0.8<Z<0.4)=P(-08<Z<0)+P(0<Z<0.4)



From Z-tables:

e P(0<Z<0.8)=0.2881 = P(-0.8<Z<0)=0.2881
e P(0<Z<04)=0.1554

So,
P(—-0.8< Z < 0.4) =0.2881 + 0.1554 = 0.4435
Number of students:
1000 x 0.4435 = 444
Answer: P(—0.8 < Z < 0.4) = 0.4435 = 444 students

Q6(b)(ii): Scores > 18

(=]
[
o

Probability Density
o
o
@

0.06
0.04
0.02
Normal Distribution (u=14, 0=2.5)
0.00 === Mean =14
5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5
X values

(ii) Students scoring above 18

18 — 14
Z: =

1.6
2.5

So,
P(X > 18) = P(Z > 1.6)
By symmetry:
P(Z>16)=05-P(0<Z<1.6)



From Z-tables: P(0 < Z < 1.6) = 0.4452.
So,
P(Z > 1.6) = 0.5 — 0.4452 = 0.0548
Number of students:
1000 x 0.0548 = 55
Answer: P(Z > 1.6) = 0.0548 = 55 students

Q6(b)(iii): Scores < 18

=
=
o

Probability Density
o o
o o
& ™

o
(=]
B

0.02¢
Normal Distribution (u=14, 0=2.5)
0.00} === Mean = 14
1 1 L I L L L 1 1 i
5.0 7.5 10.0 12.5 15.0 17.5 20.0 225 25.0
X values

(iii) Students scoring below 18
P(X <18)=P(Z < 1.6)
Now:
P(Z<16)=05+P(0<Z<16)
= 0.5+ 0.4452 = 0.9452
Number of students:

1000 x 0.9452 = 945



Answer: P(Z < 1.6) = 0.9452 = 945 students




Sampling distributions
Introduction:

Given a variable X, if we arrange its values in ascending order and assign probability
to each of the values or if we present X; in a form of relative frequency distribution the
result is called Sampling Distribution of X

Definitions:

Population: Collection of all objects or totality of the quantity or the group of
individuals is called population. The other name for population is Universe.

A population consists of finite number of objects is called finite population otherwise it
is infinite population.

Size of the population: The number of objects in a population is known as size of
the population and it is denoted by N.

Sample: A finite subset of population is called a sample.

Size of the sample: The number of objects in a sample is known as size of the sample
and it is denoted by n.

Here sample are two types.

1. Small sample 2. Large sample

1. Small sample: If the size of the sample is n < 30 is known as small sample
2. Large sample: If the size of the sample is n > 30 is known as large sample

Sample size (n)

\ 4

Large samples (n = 30) Small sample (n < 30)
Population size(N) Statistics (n)
(Parameter (1), Variance (¢2), S.D (o)) (Mean (x), Variance (s?), S.D (s))

1. Parameter: Characteristic or measure obtained from a population.

2. Statistic: Characteristic or measure obtained from a sample.



3. Sampling: The process or method of sample selection from the population.

4. Sampling unit: the ultimate unit to be sampled or elements of the population to be
sampled.

Types of sampling distribution: There are four types of sampling distributions

1. Purposive sampling: If the sample elements are selected with a definite purpose in
view, then the sample selected is known as purposive sampling.

2. Random sampling: A sample in which every element of the population has an equal chance of
being included

3. Simple sampling (Simple Random Sampling): A method where each possible sample of a given
size has an equal probability of selection, either with or without replacement.

4. Stratified Random Sampling: A method where the population is divided into
homogeneous subgroups (strata), and random samples are drawn separately from each stratum.

Formula: Let N be the population size and n be the sample size then the number of
samples can be drawn from the population with replacement is N and without
replacement is N,

Ex: Let us consider a population of size 3 say {2,4,6} now draw a sample of size 2 with
replacement and without replacement

Sol: given population = {2,4,6} = N = 3and sample size n = 2
Now, without replacement N, =3, , =3

Consider sample of size 2 with replacement N* = 32 =9
i.e {(2,2)(2,4)(2,6)(4,2)(4,4)(4,6)(6,2)(6,4)(6,6)}

Note: Though the population is same the sample drawn from the same
population may have different means.

Result: Mean of the sampling distribution of means(yi):

Let x4, x5, X3, ..... x, be the n samples which are drawn from a normal population with

X1+ Xo+ X3yt Xy

mean pu and variances?. We know that its linear combination x = is also a

n
random variables and also we know that E(x;) = E(xy;) = E(x3) = E(x,) = 1

X1+ X+ XX
Now x = 21T 27 A3 TN
- n

> E(x)=E(

X1+ X+ x3,.....+xn)
n

Sk

E(q+ x5+ X3, 0. 4+x,) = %E(xl) + E(xy) + E(x3) + ... +E(xy)

1 . 1
= ~(ut+p+-un—times)) = —(np) = p

Therefore, E( g) = U= U



Hence the mean of sampling distribution of means is equal to population mean.
Result: Variance of sampling distribution of mean(a2 E):

Let x4, x5, %3, ..... X, be the n samples which are drawn from a normal population with
mean u and variance o?

we know that V(x;) = V(xy,) = V(x3) = - V(x,) = 72

Now, V(x) = V(

X1+ x5+ x3,.....+xn)
n

= %V(xl + X3+ X3,....+x,) [ Since V(ax) = a?V(x)]

_1 _1 oo, 2 2 ;
= F(V(xl) +V(x) +V(x3),..... +V(xn)) =3 (6 + 0%+ -+ 0°(n— times))

_ 1 2y _ 9%
—nz(n.a )= -

Results:

1. If the samples can be drawn from the population with replacement, then the
2

following results are valid i.e u, = p and 0%, = %

2. If the samples can be drawn from the population without replacement, then the

_ 2
following results are valid i.e u, = yu and 02, = (H)%

Here (%) is called correction factor of the population

where N = Population size and n = sample size
3. Standard error: S.D of the sampling distribution of means is known as
Standard error

. o? o
It is denoted by o, = \/; =7

Problem1: If the population is 3,6,9,15,27

a) List all possible samples of size 3 that can be taken without replacement from finite
population

b) Calculate the mean of each of the sampling distribution of means

c) Find the standard deviation of sampling distribution of means

Sol: Mean of the population, u = w = % =12

Standard deviation of the population,

o2 = z (xi _5)2

_(3-12)2+(6—12)>+(9—-12)* + (15— 12)* + (27 — 12)?
a 5

0.2




o J(3 —12)24 (6 —12)2 + (9 — 12)2 + (15 — 12)2 + (27 — 12)2
- 5

81+36+9+9+ 225 360
= = = |z = 8.4853

a) Sampling without replacement:

The total number of samples without replacement is No = 5., = 10

The 10 samples are (3,6,9) , (3,6,15) , (3,9,15), (3,6,27), (3,9,27) , (3,15,27) , (6,9,15) ,
(69,27) , (6,15,27) , (9,15,27)

b) Mean of the sampling distribution of means is

64+8+9+10+12+13+14+15+16+17 120
Hx = 10 =70 ~ 12

Q) o2 = (6—12)%+(8—12)%2+(9-12)%2+(10-12)%+(12-12)2+(13-12)%+(14-12)?+(15-12)%+(16-12)%+(17-12)?
x 10

120
===

0, = V12 = 3.464

Problem2: A population consist of five numbers 2,3,6,8 and 11. Consider all possible
samples of size two which can be drawn with replacement from this population. Find

a) The mean of the population

b) The standard deviation of the population

¢) The mean of the sampling distribution of means and

d) The standard deviation of the sampling distribution of means
Sol:

a) Mean of the Population is given by

p= —=6

b) Variance of the population is given by



g2 = Z (xi _£)2

_(2-6°+(3-6)*+(6—6)>+(8—6)*+(11—-6)°

5
16+9+0+4+25
= =10.8
5
o =3.29

c) Sampling with replacement

The total no. of samples with replacement is N* = 52 = 25

List of all possible samples with replacement are
{(2,2),(2,3),(2,6),(2,8),(2,11),(3,2),(3,3)(3,6),(3,8),(3,11) (6,2)(6,3),(6,6)(6,8), (6,11)(8,2)(8,3)(8,6)(8,8)(8,1:

Now compute the arithmetic mean for each of these 25 samples which gives rise to the
distribution of means of the samples known as sampling distribution of means The
samples means are

{2,2.5,4,5,6.5,2.5,3,4.5,5.5,7,4,4.5,6,7,8.5,5.5,5,7,8,9.5,6.5,7,8.5,9.5,11}
And the mean of sampling distribution of means is the mean of these 25 means

_ sum ofall above sample means 150

Hx = 25 =55 = °

d) The variance of the sampling distribution of means is obtained by subtracting the
mean 6

from each number in sampling distribution of means and squaring the result, adding
all 25

numbers thus obtained and dividing by 25.

—6)2 —6)2 —6)2 —6)2 + ... —6)2
2 (2-6)2+(125-6)2+4—6)24+(5-6)2+.... (11-6)° 135 _ 54
X 25 25
o, = V54 = 2.32

Problem3: When a sample is taken from an infinite population, what happens to the
standard error of the mean if the sample size is decreased from 800 to 200

Sol: The standard error of mean = \%



Sample size = n.let n = n; = 800

=97 __%9
Then S. El_\/m_zoﬁ

When n,is reduced to 200

let n =n, = 200

ThenS.E2=\/%=loa—ﬁ

g

(e
109z Z(WE)

Hence if sample size is reduced from 800 to 200, S. E. of mean will be multiplied by 2

Problem4: The variance of a population is 2. The size of the sample collected from the
population is 169. What is the standard error of mean

Sol: n = The size ofthe sample = 169

o = S.D of population = vVariance =2

Standard Error of mean = % = % = % =0.185

Problem5: The mean height of students in a college is 155cms and standard deviation
is 15. What is the probability that the mean height of 36 students is less than 157
cms.

Sol: u =Mean of the population = Mean height of students of a college = 155cms
n = S.D ofpopulation = 15cms

x =mean of sample = 157 cms

xX—u 157-155 12
Now z = =5— = = = 5=

Vn V36

0.8

P(x <157) = P(z< 0.8) = 0.5+ P(0 < z < 0.8)
= 0.5+ 0.2881 = 0.7881
Thus, the probability that the mean height of 36 students is less than 157 = 0.7881

Problem6: A random sample of size 100 is taken from a population with ¢ = 5.1. Given
that the sample mean is x = 21.6 Construct a 95% confidence limits for the population
mean

Sol: Given x = 21.6



Za/2 =1.96, n = 100, o=>51

Confidence interval = (x — Za /2(%) , X+ Za /2(%))

7 2(0>—216 1.96><5.1_206
x—Za/ )= 10 = 20.
+Z /2(0>—216+1'96XS'1—226
rreare\m T 10~

Hence (20.6, 22.6) is the confidence interval for the population mean u

Problem?7: Find the value of correction factor for n=50 and N = 300

Sol: Given n=50 and N = 300

. N-n  300-50 250
We know that correction factor = — = ==—=10.836
N-1 300—-1 299

Estimation Theory

Estimation theory helps us make decisions or draw conclusions about a population based on information
from a sample.

Estimate: An estimate is a specific value used to approximate an unknown population
parameter (like mean or variance).

Estimator: An estimator is the rule, method, or formula used to calculate that estimate

Types of estimation: There are two main types of estimation:

1. Point Estimation: When a single value is used to estimate a population parameter.
Example: Using the sample mean (x7) to estimate the population mean (p).

2. Interval Estimation: When a range of values (interval) is given, within which the parameter is likely to
lie.

Properties of estimation: A good estimator should give results close to the true population
value. The key properties are:

1. Unbiasedness:
An estimator @ is unbiased if its expected value equals the true parameter value.
ie,E@) =06

2. Consistency:
An estimator is consistent if it gets closer to the true value 8 as the sample size (n) increases.
e, > 0asn > o



3. Efficiency:
Between two unbiased estimators of the same parameter, the one with the smaller variance is
more efficient.

i.e., IfV(0;) <V (B,), then B, is more efficientb) V (8;) < V (8, )

RESULT :1 Prove that for a random sample of size n ,x1, Xz ....... Xn taken from an
infinite population s2 = e Y™, (x;— x)?is not unbiased estimator of the
n 2

parameter o but ﬁ T (- 0%
Solution: Let u be the population mean.
Then E(x) =p and V(xi) = E[(x; - x)]" =02 for I = 1,2,......n
Now, s2 = % Y (- x_)2
= %2’1:1 (% = 2xx +x%) = %(Z?:l x?=2x¥, o +xP¥L, 1)

Y ox?

n

—2x2+x? (sinceYXt, x;=nx)

Es)=-% E@?)—E@)......(1)
We know that V(x) = E(x?) — [E(x)]? and V(x;) = E(x;2) — [E(x)]?
= E(x;?) = V(xp) + [E(x)]?

And also E(x?) = V(x) + [E(g)]2
2\ — i 2
= E(x?) = —+ 42 (3)
[Since V(x) = Variance of sampling distribution of mean(s?,) = %2]
Substitute (2) and (3) in (1), we get
1 a?
E) ==X (®+ud)]-(+u)
1 a?
E(s?) ==~ (?+uHE  1-(—+u?)
=024 pu*— % —pu? (since} 1 =nfori=1to n)

=01~



2 E(s?) = 02(50)......(4)
~ E(s?) # o2
Hence, s2 = = i (xi - x)2 is not unbiased estimator of the parameter o2
n X
. 1 2
Let us consider, 82 = — ¥, (% —x)

Multiply and divided with n

SQ:ﬁX% i=1 (xi_E)Z

-3, (u-x)
-(H)EEY

() (5)- -

~E(S?) = g2

1 2 . . .
Hence S2-= — > (xi - g) is an unbiased estimator of the parameter o2

Interval estimation: In an interval estimation of the population parameter 0 , if we
can find two quantities t; and t; based on sample observations drawn from the
population such that the unknown parameter 0 is included in the interval (t; , tz) in a
specified percentage of case, then this interval is called a confidence interval for the
parameter 6. The confidence interval has a specified confidence of correctly
estimating the true value of the population parameter.

Note

1. Standard error of mean (x) = %

2. Standard error of Population(P) = ’% where P is population proportionand Q=1-P

3. Standard error of (Sample S.D) = \/%

2 2
4. Standard error of (difference of two sample means) S.E (x; — x,) = % + Gni
1 2

P1Qq + P;Q;

ni n;

5. Standard error of (difference of two proportions) S.E (p; —pz) =

2 2
6. Standard error of (difference of two S.D) S.E (s; — 5,) = |2 + 2=

2n, 2n,



In case of large samples (n = 30)

1. Maximum error of an estimate population mean y = za (\%)
2

2. M.E of population proportion = za f% whereQ=1-P
2

In case of small samples (n < 30)

. . _ s > (xi—ﬁ)z
1. Maximum error of population mean u = t% (\m) where s = ’—n_l

Formula for confidence limits:

In case of large samples (n = 30):
1. The confidence interval for population mean u = [x — za (i) X+ Za (i)]

2. The confidence limits for difference of two means

B O S S L _ N
~1(x—y) — (o (204 5, (x - ) + Lo 2+ 22

3. The confidence limits for population proportion P =[P — z« /%, P+ za /%}
2 2

4. The confidence limits for difference of two proportions

_ _ _ ’P1Q1 PQ2 _ ’P1_Q1 P3Q;
= [(P1 Pz) Z% ny + n, ) (Pl Pz) + Zg ny + _le ]

If P, &P, are unknown then we estimate population proportion as P;

2 ni+n,

Ans Q =1 — P then the confidence limits become

(P = P) = 7 [PQ (2 +2) (P =P+ 22 [PQ (2 + 1))

In case of small samples (n < 30)

. . . T s s _ X (xl-—g)z
5. The confidence limits for population mean = [x t% (\/ﬁ) , X+ t% (ﬁ)] where s = /—n—1

ta is the t — value with (n — 1)degree of freedom
2



6. The confidence limits for difference of two means

[(&‘X)_{Z% sz(nil+niz)},(g—z)+{z% /sz(nil+niz)}]

2
D i—%)°+3 i~ 2 2
Wheres:\/ (im2) (r=y) or ML tTa%”

S1,S, are sample S.D
ny+ny,—2 ng+n,—2 1,22 P

Confidence limits for population mean p in case of large samples:

1) 95% Confidence limits are x + 1.96 (S.E of x)
2) 99% Confidence limits are x + 2.58 (S.E of x)
3) 90% Confidence limits are x + 1.64 (S.E of x)

Confidence limits for the difference u;- u> of two population means in case of
large samples:

1) 95% Confidence limits are (x; —x;) + 1.96 (S.E of x; — x3)
2) 99% Confidence limits are (x; — x;) + 2.58(S.E of x; — x3)
3) 90% Confidence limits are (x; —x;) + 1.64 (S.E of x1 — x3)

Confidence limits for population proportion P in case of large samples:

1) 95% Confidence limits are p + 1.96 (S.E of p)
2) 99% Confidence limits are p + 2.58 (S.E of p)
3) 90% Confidence limits are p + 1.64 (S.E of p)

Confidence limits for the difference P;- P> of two population proportions in case
of large samples:

1) 95% Confidence limits are (p; — p,) + 1.96 (S.E of p; — p32)
2) 99% Confidence limits are (p; —p;) * 2.58(S.E of p; — p2)
3) 90% Confidence limits are (p; —p,) * 1.64 (S.E of p1 — p2)

Confidence limits for population mean pn in case of small samples:

(1-a) 100 % Confidence limits are x + ta (\/%) where ta is the t- value with
2 2

9 = n-1 degrees of freedom, leaving an area % to the right .

Confidence limits for the difference u;- n> of two population means in case of
small samples:

(1-a) 100 % Confidence limits are (x; — x3) + taS( ni + ni) (where ta is the t- value
2 1 2 2
with 9 = n-1 degrees of freedom , leaving an area % to the right .

nq )23 72 —x:)?
ny5;%41n,5,° or S2 _Zi=1 (xi— xi) +Zj=1 ) ﬂz

ny+ny,—2 ny+n,—2

where S2 =



Maximum error of estimate E for large sample: Since the sample mean estimate
very rarely equals to the mean of population u , a point estimate is generally
accompanied with a statement of error which gives difference between estimate and
the quantity to be estimated , thus the error is |x — p.

1) Maximum Error of an estimate p (in case of large samples) E = Za (\%) and
2

Zao 2
Sample size n = <%>

2) Maximum Error of an estimate P (in case of large samples) = Z« \/ITTQ
2

3) Maximum Error of an estimate u (in case of small samples) E = ta (%) , Where
2

te is the t- value with v=n-1 degrees of freedom , leaving an area % to the right .
2

Problem1: The mean and standard deviation of a population are 11,795and 14054
respectively. What can one assert with 95% confidence about the maximum error if x =
11795 and n = 50. And also construct 95% confidence interval for the true mean.

Sol: Here p = 11795 ;0= 14054 ; x =11795 and n = 50

Za for 95% confidence = 1.96
2

Maximum Error of an estimate p (in case of large samples) E = Z« (%)
2

14054
V50

95% Confidence limits are x + 1.96 (S.E of x)

E= 1.96

) =3895.5743

=(x—196(S.Eof x) ;x+1.96(S.Eof x))

=(y _ Iy . 7

=(x—1.96 () ;x+1.96 (%))

=( 11795 -3895.5743 ; 11795 + 3895.5743)

= (7899.4257 ; 15690.5743).

Problem2: Assume that o = 20, hoe large a random sample be taken to assert with
the probability 0.95 that the sample mean will not differ from the true mean by
more than 3.0 points.

Sol: Given M.E = 3.0 and o = 20
We have Za« for 95% confidence = 1.96
2



Zao 2
We know that Sample size n = <%> = (1'963X20) = 170.74 = 171 approximately

Problem3: In a study of an automobile insurance a random sample of 80 body
repairs costs had a mean or Rs.472.36 and the S.D of Rs. 62.35. If x is used as
appoint estimate to the true average repair costs, with what confidence we can
assert that maximum error doesn’t exceed Rs. 10.

Sol: Given that n= 80; x=472.36; 0 = 62.35 and M.E = 10

= 2
We know that M.E(E) = Z% (ﬁ)

7o = ()R _ (10) V&O

2 4 62.35

=1.43

Za = 1.43 , The area when Z= 1.43 from tables is 0.4236.

2
g = 0.4236 :a=0.8472
Confidence = 84.72%

Problem4: Among 900 people in a state 90 are found to be chapati eaters.
Construct 99% confidence interval for the true proportion.

Sol: Given x = 90 , n= 900
p=x/n=90/900=0.1 and g= 1-p=0.9
We have Za« for 99% confidence = 2.58

2

99% Confidence limits are p + 2.58 (S.E of p)

=(p—258(S.Eofp) ;p+258(S.Eofp))

(p—258(\/7) p+258(\/7))

(0.07; 0.13).

ProblemS5: If we can assert with 95% that the maximum error IS 0.05 and P=0.2 .
Find the size of the sample.

Sol: Given P=0.2 and Q = 0.8

Maximum Error of an estimate P =7

E = 0.05 and Z« for 95% confidence = 1.96
2

PQ

a
o\ 7

0.05= 1.96 /0'22‘0'8

n= 246.




Problem6: A random sample of 300 shoppers at a super market includes 204 who
regularly use cents off coupons. In another sample of 500 shoppers at super market
includes 75 who regularly use cents off coupons. Construct 98% confidence interval
for the probability that any one shopper at the super market, selected at random, will
regularly use cents off coupons.

Sol: Here n; = 300, n, = 500, x; = 204, x, =735
p1=2=0.68; p,= 2=0.15
2

98% Confidence limits are (p; —p,) * 2.33 (S.E of py —p2)
= (0.62; 0.74)

Problem7: A sample of size 10 was taken from a population S. D of sample is 0.03.
Find the maximum error with 99% confidence.

Sol: Given n= 10; S = 0.03
ta at 99% with V=9 d.o.fis 3.25
2

Maximum Error of an estimate u (in case of small samples) E = ta (%) ,
2

_3.25X0.03

E=—7

= 0.0308.

Problem8: Ten bearings made by a certain process have a mean diameter of 0.5060cm
with a S.D of 0.0040 cm. Assume that the data may be Taken as a random sample
from a normal distribution, construct 95% confidence interval for the actual average
diameter of the bearings.

Sol: Given n= 10; S = 0.0040
ta at 95% with V=9 d.o.fis 2.262
2

95% Confidence limits are x + t« (j_ﬁ) = (0.5031; 0.5089)
2



Large samples

Testing of Hypothesis: In many cases we are

Testing of Hypothesis: It is an assumption or supposition and the decision-making
procedure about the assumption whether to accept or reject is called hypothesis
testing.

Statistical Hypothesis: To arrive at decision about the population on the basis of
sample information we make assumptions about the population parameters involved
such assumption is called a statistical hypothesis.

PROCEDURE FOR TESTING A HYPOTHESIS:
Test of Hypothesis involves the following steps:
Statement of hypothesis:

There are two types of hypothesis:

Step1: Null hypothesis: A definite statement about the population parameter. Usually
a null hypothesis is written as there is no difference, denoted by H,.

Ex. Hy:u = pg

Step2: Alternative hypothesis: A statement which contradicts the null hypothesis is
called alternative hypothesis. Usually an alternative hypothesis is written as there is
some difference, denoted by H;.

Setting of alterative hypotheses is very important to decide whether we should go for
two-tailed test or one -tailed test, this should be depends upon the given question.

Ex. Hy:u # py (Two-Tailed test) or
Hy:pu > po (Right one tailed test) or

Hy:u < po (Left one tailed test)



Step3: Specification of level of significance:

The L.O.S is denoted by a where «a is the confidence with which we reject or accept the
null hypothesis.

It is generally specified before a test procedure, which can be either 5% (0.05), 1% or
10%. which means that there are about 5 chances in 100 that we would reject the null
hypothesis H, and the remaining 95% confident that we would accept the null
hypothesis H, Similarly, it is applicable for different level of significance.

Step 4: Identification of the test Statistic:

There are several tests of significance like z,t, F etc. Depending upon the nature of the
information given in the problem we have to select the right test and construct the test
criterion and appropriate probability distribution

StepS5: Critical Region:

It is the distribution of the statistic.

Two-Tailed Test: The critical region under the curve is equally distributed on both
sides of the mean.

If H, has #sign, the critical region is divided equally on both sides of the distribution.

One Tailed Test: The critical region under the curve is distributed on one side of the
mean.

Left one tailed test: If H; has < sign, the critical region is taken in the left side of the
distribution.



critical
region
a)(
critical value

Right one tailed test: If H; has > sign, the critical region is taken on right side of the
distribution.

non-critical region

Fail to Reject
the Null
Hypothesis

Critical Value (+)

Step6: Conclusion:

By comparing the computed(calculated) value of z, and the critical value (tabulated
value) of z, decision is taken for accepting or rejecting H,

If calculated value of z, < tabulated value of z,, we accept H,, otherwise reject H,,.
Errors of Sampling:

While drawing conclusions for population parameters on the basis of the sample
results, we have two types of errors.

Type I error: Reject H, when it is true i.e, if the null hypothesis H, is true but it is
rejected by test procedure.

Type II error: Accept Hy when it is false i.e, if the null hypothesis Hyis false but it is

accepted by test procedure.

Large Samples: Let a random sample of size n > 30 is defined as large sample



Applications of Large Samples
1.Test of Significance of a Single Mean

Let a random sample of size n, x be the mean of the sample and u be the population
mean.

Working Rule:

1. Null hypothesis: H,: There is no significant difference in the given population mean
value say pg i.e Hy:u = 1y

2. Alternative hypothesis: H;: There is some significant difference in the given
population mean value. i.e

a) Hy : u # uy (Two -tailed)

b) H; : u > uy (Right one tailed)

c) Hy: p < yp (Left one tailed)

3. Level of significance: Set the LOS «

4. Test Statistic: z.,; = % (OR) zq; = %
S: Critical Region: Find the critical value (tabulated Value) z, of z at the given level of

significance

5. Decision/conclusion: If z.,,value < z;,, value accept H, otherwise reject H,,

CRITICAL VALUES OF Z
LOS « 1% 5% 10%
L# Lo |Z] >2.58 |Z|>1.96 |Z|>1.645
0> o 7>2.33 7>1.645 7>1.28
n< Ko 7<-2.33 7<-1.645 7<-1.28

NOTE: Confidence limits for the mean of the population corresponding to the given
sample.

U= _iZg(S.E ofg) i.e,
2

o S
p=xtze(E) (or) p = 2t 2u(H)

Problems on Single Mean:



Problem1: A sample of 64 students have a mean weight of 70 kgs. Can this be
regarded as a sample mean from a population with mean weight 56 kgs and standard
deviation 25kgs

Sol: Given x = mean of the sample = 70 kgs, u =Mean of the population = 56 kgs,
o = S.D of population = 25 kgs, and n =Sample size = 64

1. Null Hypothesis H,: A Sample of 64 students with mean weight 70 kgs be regarded
as a sample from a population with mean weight 56 kgs and standard deviation 25
kgs.

i.e., Hy:n =70 kgs

2. Alterative Hypothesis H,: Sample cannot be regarded as one coming from the
population. i.e., Hi:pu # 70 kgs (Two -tailed test)

3. Level of significance :a = 0.05(Z, = 1.96)

4. Test Statistic: 7., = 5% =223 = 448
= T

S. Critical Value: 95% means in two — tailed test a = % = 0.025 = 0.5—-0.25=0.475 by
table its value is 1.96 = Z;,, = 1.96

6.Conclusion: Since |Z | value > Z;,,value, we reject H,

Problem2: In a random sample of 60 workers, the average time taken by them to get
the work is 33.8 minutes with a standard deviation of 6.1 minutes. Can we reject the
null hypothesis u = 32.6 in favor of alternative null hypothesis ¢ > 32.6 at a« = 0.05(LOS)

Sol: Given n = 60,x =33.8, u =32.6 and 0 = 6.1

1. Null Hypothesis H,:u = 32.6

2. Alterative Hypothesis H,:u > 32.6 (Right one tailed test)
3. Level of significance :a = 0.05(Z, = 1.64)

x— 33.8-32.6 _ 12

4. Test Statistic: 7., = A = 1.5238
ca = 7 0.7875

5. Critical Value: 95% means in one — tailed test a = 0.05 = 0.5 — 0.05 = 0.450 by table
its value is 1.64 = Z;,, = 1.64

6. Conclusion: Since Z, value < Z;,, value, we accept H,

Problem3: A sample of 400 items is taken from a population whose standard
deviation is 10. The mean of the sample is 40. Test whether the sample has come from
a population with mean 38. Also calculate 95% confidence limits for the population.



Sol: Given n = 400,x =40, y =38 and ¢ = 10

1. Null Hypothesis H,: u = 38

2. Alterative Hypothesis H,:u # 38 (Two -tailed test)
3. Level of significance: o« = 0.05(Z, = 1.96)

e 4. - 40-38 2
4. Test statistic: Z,, = 5= = —— = = =4
no aoo

S. Critical Value: 95% means in two — tailed test a = O'TOS = 0.025 = 0.5 - 0.25 = 0.475 by
table its value is 1.96 = Z;,, = 1.96

6. Conclusion: Since |Z ., |value > Z;,;, value, we reject H,

i.e., the sample is not from the population whose is 38.

95% confidence interval is (x — 1.96(%), x+ 1.96(%))

. 1.96(10) 1.96(10), _1.96(10) 1.96(10)
i.e., (40 — 700 40 + 7200 ) = (40 0 40+—20 )

= (40 — 0.98, 40 + 0.98) = (39.02, 40.98)

Problem4: An ambulance service claims that it takes on the average less than 10
minutes to reach its destination in emergency calls. A sample of 36 calls has a mean
of 11 minutes and the variance of 16 minutes. Test the claim at 0.05 l.o.s

Sol: Givenn=36,x =11, u =10 and 0 = V16 = 4

1. Null Hypothesis H, : u = 10

2. Alternate Hypothesis H;: u < 10 (Left one -tailed test)
3. Level of significance: o = 0.05(Z, = 1.645)

4. Test Statistic: Z,, = 54 = T2 = % =15
Vn V36

5. Critical Value: 95% means in one — tailed test a = 0.05 = 0.5 — 0.05 = 0.450 by table
its value is 1.64 = Z;,, =1.64

6. Conclusion: Since |Z.,;| value < Z;,;, value, we accept H,

2. Test of Significance for Difference of Means two Large Samples:

Let x; & x, be the means of the samples of two ramdom sizes n; &n, drawn from two

populations having means p;&u, and SD’s g; & 0,



Working Rule:
1. Null hypothesis: Hy: :yu; =y,

2. Alternative hypothesis: H;:

a) Hy : uy # Uy (Two Tailed) b)H;:py < u, (Left one tailed) c)H;:p; > u, (Right one tailed)
3. Level of Significance: Set the LOS «

(x1—x2)-6

4. Test Statistic: Z ., = = &2)0

 SEof X1=X2)  [012, 052
ni nz

Where § = u; — u, (Where given constant). Other wise § = pu; —u, =0

if 02 = 0% = 02 then Z,y = %%
n ng
5: Critical Region: Find the critical value (tabulated Value) z, of z at the given level of
significance
6. Conclusion: if |Z.,;| < Z:4, accept H, otherwise reject H,,

NOTE: Confidence limits for difference of means:

042 n 0,2
nq n;

M1 =My = (X1 —X2) £ 25 [S-E of (1 —x2)] = (1 — X2) £ 242
Two - tailed test:
Problems on Difference of Means:

Problem1: The means of two large samples of sizes 1000 and 2000 members are 67.5
inches and 68 inches respectively. Can the samples be regarded as drawn from the
same population of S.D 2.5 inches.

Sol: Let y; and p, be the means of the two populations

Given n; = 1000,n, = 2000 and x; = 67.5 inches, x, = 68 inches Population S.D, ¢ = 2.5
inches

1. Null Hypothesis H,: The samples have been drawn from the same population of
S.D 2.5 inches i.e., Hy: 1 = Uy

2. Alternative Hypothesis : H;: i; # u, (Two-Tailed test)

3. Level of significance: @ = 0.05 (z = 1.96)

(x1—x2) _ 67.5-68 -05

of[1,1 1 T 00968
n1+n2 (25) 1000+2000

4. Test Statistic: Z ., = —5.16



S. Critical Region: 95% means in two — tailed test a = % =0.025 = 0.5 -0.25=0.475
by table its value is 1.96 = Z,,;, = 1.96

6. Conclusion: Since |Z | value > Z,,,value, we reject H,

Hence, we conclude that the samples are not drawn from the same population of S.D

2.5 inches.

Problem2: Samples of students were drawn from two universities and from their
weights in kilograms, mean and standard deviations are calculated and shown below.
Make a large sample test to test the significance of the difference between the means.

Mean S.D Size of the sample
University A 55 10 400
University B 57 15 100

Sol: Let y; and p, be the means of the two populations

Given ny = 400,n, = 100 and x; = 55kgs, x, =57 kgs, 0; = 10 and o, = 15
1. Null Hypothesis H,: iy = p,

2. Alternative Hypothesis H;: ;i # p, (Two-Tailed test)

3. Level of significance: a = 0.05(z = 1.96)

4. Test Statistic: Z,,, = %) — 5557 _ 2 _ 194

012, 0,2 2 2
e s
5. Critical Region: 95% means in two — tailed test a = 0'705 = 0.025 = 0.5-0.25=0.475
by table its value is 1.96 = Z;,, =1.96

6. Conclusion: Since |Z ., |value < Z;,, value, we accept H,

Hence, we conclude that there is no significant difference between the means

Problem3: The average marks scored by 32 boys is 72 with a S.D of 8. While that for
36 girls is 70 with a S.D of 6. Does this data indicate that the boys perform better than
girls at 5% los?

Sol: Let y; and p, be the means of the two populations
Given n; =32,n, =36 and x; =72,x, =70,0;, =8and o, =6
1. Null Hypothesis H,: iy = p,

2. Alterative Hypothesis H;:u; >y, (Right One Tailed test)



3. Level of significance: « = 0.05(Z, = 1.645)

. g, _ Ga-x) _ 72-70 _ 2
4. Test Statistic: 7., = \/lemz = \/825,2 =5 1.1547
ny  np 32 ' 36

S. Critical Region: 95% means in one — tailed test ¢ = 0.05 = 0.5 — 0.05 = 0.450 by table
its value is 1.64 = Z;,, =1.64

6. Conclusion: Since |Z.4;| value < Z;,;, value, we accept H,

Hence, we conclude that the performance of boys and girls is the same

Problem4: A sample of the height of 6400 Englishmen has a mean of 67.85 inches
and a S.D of 2.56 inches while another sample of heights of 1600 Austrians has a
mean of 68.55 inches and S.D of 2.52 inches. Do the data indicate that Austrians are
on the average taller than the Englishmen? (Use a as 0.01)

Sol: Let y; and p, be the means of the two populations

Given n; = 6400,n, = 1600 and x = 67.85,x = 68.55, 0, = 2.56andg, = 2.52
1. Null Hypothesis H,: iy = p,

2. Alterative Hypothesis H;: 1, < i, (Left One Tailed test)

3. Level of significance: ¢ = 0.01(Z, = —2.33)

tdim. _ (x1—xp) __ 6785-6855
4. Test Statistic: 7., = \/012+022 =t o
ng  np 6400 = 1600

_ 67.85 — 68.55

’65536+ 635

6400 " 1600

—-0.7 —-0.7

-9.9

V0.001 + 0.004 0.0707

5. Critical Region: 99% means in one — tailed test « = 0.01 = 0.5 — 0.01 = 0.490 by table
its value is 2.33 = Z;,, = 2.33

6. Conclusion: Since |Z 4| value > Z;,, value, we reject H,

Hence, we conclude that Australians are taller than Englishmen.

Problem5: At a certain large university a sociologist speculates that male students
spend considerably more money on junk food than female students. To test her
hypothesis the sociologist randomly selects from records the names of 200 students.
Of thee, 125 are men and 75 are women. The mean of the average amount spent on



junk food per week by the men is Rs. 400 and S.D is 100. For the women the sample
mean is Rs.450 and S.D is 150. Test the hypothesis at 5 % los?

Sol: Let u; and u, be the means of the two populations

Given n; = 125,n, = 75 and x; = Mean of men = 400, x, =Mean of women = 450
o; =100 and o0, =150

1. Null Hypothesis Hy:y; = p,

2. Alternative Hypothesis H;: 1, > p, (Right One Tailed test)

3. Level of significance: « = 0.05(Z, = 1.645)

fetio: _ (xi—xp) _ 400-450 _  -50
4. Test Statistic: 7., = \/012 === \/1002 — = T
ng  np 125 ' 75
=20 _ 50 ;5654
/380 1949

5. Critical Region: 95% means in one — tailed test « = 0.05 = 0.5 — 0.05 = 0.450 by table
its value is 1.64 = Z;,, = 1.64

6. Conclusion: Since |Z.,4| value > Z;,, value, we reject H,

Problem6: The research investigator is interested in studying whether there is a
significant difference in the salaries of MBA grads in two cities. A random sample of
size 100 from city A yields an average income of Rs. 20,250. Another random sample
of size 60 from city B yields an average income of Rs. 20,150. If the variance is given
as 0,2 = 40,000 and 0,2 = 32,400 respectively. Test the equality of means and also
construct 95% confidence limits.

Sol: Let y; and yu, be the means of the two populations

Given n; = 100,n, = 60 and x; = Mean of city A = 20,250, x, =Mean of city B = 20,150
012 = 40,000 and 0,2 = 32,400

1. Null Hypothesis H,: iy = u,

2. Alternative Hypothesis H;: y; # u, (Two -Tailed test)

3. Level of significance: a = 0.05(Z, = 1.96)

. 4. (x1—x2) _ 20,250-20,150 100 100
4. Test Statistic: 7., = === = = = = 3.26
cal 12  ap? 40000 | 32400 V400+540 30.66
ny  np 100 ' 60

5. Critical Region: 95% means in two — tailed test a = O'TOS = 0.025 = 0.5—-0.25=0.475
by table its value is 1.96 = Z,,;, = 1.96

6. Conclusion: Since Z 4, value > Z;,, value, we reject H,



Hence, we conclude that there is a significant difference in the salaries of MBA grades
two cities.

95% confidence interval is yu; — pu, = (x; —x3) + 1.96 /% + %
- — 1 2

40000 4 32400
100 60

= (20,150 — 20,250)) + 1.96\/ = (39.90,160.09)

3. Test of Significance for Single Proportions

Suppose a random sample of size n has a sample proportion p of members possessing
a certain attribute (proportion of successes). To test the hypothesis that the proportion
P in the population has a specified value P,

Working Rule:

1. Null hypothesis: Hy: P = P,

2. Alternative hypothesis: H,

a) H; : P # P, (Two Tailed test)

b)H; : P < P, (Left one-tailed)

c) H, : P > P, (Right one tailed)

3. Level of significance: At specified L.0.S «a, critical value of Z

4. Test statistic: 7., = 2=% when P is the Population proportion Q =1 — P

e
5: Critical Region: Find the critical value (tabulated Value) z, of z at the given level of

significance

6. Conclusion/ Decision: if |z.,| < Zr4p, accept Hy otherwise reject H,

NOTE: Confidence limits for population proportion

P=P=+2z4/,(S.E of P) =Piza/2(\/p;q)

Problems on Single Proportion:



Problem1: A die was thrown 9000 times and of these 3220 yielded a 3 or 4. Is this
consistent with the hypothesis that the die was unbiased?

Sol: Given n = 9000

P = Population of proportion of successes

= P (getting a 3 or 4) = % % = % = 0.3333
Q=1-P =0.6667
P = Proportion of successes of getting 3 or 4 in 9000 times @ = (0.3578

1. Null Hypothesis H, : The die is unbiased

i.e., Hy:P = 0.33

2. Alternative Hypothesis H, : The die is biased
i.e., Hy : P # 0.33 (Two -Tailed test)

3. Level of Significance ra = 0.05(Z, = 1.96)

0.3578-0.3333 _

(0.3333)(0.6667) 6667)
9000

S: Critical Region: 95% means in two — tailed test a = T =0.025 = 0.5 —-0.25=0.475
by table its value is 1.96 = Z,,;, = 1.96

4. Test Statistic:Z.,; =

6. Conclusion: Since Z_, value > Z;,, value, we reject H,

Hence, we conclude that the die is biased.

Problem2: In a random sample of 125 cool drinkers, 68 said they prefer thumbs up to
Pepsi. Test the null hypothesis P = 0.5 against the alternative hypothesis hypothesis
P >0.5?

Sol:Givenn=125,x=68andp=;—m—0544

1. Null Hypothesis H, : P = 0.5
2. Alternative Hypothesis H; : P > 0.5( Right One Tailed test)
3. Level of Significance: a = 0.05(Z, = 1.645)
p—P _ 0.544-05
4. Test Statistic:Z ,, = \/E Jm
n 125
S: Critical Region: 95% means in two — tailed test a = T =0.025 = 0.5 -0.25=0.475
by table its value is 1.96 = Z;,, = 1.96

= 0.9839




6. Conclusion: Since Z.,;value < Z;,;, value, we accept H,

Problem3: A manufacturer claimed that at least 95% of the equipment which he
supplied to a factory conformed to specifications. An experiment of a sample of 200
piece of equipment revealed that 18 were faulty. Test the claim at 5% los?

Sol: Given n = 200

Number of pieces confirming to specifications = 200 — 18 = 182

p = Proportion of pieces confirming to specification = 200 = =0.91

P = Population proportion = To0 = = 0.95

1. Null Hypothesis H, : P = 0.95
2. Alternative Hypothesis H, : P < 0.95( Left One Tailed test)
3. Level of Significance :a = 0.05(Z, = —1.645)

4. Test Statistic: 7, = 20 = 221299 _
J: 0.95X00591
n 200
S: Critical Region: 95% means in one — tailed test ¢ = 0.05 = 0.5 — 0.05 = 0.450 by table
its value is 1.64 = Z;,, = 1.64

—2.59

6. Conclusion: Since Z ., value > Z,,;, value, we reject H,,.

Hence, we conclude that the manufacturer’s claim is rejected.

Problem4: Among 900 people in a state 90 are found to be chapati eaters. Construct
99% confidence interval for the true proportion and also test the hypothesis for single
proportion?

Sol: Given x =90, n =900

=l=ﬂ=i=0.1 and p=099,Q=1—P=1-0.99 =0.01
900 10

Now\/7 J<°°1)(°99) J°'°°99=\/0.00001 — 0.00331

900 900
1. Null Hypothesis H, : P = 0.5

2. Alternative Hypothesis H, : P # 0.5( Two Tailed test)
3. Level of Significance :a¢ = 0.01(Z, = 2.58)

4. Test Statistic:Z,,; =22 =—12 - % _ 17084

PQ 0.99%0.01 0.00331
n 900




S: Critical Region: 99% means in two — tailed test a = % = 0.005 = 0.5 — 0.005 = 0.495
by table its value is 2.58 = Z;,;, = 2.58

6. Conclusion: Since |Z_4|value > Z,,,value, we reject H,
Now, Confidence interval is P = p + za( \/p;q)
2

i.e., (0.1-0.00085398, 0.1+0.00085398) = (0.0991,0.1008)

4. Test for Significance for difference of Two Proportions (Populations)
Let p; and p, be the sample proportions in two large random samples of sizes n,& n,
drawn from two populations having proportions P; & P,
Working Rule:
1. Null hypothesis: H,: P, = P,
2. Alternative hypothesis:
a) Hy: Py # P, (Two Tailed)
b)H;: P; < P, (Left one tailed)
c) Hi: P, > P, (Right one tailed)
3. Level of significance: At specified LOS «a critical value of Z

4. Test statistic Z,; = 8220 ip (p _ p) is given.
1Q1 + 1Q1
nq np

If given only sample proportions then

P1—D2 X1 X2
Z =———=— where == & = —
cal P1q1  P2q1 P1 ni P2 n,
ng = ng
OR
_ P1—D2 _ Mp1tnyp; X tXp _
Zqn = ———=——Wherep = = andgq=1-p

1.1 nit+n; ni+n;
/pq(n1+n2)

5: Critical Region: Find the critical value (tabulated Value) z, of z at the given level of

significance



6. Conclusion/Decision: if |Z.,;| < Z;4,, accept H, otherwise reject H,

NOTE: Confidence limits for difference of population proportions

P1—P2=(P1—P2)iza/2(5-E0fP1—P2)

Problems on Difference of Proportions:

Problem1: Random samples of 400 men and 200 women in a locality were asked
whether they would like to have a bus stop a bus stop near their residence. 200 men
and 40 women in favor of the proposal. Test the significance between the difference of
two proportions at 5% los?

Sol: Let P; and P, be the population proportions in a locality who favor the bus stop
Given n; =Number of men = 400

n, =number of women = 200

x1 =Number of men in favor of the bus stop = 200

x, =Number of women in favor of the bus stop 40

x; 200 1 x; 40 1
=22 =""=>- gnd == —= =
P1 P2 =3 =20 " 5

T ny 400 2

1. Null Hypothesis H, : P, = P,

2. Alternative Hypothesis H, : P; # P, (Two Tailed test)
3. Level of Significance :a¢ = 0.05(Z, = 1.96)
4. Test Statistic:Z,, = —=22_
1 1
PQG+)
We have p = MPitlizPz _ t¥p, 200440 _ 240 _ 2 .4 Q=1-P= 3
T ng+n, | nq+n, 4004200 600 5 5
0.5—-0.2

= =707
J (0.4)(0.6) (355 + 705)

5: Critical Region: 95% means in two — tailed test a = O'TOS = 0.025 = 0.5—-0.25=0.475
by table its value is 1.96 = Z;,;, = 1.96

6. Conclusion: Since |Z_,,| value > Z,,;, value, we reject H,



Hence, we conclude that there is difference between the men and women in their
attitude towards the bus stop near their residence.

Problem2: A machine puts out 16 imperfect articles in a sample of 500 articles. After
the machine is overhauled it puts out 3 imperfect articles in a sample of100 articles.
Has the machine been improved?

Sol: Let P; and P, be the proportions of imperfect articles in the proportion of articles
manufactured by the machine before and after overhauling, respectively.

Given n; =Sample size before the machine overhauling = 500
n, =Sample size after the machine overhauling = 100
x1 =Number of imperfect articles before overhauling = 16

x, =Number of imperfect articles after overhauling = 3

020 032 andp, =2 = = — 0,03
Pr= T00 APz = = 000 T
1. Null Hypothesis H, : P, = P,
2. Alternative Hypothesis H, : P; > P, (Right one Tailed test)
3. Level of Significance :a¢ = 0.05(Z, = 1.645)
4. Test Statistic: 7., = %
/PQ(E+E)
We have p = PPz _ % 2013 _ U _ (3
ni+n, n;+n,  500+100 600 )
Q=1-p=10.968
p1— Do 0.032 — 0.03
Zeal = 1 1 = 1 1
\/PQ(n—l +7) \/(0.032)(0.968)(m +100)
= 2992 _ 0.104
0.019

S: Critical Region: 95% means in one — tailed test « = 0.05 = 0.5 — 0.05 = 0.450 by table
its value is 1.64 = Z;,, = 1.64

6. Conclusion: Since |Z_.4,| value < Z,,, value, we accept H,

Hence, we conclude that the machine has improved.

Problem3: In an investigation on the machine performance the following results are
obtained



No of units inspected No of defectives

Machine 1 375 17

Machine 2 450 22

Test whether there is any significant performance of two machines at a = 0.05

Sol: Let P; and P, be the proportions of defective units in the population of units
inspected in

machine 1 and Machine 2 respectively.

Given n; =Sample size ofthe Machine 1 = 375

n, = Sample size of the Machine 2 = 450

x; = Number of defectives of the Machine 1 =17
x, = Number of defectives of the Machine 2 = 22

17 045 andp, =2 = %2 _ 0049
P1= o T3ys T U AP = = ey T

1. Null Hypothesis H, : P, = P,
2. Alternative Hypothesis H, : P; # P, (Two Tailed test)
3. Level of Significance :a¢ = 0.05(Z, = 1.96)

4. Test Statistic: Z ., = —=-22
1 1
PQG+)

We have p = 1PiflePe _ 5at%y _ 17422 _ 39 _ 047

ni+n, ni+n, 375+450 825

Q=1-P=1-0047 = 0.953
— 0.045 — 0.049
T = —2 P2 _ — —0.267

1.1, 1 1
\/PQ(n—l ;) \/(0.047)(0.953)(ﬁ +750)
S: Critical Region: 95% means in two — tailed test a = 0'705 =0.025 = 0.5-0.25=0.475
by table its value is 1.96 = Z;,, = 1.96
6. Conclusion: Since |Z.,,| value < Z;,;, value, we accept H,

Hence, we conclude that there is no significant difference in performance of machines.

Problem4: A cigarette manufacturing firm claims that its brand A line of cigarettes
outsells its brand B by 8%. If it is found that 42 out of 200 smokers prefer brand A



and 18 out of another sample of 100 smokers prefer brand B. Test whether 8%
difference is a valid claim?

Sol: Given n; = 200 n, = 100
x; = Number of smokers preferring brand A = 42

x, = Number of smokers preferring brand B = 18

x, 42 x, 18
P=—==—-=0.21 and p, =—

__ =— =018
n, 200 n, 100

1. Null Hypothesis H, : P, — P, = 0.08
2. Alternative Hypothesis H, : P, — P, # 0.08 (Two — tailed test)
3. Level of Significance : o« = 0.05(Z, = 1.96)

4. Test Statistic: Z,q = 22P2=0 _ @1p2)-(i-Py)

1,1 1,1
\/PQ(E-'-E JPQ(E-'-E)
We have P — n1p1+n2p2 — x1+x2 — 42+1 — 6_0 — 0 2
ny+n, ni+n,  200+100 300 )

0=1-P=1-02=08
(021 — 0.18) — 0.08
J (02)(08) (5 + 157)

~ —0.05
©0.0489

Z cal

=-1.02

S: Critical Region: 95% means in two — tailed test a = 0'705 =0.025 = 0.5—-0.25=0.475
by table its value is 1.96 = Z;,, = 1.96

6. Conclusion: Since |Z.y| value < Z;,, value, we accept H,

Hence, we conclude that 8% difference in the sale of two brands of cigarettes is a valid
claim.

ProblemS5: In a city 4, 20% of a random sample of 900 schoolboys has a certain slight
physical defect. In another city B,18.5% of a random sample of 1600 school boys has
the same defect. Is the difference between the proportions significant at 5% los?

Sol: Given n; = 900, n, = 1600
x1 = 20% of 900 = 180



x, = 18.5% of 1600 = 296, P, — P, = 18.5% = 0.185

_m_180_ . x_ 296 _ .
Pr= Too0 e M P2 T T 600

1. Null Hypothesis H, : P, = P,
2. Alternative Hypothesis H;: P, # P, (Two - tailed test)

3. Level of Significance: « = 0.05(Z, = 1.96)

(p1—p2)-6 — (P1—P2)—(P1—P3)
JreGiy  [reGir

ni1 nz ni1 nz

4. Test Statistic: 7., =

NP1+NDy  X1+X, 180+296 476
We have P = = = = = =
ny+n, nqy+n, 900+1600 2500

0.19

Q=1-P=1-0.19=0.381

0.2 —0.185
el = 1 1
J(019)(081)(m + 1200
_ —0.015 0918
"~ 0.01634

5: Critical Region: 95% means in two — tailed test a = O'TOS = 0.025 = 0.5—-0.25=0.475
by table its value is 1.96 = Z,,;, = 1.96

6. Conclusion: Since |Z.;| value < Z;,, value, we accept H,

Hence, we conclude that there is no significant difference between the proportions.
Home work:

Problem1: The mean life time of a sample of 100 light tubes produced by a company
is found to be 1560 hrs with a population S.D of 90 hrs. Test the hypothesis for a =
0.05 that the mean life time of the tubes produced by the company is 1580 hrs.

Sol. Given x = 1560 hrs, u = 1580hrs, n = 100 and ¢ = 90hrs
1. Null Hypothesis H,: Hy: u = 1580

2. Alternative Hypothesis H,:y # 1580 (Two -tailed test)

3. Level of significance :a = 0.05(Z, = 1.96)

. . x— 1560—-1580  —20
4. Test Statistic: 7., = —i“ = 50 =—
vn V100



| |—20—222
~-Z—9— .

S: Critical Region: 95% means in two — tailed test a = % =0.025 = 0.5 —-0.25=0.475
by table its value is 1.96 = Z;,, = 1.96

6. Conclusion: Since |Z 44| value > Z;,, value, we reject H,
~ u #1580

Problem2: Test the significance of the difference between the means of the samples
from the following data

Sample A Sample B
Size of sample 100 150
Mean 50 51
Standard Deviation 4 S

(Table value = 1.96)

Sol. Let y; and p, be the means of the two populations
Given n; = 100,n, = 150 and x = 50,x =51, 0y =4and g, =5
1. Null Hypothesis H,: iy = p,

2. Alternative Hypothesis H;:py; # y, (Two-Tailed test)

3. Level of significance: o« = 0.05(Z, = 1.96)

istic - _ (x—x9) _ 50-51 _ -1 1 _

4. Test Statistic: 7 ., = Jalﬂazz = J42 = = e ol 3.0581
ny ' np 100 ' 150 100 ' 150
|Zcqi| = 3.0581

S: Critical Region: 95% means in two — tailed test a = 0'705 =0.025 = 0.5-0.25=0.475
by table its value is 1.96 = Z;,;, = 1.96

6. Conclusion: Since |Z | value > Z,,;, value, we reject H,,

Hence, we conclude that there is some significant difference between the means



CORRELATION AND REGRESSION

CORRELATION

Introduction: In today’s business world we come across many activities, which are dependent
on each other. In businesses we see large number of problems involving the use of two or more
variables. Identifying these variables and its dependency helps us in resolving the many
problems. Many times, there are problems or situations where two variables seem to move in
the same direction such as both are increasing or decreasing. At times an increase in one
variable is accompanied by a decline in another. For example, family income and expenditure,
price of a product and its demand, advertisement expenditure and sales volume etc. If two
guantities vary in such a way that movements in one are accompanied by movements in the
other, then these quantities are said to be correlated.

Meaning: Correlation is a statistical technique to ascertain the association or relationship
between two or more variables. Correlation analysis is a statistical technique to study the
degree and direction of relationship between two or more variables.

A correlation coefficient is a statistical measure of the degree to which changes to the
value of one variable predict change to the value of another. When the fluctuation of one
variable reliably predicts a similar fluctuation in another variable, there’s often a tendency to
think that means that the change in one causes the change in the other.

Uses of correlations:

1. Correlation analysis helps us in deriving precisely the degree and the direction of such
relationship.

2. The effect of correlation is to reduce the range of uncertainty of our prediction. The
prediction based on correlation analysis will be more reliable and near to reality.

3. Correlation analysis contributes to the understanding of economic behavior, aids in locating
the critically important variables on which others depend, may reveal to the economist the
connections by which disturbances spread and suggest to him the paths through which
stabilizing forces may become effective

4. Economic theory and business studies show relationships between variables like price and
guantity demanded advertising expenditure and sales promotion measures etc.

5. The measure of coefficient of correlation is a relative measure of change.



Types of Correlation:
Correlation is described or classified in several different ways. Three of the most important are:

I. Positive and Negative Il. Simple, Partial and Multiple Ill. Linear and non-linear

1. Positive and Negative Correlation: Whether correlation is positive (direct) or negative (in-
versa) would depend upon the direction of change of the variable.

Positive Correlation: If both the variables vary in the same direction, correlation is said to be
positive. It means if one variable is increasing, the other on an average is also increasing or if
one variable is decreasing, the other on an average is also deceasing, then the correlation is
said to be positive correlation.

For example, the correlation between heights and weights of a group of persons is a positive
correlation.

Height(cm): X 158 160 163 166 168 171 174 176
Weight(kg): Y 60 62 64 65 67 69 71 72

Negative Correlation: If both the variables vary in opposite direction, the correlation is said to
be negative. If means if one variable increases, but the other variable decreases or if one
variable decreases, but the other variable increases, then the correlation is said to be negative
correlation. For example, the correlation between the price of a product and its demand is a
negative correlation.

Price of product: X | 6 5 4 3 2 1
Demand: Y 75 | 120 | 175 | 215 | 250 | 400

Il: Simple, Partial and Multiple Correlation:

The distinction between simple, partial and multiple correlation is based upon the number of
variables studied.

Simple Correlation: When only two variables are studied, it is a case of simple correlation. For
example, when one studies relationship between the marks secured by student and the
attendance of student in class, it is a problem of simple correlation.

Partial Correlation: In case of partial correlation, one studies three or more variables but
considers only two variables to be influencing each other and the effect of other influencing
variables being held constant. For example, in above example of relationship between student
marks and attendance, the other variable influencing such as effective teaching of teacher, use
of teaching aid like computer, smart board etc are assumed to be constant.



Multiple Correlation: When three or more variables are studied, it is a case of multiple
correlation. For example, in above example if study covers the relationship between student
marks, attendance of students, effectiveness of teacher, use of teaching aids etc, it is a case of
multiple correlation.

IlI: Linear and Non-linear Correlation:

Depending upon the constancy of the ratio of change between the variables, the correlation
may be Linear or Non-linear Correlation.

Linear Correlation: If the amount of change in one variable bears a constant ratio to the
amount of change in the other variable, then correlation is said to be linear. If such variables
are plotted on a graph paper all the plotted points would fall on a straight line.

For example: If it is assumed that, to produce one unit of finished product we need 10 units of
raw materials, then subsequently to produce 2 units of finished product we need double of the
one unit.

Raw materials: X 10| 20 30 40 50 60
Finished product: Y | 2 4 6 8 10 12

Non-linear Correlation: If the amount of change in one variable does not bear a constant ratio
to the amount of change to the other variable, then correlation is said to be non-linear. If such
variables are plotted on a graph, the points would fall on a curve and not on a straight line.

For example, if we double the amount of advertisement expenditure, then sales volume would
not necessarily be doubled.

advertisement 10 20 30 40 50 60
expenses: X
Sales Volume: Y 2 6 4 8 12 10

Problem1: State in each case whether there is

(a) Positive Correlation (b) Negative Correlation (c) No Correlation



SINo Particulars Solution
1 Price of commodity and its demand Negative
2 | Yield of crop and amount of rainfall Positive
3 No of fruits eaten and hungry of a person Negative
4 | No of units produced and fixed cost per unit Negative
5 | No of girls in the class and marks of boys No Correlation
6 | Ages of Husbands and wife Positive
7 Temperature and sale of woollen garments Negative
8 | Number of cows and milk produced Positive
9 | Weight of person and intelligence No Correlation
10 | Advertisement expenditure and sales volume Positive

Methods of measurement of correlation:

Quantification of the relationship between variables is very essential to take the benefit of
study of correlation. For this, we find there are various methods of measurement of correlation,
which can be represented as given below:



Karl Pearson’s Coefficient of Correlation

Karl Pearson suggested a mathematical method for measuring the magnitude of linear
relationship between 2 variables. This is known as Pearsonian Coefficient of
correlation. It is denoted by 7

This method is also known as Product-Moment correlation coefficient

r= Cov(xy) _ Zxy XY _ Ze=X0-Y)
020y Noyoy, VEX2ZYZ  [EZ(x-X)?Z(y-Y)2

X=(x—-X),y=(-Y) where, X,Y are means of the series x & y.

o, =standard deviation of series x and o0, = standard deviation of series y

Properties
1. The Coefficient of correlation lies b/w -1 & +1.

2. The Coefficient of correlations independent of change of origin & scale of
measurements.



3. Two independent variables are uncorrelated. That is if X and y are independent
variables then r(X,Y) =0

Rank Correlation Coefficient

Charles Edward Spearman found out the method of finding the Coefficient of
correlation by ranks. This method is based on rank & is useful in dealing with
qualitative characteristics such as morality, character, intelligence and beauty. Rank
correlation is applicable to only to the individual observations.

zD?
formula: p=1— 6m
where: p —Rank Coefficient of correlation
D?%-Sum of the squares of the differences of two ranks

N-Number of paired observations.

Properties
1. The value of p lies between +1 and —1.

2. If p =1, then there is complete agreement in the order ofthe ranks & the direction of
the rank is same.

3. If p = —1, then there is complete disagreement in the order of the ranks &they are in
opposite directions.

Equal or Repeated ranks

If any 2 or more items are with same value the in that case common ranks are given to
repeated items. The common rank is the average of the ranks which these items would
have assumed, if they were different from each other and the next item will get the
rank next to ranks already assumed.

1 1
2D2+E(m3_m)+ﬁ(m3 -m)......

N3-N }

Formula: p =1 — 6{
where m = the number of items whose ranks are common.
N-Number of paired observations.

D2-Sum of the squares of the differences of two ranks

Problem1: From following information find the correlation coefficient between advertisement
expenses and sales volume using Karl Pearson’s coefficient of correlation method.



Firm 1 2 3 4 5 6 7 8 9 10
Advertisement 11| 13 | 14 | 16 | 16 | 15 15 14 | 13 13
expenses (In Laks)
Sales Volume (In |50 | 50 | 55 | 60 | 65 | 65 65 60 | 60 | 50
Laks)

Solution:
Let us assume that advertisement expenses are variable X and sales volume are variable Y.

Calculation of Karl Pearson’s coefficient of correlation

Firm X Deviation X2 Y Deviation Y2 Product
from from of XandY
mean mean series(XY)

X=x—x Y=y-y
1 11 -3 o 50 -8 64 24
2 13 -1 1 50 -8 64 38
3 14 0 0 55 -3 ) 0
4 16 2 4 60 2 4 4
5 16 2 4 65 7 49 14
6 15 1 1 65 7 49 7
7 15 1 1 65 7 49 7
8 14 0 0 60 2 4 0
) 13 -1 1 60 2 4 -2
10 13 -1 1 50 -8 64 8
Z X Z X? Z Y Z Y2 z Xy
= 140 =22 = 580 = 360 =70
¥ = 2X _ 140 _
= n 10
v = Y _ 580 _
=" n 10
- IXY 70 0 _ 0.7866

T Jrx?zy?  V22x360  88.9944

Interpretation: From the above calculation it is very clear that there is high degree of positive
correlationi.e. r = 0.7866, between the two variables. i.e. Increase in advertisement expenses
leads to increased sales volume.

Problem2: Find Karl Pearson’s coefficient of correlation from the following data.



Ht. in 57 59 62 63 64 65 55 58 57
inches
Weight 113 117 126 126 130 129 111 116 112
in 1bs
Solution:

Ht. in Deviation X2 Weight in | Deviation Y2 Product of
inches from Ibs Y from XandY

X mean mean series(XY)

X=x—x Y=y-y

57 -3 9 113 -7 49 21

59 -1 1 117 -3 9 3

62 2 4 126 6 36 12

63 3 9 126 6 36 18

64 4 16 130 10 100 40

65 5 25 129 9 81 45

55 -5 25 111 -9 81 45

58 -2 4 116 -4 16 8

57 -3 9 112 -8 64 24

o Yy o X%= 0 Yy Y:i=|Y XY=
> 540 102 | ) 1080 472 216
Coefficient of correlation r = —aa— = 210 = 0.98
VIxZzyZ  [(102)(472)

Interpretation: From the above calculation it is very clear that there is high degree of positive
correlationi.e. r = 0.98, between the two variables. i.e. Height and Weights

Problem3: Calculate Coefficient of correlation for the following data.

X 12 9 8 10 11 13 7
Y 14 8 6 9 11 12 3
Solution: Formula used: r = \/%
X Y X2 Y? XY
12 14 144 196 168
9 8 81 64 72
8 6 64 36 48
10 o 100 81 20
11 11 121 121 121
13 12 169 144 156
7 3 49 9 21




Z X=70 z Y =63 Z X% =728 Z Y? =651 z XY =676

XY
VIX?2XY?
676 676

/(728) (651) - 688.42

Interpretation: From the above calculation it is very clear that there is high degree of positive
correlation i.e. r = 0.98, between the two variables. i.e. Xand Y

= +0.98

Problema4: Find the correlation coefficient between age and playing habits of the following
students using Karl Pearson’s coefficient of correlation method.

Age 15 | 16 17 18 19 20

Number of 250 | 200 | 150 | 120 | 100 80
Students

Regular Players | 200 | 150 | 90 48 30 12

Solution:

To find the correlation between age and playing habits of the students, we need to compute
the percentages of students who are having the playing habit.

No.of Regular Players

x 100
Total No.of Students

Percentage of playing habits =

Now, let us assume that ages of the students are variable X and percentages of playing habits
are variable Y.

Age No of Regula | % of Deviatio | Deviatio X? Y? Product
(x) student |r Playin | n from n from of X and
s Players | g mean mean Y

Habits | X=x—x | Y=y—y series(XY)
)

15 250 200 80 -2.5 30 6.25 900 -75

16 200 150 75 -1.5 25 2.25 625 -37.5

17 150 90 60 -0.5 10 0.25 100 -5

18 120 48 40 0.5 -10 0.25 100 -5

19 100 30 30 1.5 -20 2.25 400 -30

20 80 12 15 2.5 -35 6.25 1225 -87.5




= 105 = 300 =17.5 | = 3350 = —240
X 105
X=—=—=175
- n 6
2Y 300
Y=—=—=50
- n 6
" XY —-240 _ —-2.40 — _09912

T Jrx?zy?  V17.5x3350  242.12

Interpretation: From the above calculation it is very clear that there is high degree of negative
correlationi.e. r = —0.9912, between the two variables of age and playing habits. i.e. Playing
habits among students decreases when their age increases.

Problem5: Given N = 10, o, = 5.4, gy, = 6.2 and sum of product of deviation from the
mean of X and Y is 66. Find the correlation coefficient.

Solution: given N = 10, g, = 5.4, oy, = 6.2

Ixy = Z (x—x)(y—y) =66

_Zxy 66
"= Noyo,  10x (5.4)(6.2)

= 0.1971

Problem®6: Coefficient of correlation between X and Y is 0.3. Their covariance is 9. The variance
of X'is 16. Find the standard devotion of Y series.

Solution: Given information:

r=03 Cov(X,Y)=9 Var(X)=16

Cov(X,Y) 9 9
r= =03 = -03=— >
JVar(X) x Var(Y) V16 X Var(Y) 4 x JVar(Y)
9 9 9
0.3 x4 = 5w =212 = SO = SD (Y) === 7.5

Therefore, the standard deviation of Y series=o(Y) = 7.5



Problem7: Following are the rank obtained by 10 students in two subjects, statistics and mathematics.
To what extent the knowledge of the students in two subjects is related

Solution:
Ranks in Ranks in D=x—y D?
statistics(x) | mathematics(y)
1 2 1 1
2 4 -2 4
3 1 2 4
4 5 -1 1
5 3 2 4
6 9 -3 9
7 7 0 0
8 10 -2 4
9 6 3 9
10 8 2 4
2, P
=40
S 2D 6X40 20 s 076
p= N3 —N_ ~ 10°5-10 ~ 990 ~ FTT

Problem8: The ranks of 16 students in mathematics and statistics are as follows.
(1,1) (2,10) (3,3) (4,4) (5,5) (6,7) (7,2) (8,6) (9,8) (10,11) (11,15) (12,9) (13,14) (15,16) (16,13)

Calculate the rank correlation coefficient for proficiencies of this group in mathematics and statistics.

Solution:

Ranks in Ranks in D=x—y D?

statistics(x) mathematics(y)
1 1 0 0
2 10 -8 64
3 3 0 0
4 4 0 0
5 5 0 0
6 7 -1 1
7 2 5 25




8 6 2 4
9 8 1 1
10 11 1 1
11 15 4 16
12 9 3 9
13 14 1 1
14 12 2 4
15 16 1 1
16 13 3 9
> »
— 136
1 6202 _,_6x136 816 . . _ g
p= N ’—-N_ ~ 165—-16 4080 =

Problem9: Ten competitors in a musical test were ranked by the three judges A, B, and C in the
following order.

Ranks by A 1 6 5 10 3 |12 4 9 7 8
Ranks by B 3 5 8 4 7 |10 2 1 6 9
Ranks by C 6 4 9 8 1 |2 3 10 5 7

Using rank correlation method, discuss which pair of judges has the nearest approach to common likings
in music.

Solution: Here N = 10

Ranks | Ranks by | Ranks by | D, D, Ds D? D2 D?

by B(x) | B(y) C(2) =x—y | =x—2z | =y—2z
1 3 6 -2 -5 -3 4 25 9
6 5 4 1 2 1 1 4 1
5 8 9 -3 -4 -1 9 16 1
10 4 8 6 2 -4 36 4 16
3 7 1 -4 2 6 16 4 36
2 10 2 -8 0 8 64 0 64
4 2 3 2 1 -1 4 1 1
9 1 10 8 -1 -9 64 1 81
7 6 5 1 2 1 1 4 1
8 9 7 -1 1 2 1 1 4




Z D? Z D} Z D%
=200 =60 =214
) =1-6 xD? _ 1 6 %200 40 7
pr=xy) = N3—N_ ~ 103—-10 = 33 33
=(xz)=1-6 zb; =1 X0 _ -
p2=(x,2z) = NE_N 103 —10 11 11
D) =16 ID? 4 6x214 214 49
p3 =\,z) = N3—N 103 —10 165 165

Since p, = (x, z) is maximum, we conclude that the pair of judges A and C has the nearest approach to
common liking in music.

Problem10: A sample of 12 fathers and their elder sons gave the following data.
Calculate the rank correlation coefficient.

Fathers | 65 63 67 64 68 62 70 66 68 67 69 71
Sons 68 66 68 65 69 66 68 65 71 67 68 70
Solution:
Fathers(X) Sons(Y) Rank(X) Rank(Y) di=x;—y; d;*
65 68 9 5.5 3.5 12.25
63 66 11 9.5 1.5 2.25
67 68 6.5 5.5 1 1
64 65 10 11.5 -1.5 2.25
68 69 4.5 3 1.5 2.25
62 66 12 9.5 2.5 6.25
70 68 2 5.5 -3.5 12.25
66 65 8 11.5 3.5 12.25
68 71 4.5 1 -3.5 12.25
67 67 6.5 8 -1.5 2.25
69 68 3 5.5 -2.5 6.25
71 70 1 2 -1 1
2, o
=725

Repeated values are given common rank, which is the mean of the ranks. In X: 68 &

67 appear twice.




In Y: 68 appears 4 times, 66 appears twice & 65 appears twice.

Here N = 12.

[In X series 68 appears 2 times so rank = %5 =45

6

7

Next value is 67 also appears 2 times, so rank = % = 6.5

Next value is 66, then the next rank = 8

Similarly, in Y series 68 appears 4 times so the rank =

Next value is 67 so next rank = 8

Also 66 and 65 appears 2 times so their ranks are 9+Tlo = 9.5 and

2
=1-6

4+5+6+7

5.5

4

11+12

= 11.5]

1 1 1 1 1
D? + 5 (m® —m) + 5z (m® —m) + 5 (M* - m) + 5 (M®> - m) + 5 (m*> —m)

1-6

N3 —N

1 1 1 1 1
725+ 5@ -+ @ -+ -D+52°-2)+5(2°-2)

6(72.5 + 7)
12(122 - 1)

N3_

N

=0.722

Problem11: From the following data calculate the rank correlation coefficient after making adjustment

for tied ranks

X 48

33

40

16

16

65

24

16

57

Y 13

13

24

15

20

19

Solution: First we have to assign ranks to the variables. In this problem we are assigning lower value as
first rank and highest value as last rank.

Here in X, 16 is repeated 3 times so rank =

24+3+4 _

3



Similarly, in Y, 6 is repeated 2 times so their rakes are % = 2.5 and the next value is 9 so for 9 the rank
is4

Again 13 is repeated 2 times so the next ranks are % =55

X Ranks (x) Y Ranks(y) D=x-y D?
48 8 13 5.5 2.5 6.25
33 6 13 5.5 0.5 0.25
40 7 24 10 -3 9
9 1 6 2.5 -1.5 2.25
16 3 15 7 4 16
16 3 4 1 2 4
65 10 20 9 1 1
24 5 9 4 1 1
16 3 6 2.5 0.5 0.25
57 9 19 8 1 1
> »
=41

1 1 1
L DX+ -m)+ 5 (m® —m)+ 5 (m®—m)

p=1-6

N3 —N
41+ 5 (33— 3) + 5 (23 — 2) + = (23 — 2)
- 17 12 12
10° — 10
6@+
990

Regression equations
Prediction or estimation of most likely values of one variable for specified values of the other
is done by using suitable equations involving the two variables. Such equations are known as

Regression Equations

Regression equation of y on x:

y—y= byx(x — x) where y is the dependent variable and x is the independent variable and



by, is given by

X (x0n0-y)
XUy (x-x)

_ .9y _ > XY
OR by, = T k-
Regression equation of x on y:
X — X = by, (y — y) where y is the dependent variable and x is the independent variable and
by, is given by

X (-00-y) OR bxy =T&=Z Xy

L () > L ¥

byy =

by, and b,,, are called as regression coefficients of y on x and x on y respectively.

Relation between correlation and regression coefficients:

(o g

byy = r-=xand by, =r—=
Ox Oy

— 7y % _ 2

byy . byy —rGX.ray =r

Hence r = &,/by by

Note: In the above expression the component inside the square root is valid only when by,

and by, have the same sign. Therefore, the regression coefficients will have the same sign.

Problem1: In trying to evaluate the effectiveness of its advertising campaign a company
compiled the following information. Calculate the regression line of sales on advertising.

Year 1980 1981 1982 1983 1984 1985 1986 1987
Advertisement 12 15 15 23 24 38 42 48
in 1000 Rs
Sales in laks 5 5.6 5.8 7 7.2 8.8 9.2 9.5

Solution: Let x be advertising amount and y be the sales amount.

Here,n=8,§=2%=27.1,y=%=7.26

We know that Regression equation of y on x is given by y — y = by, (x — x).....(1)



[ XY
Where b, = ra—’; = g =
X Y X? XY
12 5 144 60
15 5.6 225 84
15 5.8 225 87
23 7 529 161
24 7.2 576 172.8
38 8.8 1444 334.4
42 9.2 1764 386.4
48 9.5 2304 456
Z X =217 Z Y =58.1 Z X?=17211 Z XY =1741.6

_ 17416

s by =22 = 0.241

Substituting this value in the in Eq...(1) y on x equation, we get,

y —7.26 = 0.241(x — 27.1)

y = 0.241x — 6.5311 + 7.26

= 0.241x + 0.7289

Therefore, the required equation of Sales on Advertisementis y = 0.7289 + 0.241x

Problem2: In a study of the effect of a dietary component on plasma lipid composition, the

following ratios were obtained on a sample of experimental annuals

Measure of dietary 1 5 3 2 1] 1 7
component: (X)
Measure of Plasma lipid levl: | 6 1 0 0 1] 2 1
(Y)

(i) Obtain the two regression lines and hence predict the ratio of plasma lipid level with 4

dietary components.

(ii) Find the correlation coefficient between X and Y

Solution:

(1)

XY




1 6 1 36 6
5 1 25 1 5
3 0 9 0 0
2 0 4 0 0
1 1 1 1 1
1 2 1 4 2
7 1 49 1 7
3 5 9 25 15
Y X=2|Y Y=16|Y X*°=99 |y Y’=68|)Y XY=3
3 6

Heren =8; x = 2.875; y =2
The Regression equation of y on x is given by y — y = by, (x — x)

Where,

Y¥ 799
Hence the regression equation of y on x is

y —2 = 0.3636(x — 2.875)

= 0.3636x — 1.04535

y = 0.3636x — 1.04535 + 2
(i.e) y = 0.95465 + 0.3636x
when x = 4 (measure of dietary component) the plasmid lipid level is

y = 0.95465 + 0.3636(4)

=y = 2.40905

The Regression equation of x on y is given by x — x = b,,,(y — y) where,

Oy XY

=1r— =

gy X y?

byy

36
bry = = = 05294

Hence the regression equation of xon y is




x — 2.875 = 0.5294(y — 2)
x = 0.5294y — 1.0588 + 2.875
x = 1.8162 + 0.5294y

(ii) The correlation coefficient between x and y is given by

r=+ ’byxbxy

r = +10.3636 X 0.5294 = +0.4386

Problem3: From the data given below find (i) two regression lines (ii) coefficient of correlation
between marks in Physics and marks in Chemistry (iii) most likely marks in Chemistry when
marks in Physics is 78 (iv) most likely marks in Physics when marks in Chemistry is 92

Marks in 72 | 8| 91| 8 | 91|89 |84 |87 |75| 77

Physics:(X)

Marks in 76 192 |1 93 | 91 | 93 | 95 |88 | 91 |80 | 81

chemistry:(Y)
Solution:

X Y X? Y? XY
72 76 5184 5776 5472
85 92 7225 8464 7820
91 93 8281 8649 8463
85 91 7225 8281 7735
91 93 8281 8649 8463
89 95 7921 9025 8455
84 88 7056 7744 7392
87 91 7569 8281 7917
75 80 5625 6400 6000
77 81 5929 6561 6237

Z X z Y z X? z y? z Xy

= 836 = 880 = 70296 = 77830 = 73954

Heren =10 x = 83.6 y = 88

The Regression equation of y on x is given by y — y = b, (x — x) where,



by, = rax = 5 2
_73954 o
YX 70296 '

Hence the regression equation of y on x is
y — 88 = 1.052(x — 83.6)
= 1.052x — 87.94
= y=0.06 +1.052x

The Regression equation of x on y is given by x — x = by, (y — y)

b = Ox X XY

Y ray - 2 y?
B 73954 — 0.950

77830 '

Hence the regression equation of xon y is
x —83.6 = 0.950(y — 88)
= 0.950x — 83.6
= x =0+ 0.950y

(ii) The correlation coefficient between x and y is given by

T =1 |byyby,

r = +v1.052 X 0.950 = +0.9996
(iii) To find the most likely marks in Chemistry when marks in Physics is 78, we must use

the regression equation of y on x given by y = 0.06 + 1.052x, Substituting the value of x as 78
in the above equation, we get,

y = 0.06 + 1.052(78) = 82.116
Hence the marks in Chemistry is 82.116
(iv) To find the most likely marks in Physics when marks in Chemistry is 92, we must use
the regression equation of x on y given by x = 0 4+ 0.950y

Substituting the value of y as 92 in the above equation, we get,



x=0+0.950(92)
x =87.4

Hence the marks in Physics is 87.4

Problem4: For a given series of values, the following data were obtained,
x =36,y =85,0,= 11,0y, = 8andr = 0.66.

Find (i) two regression equations (ii) estimation of x when y = 75.

Solution:
Oy 8
We have byx = To_— = 0.66 X H =0.48
X

Oy 1

= 0.66 x = = 0.9075

and by, =71 5
g
y

(i) The Regression equation of y on x is given by
Y=Y =by(x—x)
=y —85=0.48(x —36)
>y =067.28+0.48x
The Regression equation of x on y is given by
X=X =byy(y—y)
=x —36 = 0.9075(y — 85)
(i.,e.) x = —41.13 + 0.9075y
(i) To estimate the value of x when y = 75, we use the regression line ofx on y
x = —41.13 + 0.9075y Substituting y = 75, x = —41.13 + 0.9075(75)

Therefore x = 26.93

Problem5: For a certain X and Y series which are correlated, the regression lines are
8x — 10y = —66 and 40x — 18y = 214

Find (i) the correlation coefficient between them and (ii) the mean of the two series.



Solution: The given regression equations are
8x —10y = =66 .. e ceivv v v (D) @and 40x — 18y = 214 e v (2)
Let us suppose that the equation (1) is the equation of line of regression of y on x and (2) as

the equation of the line of regression of x on y, after rewriting (1) and (2), we get

y = % + 2 x which gives the value of b,,, = 2

10 10 10
214 | 18 h oo ==
= -+ - ¥ which gives the value of by, =
8 18
Now r = +,/byxby, = * TP +0.6

(i) Since both the line of regression passes through the mean values x and Y the point
(x, X) must satisfy the given two regression lines.

Therefore, 8 x — 10y = —66, 40 x — 18y = 214

Solving the above two equations we get x = 13 and y = 17

Important Note: In the above problem in part (i), if we take equation (1) as the line of

. 66 , 10 10 . .

regression of x on y, we get, x = — = T3 and hence by, = 5 and if we take equation
. . 214 | 40 40

(2) as the line of regression of y on x, we get, y = — o T ¥ and hence b,,, = P

Therefore, 7 = +/byibyy = & [ X =2 = +1.67

But the value of r cannot exceed unity. Hence the assumptions that line (1) is line of

regression of x on y and the line (2) is line of regression of y on x are wrong.

FITTING OF CURVES

1 Principle of Least Squares

2 Fitting of Straight Line

3 Fitting of Second-Degree Parabola
4 Fitting of a Power Curve y = aX?

5 Fitting of Exponential Curve y = ab®



6 Fitting of Exponential Curve Y = aePX

Introduction: All the methods that you have learnt earlier of this course were based on the uni-
variate distributions, i.e. all measures analyzed only single variable. But many times, we have
data for two or more variables and our interest is to know the best functional relationship
between variables that given data describes. In this unit, you will learn how to fit the various
functions such as straight line, parabola of the second degree, power curve and exponential
curves. Curve fitting has theoretical importance in regression and correlation analysis while
practically it is used to present the relationship by simple algebraic expression. All these
methods can be used to estimate the values of the dependent variable for the specific value of
the independent variable.

PRINCIPLE OF LEAST SQUARES
Principle of Least Squares
The principle of least squares is one of the most popular methods for finding the curve of

best fit to a given data set (x;,y;), i = 1,2,3, n.

¥

()

Let y = f(x) be the equation of the curve to be fitted to the given set of points P; (x4, V1),

Py (x2tY2), "+, Pa(Xn/¥n). Then at a point x = x;, the observed value of the ordinate is P;M; =
y;j say and let the expected (theoretical) value be f(x;) , shown by L; M; in the adjoining figure.
The difference between the observed and expected values is the error e; = P;L;

Theney =y; — f(x1), €2 = Yo — f(X2), oo € = Y — f(X0)

Squaring each error e; (to take care of negative errors) and adding, we get



E=e?+e2+..+tef=Y e*=Y  (y;— f(x;))? The curve of best fit is that for which

l
E is minimum. This is called the principle of least squares.

FITTING OF STRAIGHT LINE: y =a + bX
The normal equation is can be written as
> y=na+b) Xevrrnee (1)
¥ yx=aY x+bY  xt... (2)

Values of a and b are obtained by solving equations (1) and (2). With this value of a and b,
straight line y = a + bX is the line of best fit to the given set of points (x;, y;)

wherei= 1,2, .., n.

Problem1: Fit a straight line to the following data.

X 1 6 11 |16 |20 | 26
Y 13 16 17 |23 |24 |31

Solution: Let the straight line be y = a + bX and to obtain a and b for this straight line the
normal equations are

Y y=na+by xandY xy=a¥Y x+bYy x?

Here, there is need of ), v, X, xy and }; x? which are obtained by the
following table

X Y X2 XY
1 13 1 13
6 16 36 96
11 17 121 187
16 23 256 368
20 24 400 480
26 31 676 806
Z X =180 Z Y Z X? =1490 Z xy = 1950
=124

Substituting the values of ) v, x, ) xy and ), x? in the normal equations, we
get



124 = 6a + 80b ... ... ... (D

1950 = 80a + 1490b ....(2)
Now we solve equations (1) and (2).
Multiplying equation (1) by 80 and equation (2) by 6, i. e.

124 = 6a + 80b | x 80 and 1950 = 80a + 1490b] X 6
we get,
9920 = 480a + 64005b ... .....(3)
11700 = 480a + 8940b ... ... ....(4)
Subtracting (3) from (4), we obtain
1780 = 2540b = b = 1780/2540 = 0.7008
Substituting the value of b in equation (1), we get
124 = 6a + 80 x 0.7008
124 = 6a + 56.064

67.936 = 6a = a = 11.3227

with these values of a and b the line ofbest fitis y = 11.3227 + 0.7008 X.

Now let us do one problem for fitting of straight line.

Problem2: Fit a straight line to the following data.

X 6 |7 8 9 11
Y 5 |4 3 2 1
Ans: y = 9.6486 — 0.8108

Problem3: By the method of least squares, find a straight line that best fits the following data
points.

X 0 1 2 3 4
Y 1129 |48]| 6.7 | 86
Ans:y =19x + 1




FITTING OF SECOND-DEGREE PARABOLA
letY =a+bX +cX?..........(1)

be the second-degree parabola and we have a set of n points (x;,y;) ;i = 1,2, .., n. Here the
problem is to determine a, b and ¢ so that the equation of second-degree parabola given in
equation (1) is the best fit equation of parabola

The normal equation is can be written as

Y y=na+by x+c x2.....(1)

Y xy=aY x+bY x*+cYy x3.(2)
Y xly=aY x*+bY x3+4+cYy x*..(3)

Values of a, b and c are obtained by solving equations (1), (2) and (3). With these values of a, b
and ¢, the second-degree parabolay = a + bX + cX? is the best fit.

Problem1: Fit a second-degree parabola for the following data:

X 0 1 2 3 4
Y 1 3 4 5 6

Solution: Let y = a + bX + cX? be the second-degree parabola and we have to

determine a, b and c. Normal equations for second degree parabola are

Z y=na+bz x+cz x?
2 xyzaz x+b2 x2+cz x3

and

Z xzyzaz x2+bz x3+cz x*

To solve above normal equations, we need ), v, X, Xy, % x%y, % x“,
Yy By o«

which are obtained from following table:

L x [y | xy | o« xy | 2 | o«




0 1 0 0 0 0 0
1 3 3 1 3 1 1
2 4 8 4 16 8 16
3 5 15 9 45 27 81
4 6 24 16 96 64 256
DRE N D VAN 1D Y- D NS B W 20 I SR D WS
=10 =19 =50 =30 =160 =100 = 354
Substituting the valuesof ¥  y,¥ xY xy, Y x*y,Y  x%Y 3, x*

in above normal equations, we have
19 = 5a + 10b + 30c ... .... (1)
50 = 10a + 30b + 100c ... ... ..... (2)
160 = 30a + 100b + 354c .......(3)
Now, we solve equations (1), (2) and (3).
Multiplying equation (1) by 2, we get
38 = 10a + 20b + 60c ..... (4)
Subtracting equation (4) from equation (2)
50 = 10a + 30b + 100c
38 = 10a + 20b + 60c

12 =10b +40c ... ... ......(5)
Multiplying equation (2) by 3, we get
150 = 30a + 90b + 300c ... ... .....(6)

Subtracting equation (6) from equation (3), we get

160 = 30a + 100b + 354c
150 = 30a + 90b + 300c
10 = 10b + 54c......(7)

Now we solve equation (5) and (7)

Subtracting equation (27) from equation (29), we get




10 = 10b + 54c
12 = 10b + 40c

-2 = 14c
c=-2/14 =c= —0.1429
Substituting the value of c in equation (7), we get
10 = 10b + 54 x (—0.1429)
10 = 10b — 7.7166
17.7166 = 10b
b=1.7717
Substituting the value of b and c in equation (1), we get
19 =5a + 10 x (1.7717) + (—0.1429 x 30)
19 = 5a + 17.717 — 4.287
a=1114
Thus, the second degree of parabola of best fit is

Y = 1.114 + 1.7717x — 0.1429 x*

Problem2: Fit a parabolay = ax? + bx + c to the given data

X 10 12 15 23 20
y 14 17 23 25 21

ANS: y = —0.07x? + 3.01x — 8.73

Problem3: Fit a 2"*% parabola to the given data

X 1 3 4 6 8 9 11 14
y 1 2 4 4 5 7 8 9

ANS: y = 0.009x2 + 0.77x + 0.195



FITTING OF A POWER CURVE Y = a X"

Let the curve be Y=ax® ...ocooevevuneee. (1)
Taking log on both sides
LogY = log(aX®)

=loga + b logX
Let U=logY; A=loga and V =logX
ThenwegetU=A+bV
Which is in the form of straight line in U and V

Hence the normal equations are

> Uu=na+by v
Y ouv=4) veby v

Solving these normal equations we get the values of A and b. Consequently, we get
a = Anti log (A).

Substituting these values in (1). We get the required power curve of the form Y= ax®

Problem1: Fit the power curve of the form Y= ax® for the following data

Solution: Let the curve be Y=ax® ..o (1)



Taking log on both sides

LogY = log(aX®)

=loga + b logX

Let U=IlogY; A=loga and V =logX

ThenwegetU=A+bV

Which is in the form of straight line in U and V

Hence the normal equations are

> Uu=na+by v
Y ouv=4) veby v

X Y V=logX U= logY V2 uv
1 6 0 1.79 0 0
2 4 0.693 1.386 0.48 0.96
4 2 1.386 0.693 1.92 0.96
6 2 1.79 0.693 3.2 1.24
TOTAL Y =y =y V? A
3.87 4.56 5.6 =3.16

Here n= 4 and substitute the above values in normal equations we have,

4,56 = 4A + 3.87b

3.16 =3.87A4 +5.6b

Solving these equations, we get A=1.786; b=-0.672

Hence the required power curve is Y =5.965 x 0672

And a= Anti log (1.786) = 5.965

Problem2: Fit the power curve of the form Y= ax? for the following data

X

1

2

3

4

5

6




2.98

4.26

5.21

6.10

6.80

7.50

Problem3: Fit the power curve of the form Y= ax? for the following data

X

1

3

5

7

9

Y

2

7

10

11

9

Fitting of an exponential curve of the form Y= a e"X

Let the curve be Y=a e .................. (1)
Taking log on both sides
LogY = log(ae®)

=loga+bX
LetU=logYandA=loga

Thenwe get U=A+b X

Which is in the form of straight line in U and X

Hence the normal equations are

> U=na+b)y X
> Ux=4) X+b) X

Solving these normal equations, we get the values of A and b. Consequently, we get a = Anti log
(A) = e

Substituting these values in (1). We get the required power curve of the form Y= ae®X

Problem1: Fit an exponential curve of the form Y= aePX to the following data

X 2 3 4 5 6

Y 144 172.8 207.4 248.8 298.6




Solution: Let the curve be Y=a e ................ (1)
Taking log on both sides
LogY = log(ae®)

=loga+b X

LetU=logYand A=loga ThenwegetU=A+bX

Which is in the form of straight line in U and X

Hence the normal equations are

> Uu=na+b)y X
Y Ux=4) X+b) X

X Y U=logY UX X2

2 144 4.97 9.94 4

3 172.8 5.15 15.45 9

4 207.4 5.33 21.32 16

5 248.8 5.52 27.60 25

6 298.6 5.69 34.14 36

Yy o X= Yy U=21|Y UxX=10 |y X’=
20 6.66 8.45 90

Here n=5 and substitute the above values in normal equations we have,
26.66 = 54 + 20b
108.45 = 204 +90b

Here n=5 and substitute the above values in normal equations we have, A = 4.608 and a=
100.28; b=0.181

Hence the required curve is Y= 100.28 18

Problem2: Fit an exponential curve of the form Y= aePX to the following data



Y 5.012 10 31.62

Fitting of an exponential curve of the form Y= a b*

Let the curve be Y=a b* ................... (1)
Taking log on both sides
LogY = log(ab*)
=loga+ Xloghb
LetU=logY; A=logaandB=logb

Then we get U= A + BX

Which is in the form of straight line in U and X

Hence the normal equations are

Z U=nA+BZ X
2 szAz X+BZ X2

Solving these normal equations, we get the values of A and B. Consequently, we get a = Anti log
(A) =e*and
b = Anti log (B) = e®.

Substituting these values in (1). We get the required power curve of the form Y=ab X

Problem1: Fit an exponential curve of the form Y= ab* to the following data

X 2 3 4 5 6

Y 144 172.8 207.4 248.8 298.6




Solution: Let the curve be Y=ab*............. (1)
Taking log on both sides
LogY = log(ab*)
=loga+ Xloghb
LetU=log¥; A=loga andB=logb
Then we get U= A + BX
Which is in the form of straight line in U and X

Hence the normal equations are

> Uu=na+B) X
> ux=4) X+B) X

X Y U=logY UX X2
2 144 2.1584 43168 4
3 172.8 2.2375 6.7125 9
4 207.4 2.3168 9.2672 16
5 248.8 2.3959 11.9795 25
6 298.6 2.4751 14.8506 36
Yy o X= Y U=115|Y UX=471|Y X°=
20 837 266 90

Here n=5 and substitute the above values in normal equations we have,
11.5837 =5A +20B

47.1266 = 20A + 90B

Solving these equations, we get A=2.0001; B= 0.0792

a=100and b=1.2

Hence the required curve is Y = 100 (1.2) X

Problem2: Fit an exponential curve of the form Y=abX to the following data



5.012

10

31.62




