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5.4 Double Integrals in Polar Coordinates 5.61

5.4.3 Evaluation of Integrals Over a Given Region in Polar
Coordinates

Example 1

Evaluate ” a? —rtdrd@, over the upper half of the circler = a
cos .

Solution

1. The region of integration is the upper half of the circle » = a cos 6.

7. Draw an elementary radius vector O4 which starts from the origin and terminates
on the circle » = a cosé.
Limits of r: =0 to

,
Limitsof : =0 to 9:%

Shilh o b id
>

SERES >~ r=acos @

Fig. 5.47

I =”r\/ar2 —r*drd6

_ £ acos@ 1 2 2 l?, 95 .
_joz JO (—E)(a —r?)2(=2r)drdé

3 acos 6
2 wi : 8 ) n+l
ELC ’lz—\ 46 [-.-j[./‘(rﬂ”_/"u-)d,-: L ]_}

3 n+1

.
2

]
-4,

. I ,Zr 3 o3 0
_——:;j“ (a’sin’ @ —a )dO

} n .S —<qin 3
__a " (iilﬂ_‘?_ﬂ,ﬁl‘l;_? . l)d 0
3 Jo 4
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:-il(_gcose+cos39)_ 2
314 3 .
——i}(—écosz+lcos—?E £+3cosO c 0)
30 472 TR Ty o
a:‘( T 3 1
= —— - —
3 2 4 12
__i’(z ”)
3 3 2
Example 2

Evaluate f f r* cos® Odr do, over the interior of the circle r = 2a cos 6

Solution

1. The region of integration is the interior of the circle » = 2acos 6.
2. Draw an elementary radius vector OA which starts from the origin and terminates
on the circle r = 24cos8. :

Limitsof r:r=0tor = 2acos@

Limitsof@:@z—gtmé’:g r=2acos 4
/:”ﬁ cos’ Bdrde

{r 2ucos@ N
:J-JTJ' r*cos’@drde
_%Jo

x| s 2acos8
= f5r i— cos’ 0.do
15,
- z
| (2 __— 2
= —f3”(2acost9)” cos; 6d6
571 Fig. 5.48
2t z .
L2 2| ?cos* 6 do [ cos’(~6) = cos* 9]
5 ()
- %1 7 2. ‘;wl.EJ [Using reduction formula]
5 86 4 2 2
17
=—u
Example 3

Evaluate _U r*sin@drd0, over the cardioid r = a (1 + cos 8) above the

initial line.
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Solution

1.

2,

The region of integration is the part of the cardioid » = a (1 + cos ) above the initial
line (6= 0).

Draw an elementary radius vector O4 which starts from the origin and terminates
on the cardioid » = a (1 + cos 8).

. Limitsof r: r=0 to r=a(l+cosb)

Limitsof 8: 86 =0 to 6@=rx

NIy

9=

1= ﬁrz sin@drdo p

r=a (1 +cos #)

= j“‘“““e’; 25in6 dr d6 \\

= -
sin@ do 2=0

SN
Il
N

4

3 a(l+cosB)
7

=I5

L= 5 3
—gjoa (I1+cosB) sin6-do

a’ ¢n 3 )
= -3 J’O (1+ cos6)’ (—sin B)d6

Fig. 5.49

@ |(1+cos6) [ [ir@r r@ae=LE0" }
o n+1

4

Example 4

rdrd@

Evaluate ” = over one loop of the lemniscate 1~ = a* cos 28

r+a

Solution

1.

o

. . . . ;L R N X - 2]
The region of integration is one loop of the lemniscate = = a° €OS 26 bounded

. T T
between the lines 0 = —— and 0= —.
4 4
Draw an clementary radius vector OA4 which starts from the origin and terninates
on the lemniscate r” = a” cos 26.

CLimitsof rir=010 r = (/\/(:()‘7 20

T
[Limitsof 8:80=—-— to 0

4
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Fig. 5.50

I=”ﬂ

_J- J-am rdrd@

\H" +a

_f__f”ml(r +a?) 2 (2r)drd9

a/cos26

2(r% +a*)?

=315

z 1
= Ef% 2a[(cosZO+l)2 —1]d9

a6 [ [Lr e £7ydr = MJ
n+1

= a'l._i (\/jcose— 1)d0

4

- a]ﬁ sin 6 — B‘i
4

- a[ﬁsm»?%—‘ '\/§S‘“("TT,)+(~§)J

—-~{~~(4—7r)
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Example 5

Evaluate ” r2dr dO, over the area between the circles r = a sin 8 and

r =2asin 6
Solution

1. The region of integration is the area bounded between the circle » = a sin # and

r=2asin 6.

2. Draw an elementary radius vector O4B from the origin which enters in the region

from the circle » = a sin @and leaves at the circle » = 2a sin €.

3. Limitsof »: r=asin@ to r=2asinf .
Limitsof 8: =0 to O@=rx
-z
te=3
B
r=2asin @
A
r=asin @
9=0
Fig. 5.51
I:HrzdrdQ
= [T 2dras
3 2asin@
:j”— d6
013

asin @

= .].,j”(x(,‘ sin’ @ —a’sin' 0)do
3J0

Ta'
3

Ta' ¢r3sin O —sin 30 T cinae
‘ J —= -do 1 >

J‘” sin’ 0do

Y Cinte

0 { 5
t S LhiNn>e =
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T

_ Ta “3cos @4 508 36
12 0
7a° [ 1
= —3(cos 7 —cos 0) + —(cos 37w — cos 0)
12 | 3
_ 7a’ ~1_6
123
28 |
=—aq
9

EXERCISE 5.4

Evaluate the following:

2

a’ 1
Ans.: 2 (3.1
[ns 16( e“)]

2. ffr3drd6, over the region between the circles r =2 sin 8 and r = 4 sin 8. ﬁ
[Ans. . 45—”]
2

3. ”rsinGdA, over the cardioid r = a (1+ cos @) above the initial line.

,:Ans. : ﬁ03]
3

4. H —;r—: drd@, over one loop of the lemniscate r2 = 4 cos 26. i
Jrt 4 |

[Ans.:(4-7)]

5.5 CHANGE OF VARIABLES IN DOUBLE INTEGRALS

The double integral can be changed from Cartesian coordinates (x, »y) to polar
coordinates (», #) by putting x = r cos 6, y = r sin 6 Then J‘J‘f(.\‘. v)ydydx =
H/(/'cos(), rsin@)]/]drd® where J is the Jacobian (functional determinant)

defined as
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ox  dx
_36y) _|or 26
B a(r, 0) - a_) dy
dr 08

cos@ —rsinf

sin@ rcos@

= r(cos’ O +sin’ )
=

Hence, || f(x, y)dydx =[] f(rcos6, rsin@)r|drdo

= [[ f(rcose, rsin6)rdrde

Example 1

l—x" =

Evaluate ” ————}—}—dx dy over the first quadrant of the circle
1+ x% + y

x2+y2=1.

Solution

1. Putting x = cos 6, y =r sin &, polar form of the circle x* +)? =1 is obtained as » = 1.
2. The region of integration is the part of the circle » =1 in the first quadrant.
3. Draw an elementary radius vector O4 which starts from the origin and terminates
on the circle r = 1.
4, Limitsof r: =0 to r=1
. g T
. T 2.
Limitsof 8: 6=0 to G:E
Hence, the polar form of the given integral is

-y’
= ” 1+x°+)° s Y \«fﬂ

z _ 2 (@) ’r (‘):S
=[] L drae \ /
G JoN [+~ .

Putting 72 = cos2t, Zr dr = — 2 sin 2¢ dt ~—|
| When r=0,1r= r .
: 4 l
; When r=1,1=0 Fig. 5.52

: = j() {1——cos~ (—sin2¢dr)d6
3 |+ cos 2/

| J \/73231- sin2rdrd@
’ 0\ 2cos’ ¢

||
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T w .

ZZsint . ,

=J‘2J'4 -2sintcostdrd@
070 cost

= jfde jf (1-cos 2¢)dr

Example 2

- dxy —ioy?
Evaluate j/_f x—2+—2 e Y dxdy, over the region bounded by the circle
- Yy

x*+y?—x =0 in the first quadrant. teo=2%
Solution |

1. Putting x =7 cos 6, y = r sin 6, polar form of
the circle x> +)? ~x=01is 72— rcos € =0,
r=cos 6.

2. The region of integration is the part of
the circle » = cos @ in the first quadrant.

3. Draw an elementary radius vector OA
which starts from the origin and termi-
nates on the circle » = cos 6.

4. Limitsof r: =0 to r=cosé

Limits of 6: 8=0 to 9=-’25 Fig. 5.53

Hence, the polar form of the given integral is

[ e

r=cos @

)
Il
Oy

B J-’E’onse 4r* cos @sin O
0 J0

2
r

= -2 ?cosBsin 9[ joee (=2r)dr ]de

= -2f0’ cos @sin 0]0' "

e_"zrdr doe

2 [cose

o do [ ft’“")f"(/‘)dr — e,/’(r)]

= —2J‘§COSQSin 9(@ o _l)dé?

)

= —J('-’ [(/""““‘"(2 cos @sin 0) —sin 2(9]d9
)
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_wsig . COS26
=—le
2 0
_ _( 0, COST _ cosO)
2
_1
e
Example 3 .
x2y?
Evaluate _[ dedy, over the region bounded by the circles
Y

x?+y* =a*and x* + y* = b* (a > b).
Solution

1. Putting x = » cos 6, y = r sin 6, polar form
of
(i) thecirclex?+)*=a’isr=a’,r=a.
(i) the circle x? +)?=b*isr?=b* r=>.

2. The region of integration is the part
bounded between the circles » = a and
r=>b.

3. Draw an elementary radius vector O4B
from the origin which enters in the region
from the circle » = b and terminates on the
circler=a

4. Limitsof r: r=5b to r=a
Limitsof 8: =0 to 6=27

Hence, the polar form of the given integral Fig. 5.54

is

"”<x P

=2
=J-2 J r* cos 2931n e-rdrde
0 b v

a

do

b

4

2n . r
=j cos” Osin® 6|—
0 4

J-2rrsm 20 (a -b* )d6

4
a* —b" ¢2r (1 -cos40)
= Jy e
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a'=b’
=( T ](27:)
= —l]%(a4 —-b")
Example 4
24,2y

N s (x .
Evaluate _[J dxdy, over the region common to the circles

xzyz
x*+y? =axand x*+3y* = by (a, b>0).

Solution

1. Putting x = r cos 6, y = r sin 6, polar form of
(1) thecirclex +y?=axisr?=arcos b, r=acosb.
(i) the circle x>+ y2=byisr*=brsin g, r=bsinb.

Ag=T2L
0=73
<« r=bsin @
#=tan"18
“— an 5
P
B
y <«— r=acos ¢
A
of 6=0
Fig. 5.55

> The region of integration is the common part of the circles = a cos & and

= b sin 6.
3. The point of intersection of the circle » = a cos @and r = b sin 6, is obtained as
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bsin@ =acos@

tan9=£
b

a
Hence, 6 = tan™ A at P.

4. Divide the region into two subregions OAP and OBP. Draw an elementary radius
vector O4 and'OB in each subregion.
(i) In subreglon OAP, elementary radius vector O4 starts from the origin and ter-
minates o the circle » = b sin 8.
Limitsofr: r=0 to r=5bsinf

Limits of'@: 6=0 to 6=tan™ %

@i1) In subregion OBP, elementary radius vector OB starts from the origin and
terminates on the circle » = a cos 8.

Limits of r: »r=0 to r=acos @
Limits of 0:6=tan"% to 9:%

Hence, the polar form of the given integral is
J’ j (x + ty ) dedly

4 ‘ 4
L £ absing r acos@ 4
:Ian J. " - - rdrd9+_[ j — —-rdrdé
0. 0 rsin 0 tan”™' -

2@cos” Jo p*sin? Bcos’ B
Lia P hsin@ z 1 2 acosb
_J-lan __1—_—_}" d9+“‘2 a_'_z__v—l de
0 sin*Ocos’ 0|2 |, ™'~ sin” @cos” 6| 2
an—t4 1 E 1
=—Jl b~ .p*sin’0dO+— T -a*cos’0d6O
sin” 9cos 0 2 Y’ —sm *Ocos’

atd

2
=%JO hsec? 9d9+——j cosec’6dO

d
tan” -~
b

2

2 v._) - .
=b— tantan”' [ £ | =tan0 |- Z- cotz—col(tan"'i)

2 b 2 2 b

+
b 2

= ab

RN AR R RN T L IR, S VN
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Example 5
* Evaluate I: J: e~ dx dy.

Solution

I. Limitsofx :x=0 to x-—oo V4
Limitsofy :y=0 to y-—oo

2. The region of integration is the first quad-
rant.

3. Putting x = r cos 6, y = r sin 6, the integral
changes to polar form.

4. Draw an elementary radius vector which
starts from the origin and extends up to
infinity:

Limitsof r: »r=0 to r— o

o
xXvY

T
Limitsof 8: 6=0 to 6= ) (0, 0)
Hence, the polar form of the given integral is Fig. 5.56(a)
_ [T -7+
I - J.() J‘() & dXdy

oy

= jo j: e rdrdé

_ _.;_ j”? [T (-2r)drde

=2 [l jae [0 rmar=e]
] 4
= -] (0-¢"a6
B .
2
=7 Fig. 5.56(b)
T4
<% Example 6
fr—e,
Evaluate J-ocd-c , : 3
(I+x°+y“)?
Solution

| Limits of x:x—> =0 t0 X —>o°

y — o

[ imits of Yy —> —oo to
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dinate plane.

3. Putting x = r cos @, y = r sin 6, integral
changes to polar form.

4. Draw an elementary radius vector which
starts from origin and extends up to oo.
Limitsof r: r=0 to r— oo

2. The region of integration is the entire coor- yT
|

l —
.. @) i X
Limitsof #: §=0 to 6=2rx (0.0)
Hence, the polar form of the given integral is i
_ dxdy .
I= J._m'._.,o 3 '
(I+x*+y )2 ‘
_ (¥ (~_rdrdf Fig. 5.57(a)
—J J.o 3
(1+7%)?
- T
1 27 poo -3 A 0:—
=2 a+r) P @ndras 2
oo I —> oo
1 p2n 2 "3
=EJ.0 )—2(1+r ) 2 O
. [f(r)]"*‘] .
dr = =—>~— >
[ j[f(r)] S rydr =22 = —~
2r =
° l+r
= [ (0-1)de
=]," Fig. 5.57(b)

=2r

" Example 7
ara X
Evaluate Jo L ;2—_;72‘ dxdy py transforming into polar coordinates.
Solution

l. Limitsof x :x =y to x=ua

Limitsof y:y =0 to y-a
2. The region of integration is bounded by the lines y = x, v =g and y = 0
3. Putting x = r cos €, y = r sin @, polar form of '

(1) the liney ~xisrsin 0= rcos O tan @~ |, O =

19
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(11) the linex=gais ¥ cos 8= a,
=asec @

- Draw an eclementary radius vector OA
which starts from the origin and terminates
on the line r = « sec 6.

Limitsof »:7=0 to r=qasecéd

Limitsof 8: =0 to 6=£

Hence. the polar form of the given integral is

= j’ J-: Ty ————dxdy (0?0) |

asecd rcosG
“J J 'rdrdd Fig. 5.58(a)

:J’?I:mscosedrde Yao=

:J LA <% cos0de

= j:asececoséde

e

= aJ. de
. ~—r=asecé
=alf:
=aq-—
4
ra
T Fig. 5.58(b)
*
Example 8
"/ 2 Y :.Y—.Y: ‘ . . ] - o ’)r‘i;-
Evaluate J J ———dyvdx by mansforming into polar coordi
o v D X2+ \/
nautes
Solution
P Limitsofv:iv=0 to 1v=+y2xy—x’
8 s =9
Limitsofx:x=0 to x=2 >4 322y =0 and the lines
2. The region of integration is bounded by the circle x- + —2x=0and th m: :
) _ 0 v = 0. Since the limits of ¥ and v are positive, the region o f integranon 1s the

r of the circle in the first quadrant.

N -~ \
o . 1 . T, - = ()} 13
. - § e i " N = - — ) Uols
. e H v = SN fj 'M“?_}: form of the Circie Y <X
2 PDartino vy =17 CcO> U, =5 k

Ut =



rt—2rcos 8 =0
=2 cos 6.
4. Draw an elementary radius vector OA

which starts from the origin and termi-
nates on the circle » = 2 cos 6.

5.5 Change of Variables in Double Integrals

ylk

5.75

.\i)‘(2+y2_.2x =0
\
' \(2 0)

2 The region of intcgration 1s
2 +y?-2x=0.

3. Putting x = ¥ COS @,y = rsind, polar form of

by the lne

Limitsof »:»=0 to r=2cos @
Limits of 8: 8 =0 to 9:% R
Hence, the polar form of the given integral is (OOO) ’
2 pyV2x-x? X *
Iz.[O-[O x2+y2 dydx
LA 2cos8 1
=I2J- lcozse~rdrd9
00 r Fig. 5.59(a)
z 2cos B
— |2 T
_J‘O J-O cosOdrde ro=3
z 2cos6
- joz ||, cos0de A
. = 2c0s6
= J.OE 2cos’ 0d6 o
\
= [>(1+cos20)d6 \,(2‘ S
0 o) =0
) z (0,0)
20|2
_ 9+sm
2 |
T 1. 1.
=Z 4+ —sing——=sin0
2 2 2
- Fig. 5.59(b)
2
1 %Example 9
% W v RN
Evaluate jo L (x* 4y~ )dxdy.
Solution -
1. Limitsof y :y=x 10 )= \/24’ -
L. I t |
Limits of x :x 0 10 ¢ bounded Y=o and the circle
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(1) theliney=xis y4
rsin9=rcost9,tan9=l,9=%. y=X
(ii) the circle x2 +»? —2x =0 is il 1’:’1 x24y2_2x=0
P —2rcos 8 =0 o i
r=2cosé. o /
4. Draw an elementary radius vector OA4 ; .
which starts from the origin and ter- o) (1,0) X
minates on the circle » = 2 cos 6. (0, 0)
Limitsof r: r=0 to r=2cosé
Limitsof9:9=% to 9=§ .
Hence, the polar form of the given.inte- g
gralis Fig. 5.60(a) £
_ 1 pV2x-x2 - 2 5 A 7 ,2
(=[] (2 +y")dxdy =% %
T 2cosd 2 6= _47_[ hg
=[2] """ rdrde A_P
2 748 r=2cos 6 j
z )’4 2¢c0s® S E %’
=[7= a6 ;
al4 3 *
r Io) ' —0
=4f,3cos49d6 5 6=0
: s
b 2 !
=4J.:;2_(1+00520) 6 :
- 2

= [2(14+2cos 26+ cos’ 26)d6 Fig. 5.60(b)
z 1+ cos 46
:J.,f(1+200520+—LOS-—)d9
Z L]
,3 2sin 260  sin 46|
=|=-6+ +
2 2 8 |£
4
3(n w . N T :
==| === |~|sinzw—sin— |+ —(sin 2w —sin )
2\2 4 2 8
:—3—7C—+]
Example 10

x'4yh)

Ji=r? xye
‘o J' f dx dy.
Evalua 2+ yz
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Solution
. Limitsof y:y=+vx-x> to y=+1-x
Limitsof x:x=0 to x=1

2. The region of integration is the part of the first quadrant bounded by the circles
x*+y?—x=0andx?+y2=1.

3. Putting x = r cos 8, y = r sin 6, polar
form of
(i) thecirclex?+y2—x=0is

r—rcos @=0,r=cosé

(ii) thecirclex’*+)?=1isrr=1,r=1,

4. Draw an elementary radius vector O4B
from the origin which enters in the
region from the circle » = cos 4 and ter-
minates on the circle » = 1. _
Limits of » : r=cos@ to r=1

Limits of 8: 8 =0 to 9=§

Hence, the polar form of the given integral ]
s Fig. 5.61(a)

A

_
9=3

= .[J'm xye_("2+"2’ dxdy

S x2+y2

T 2 - —p?
- =l r“sin@cosBe
=J.2J. s -rdrd@
cos@

7

1 e (=2r)drde / '
2_[ s1n00038J. r)dr . . 0:6
cosede
[ Jef(’)f’(r)dr _ ef(r)]

-1 JE sinfcosB(e” —e ?)d0

= ——f sin @ cos 9‘

Fig. 5.61(b)
———I ( $in 20 — e~ 0 . 251n00059)d6

1 l( cos29) esto|?
=——|=| - —e
4le 2

0

[ J.ef(f?)f'(le)de — e/(O)]

l (Lm Zr) —cos? 0
=——|——(cosm—cos0)—e +e
2e

-

== —L(—Z)—e('+e”']
: 4L 2e
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1{1 1
= __l+_
41 ¢ e

Example 11

4a ¢
Evaluate _[ 0 _[s
4

L2 2
2 =Y e dy,

2, 2
aX TY

Solution

l.

Lo

5

.y V°
Limits of x:x=<— to xX=y
4a

Limitsof y:v=0 to y=4a.

- The region of integration is bounded by the

line v = x and the parabola y2 = 4qx.

. Putting x = r cos 8, y = r sin 6, polar form of

(i) the line y = xis r sin 6 = » cos 6,
tan € =1, 9=£.
4

(i1) the parabola y? = 4ax is
r?sin? @ = dar cos 6. r = 4a cot Ocosec O

. Draw an elementary radius vector O4 which

starts from the origin and terminates on the
parabola r = 4a cot@ cosecb.

Limitsof 7: r=0 to r=4acot Bcosec &
T
6=—

T
Limits of 8:0=— to
4 2

Herce, the polar form of the given integral is

=[] S

(S

rdrd@

Jn ! J» e Geonee 6 4 (C()52 0 —sin” 0)
= ” — 3 .

r

4arcot Geosee 0

do

I

:J',:(l - 2sin” )

|
|
‘2()

Ir

=— |7 (1= 2sin” 0)(4a)” cot’ Ocosec’0dO
/) ({

S J (cot Beosec’@—2col” 0)do

y A
y2 = dax P(4a, 4a)
+//*
5) X
(0, 0)
Fig. 5.62(a)
A _
o= 2
r=4acot fcosec @
7 P
A
G= 4
(@) =0

Fig. 5.62(b)
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= 802:_,,E [{ ~(cot* B)(—cosec’ 6)} 2cosec’0+ 2]d9
4
=802 =00 oot 26) [ [Lr@7 r©)d6 = U(Q)ﬁ]]}
n+

R

—

S 1
=8a’ ——(cot3£—cot3—7z +2(cot£—cot£ +2 £ 2
| 3 2 4 2 4 2 4

1

‘. 2 1 T

C =8a" | —=(-D+2(-1)+2-—

i | 3 ( 4] .
; =807 —.5_+£

17372

=8a° E — é

& L2 3

Example 12

k VS5ax—x? \/x + )

!-;f Evaluatej j ) dx dy.
? .

- Solution

1. Limits of y:y=2vJax to y=+/5ax—x’
Limitsof x : x=0 to x=a

. 2. Since the limits of x and y are positive, the region of integration is the part of the
’ first quadrant bounded by the parabola y* = 4ax and the circle x* + y2 — Sax = 0
3. Putting x = r cos 6, y = r sin 6, polar form of

(i) the parabola y? = 4ax is
7* sin? @ = 4ar cos 6,
r = 4a cot @ cosecd.
(i1) the circle x? 4+ y? - 5ax =0 is
r*—5ar cos 8= 0,
r=15a cos 6.
4. The points of intersection of » = 4a coté cosecHand r = Sa cos ¢ are obtained as

4u cot @ cosec &= 5a cos @

, 4
sin” 0 = —
5

)
. ] s
Hence, 6 =sin ﬂ/— at .
\,
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- Draw an elementary radius vector O4B from the origin which enters in the region
from the parabola r = 4a coté cosecdand terminates on the circle » = 5a cos 6.
Limits of » : r=4a cot@cosecd to r=5acoséb

. 2 T
Limits of 0:60 =sin™' — to O==

NG 2

(0,0)

Fig. 5.63(a)

r=4acotédcosecéd

‘A <«— r=5acosé

Fig. 5.63(b)



5.5

Hence, the polar form ()I'llm given integral is

e

2\/11\

(L\‘ dy
rdrdo

J- ) J-Suuw() A
- sin ! 2 JaacotOcoseco ,.7- s‘i|12 0
Js ‘

) 2] |5acos0 !
O ¢
J 2 COscC 9" |4uc0|()cnscc() de

Js

-1 4a 3 T

T )
=| —5acosec 5 + S5acosec| sin

-

;2

J5

5,0 ufs]] [l
2

= 5a+5a—
2 3 3

22(5\/3—11)

Change of Variables in Double Integrals

5.81

"=
—j [Sa cot B cosech + 4a cosec?O(—cosec O cot 6)]d9
sin” ——=
T
3g|2
= |-5acosecO + 44 2955 0 [ [Lren 16
sin”! ==

VA0 s }
n+1

——]+—cosec ———Ecosec3 (sin_l —2—)
NG 2 3 Js

J- e come )
= COS€C| cosec 7

NG

Example 13 "
: y2 )2
- FEvaluate ” XYl — +"—2—
2 2 \ a’ b
i X y
— + = l.
/ a” b
Solution
[et x —arcos O,y = brcos @
r))( dx
/- JNx,y) |or 90
dr,0) |dy dy
Jdr  do
acost ar s
abr
bsin@®  brcos0O
dxdy ~|./|drd() abrdrdo

3
- o T — T TR R

dxdy, over the first quadrant of the ellipse

5 A —
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Under the transformation x = ar cos 6,

Vv = brsin 6, the ellipse i\—2—+ yﬂ =1 in the
a
xy-plane gets transformed to r2 =1 orr = 1,
circle with centre (0, 0) and radius 1 in the
r@-plane.
The region of integration is the part of the
circle 7 = 1 in first quadrant in the r&-plane.
Draw an elementary radius vector O4 which

starts from the origin and terminates on the
circle r= 1.

Limitsof r: r=0 to r=1
Limitsof 8: 8=0 to ezg

Hence, the polar form of the given integral is

n

[ = ”x)£\2 + yf )2 dxdy

a b~

(SRR

= J.{V J-()' ab}"2 COSOSin e(rl)iabrdrde

)

azsz'? SiI’l’)ZQJ’Ol (r)n+3d},.

P

z I
Y rm—-l

} 5

a'b’  cos26
2

n+4

0 0

75,0

= T(—cosn+cosO)-

)

}1+4
B a’h’
S 2n+4)

EXERCISE 5.5

Q)
XY

)
Il
ov

Fig. 5.65

Change to polar coordinates and evaluate the following:

1. J[ 1 —dxdy, over the region bounded by the semicircle x? + y? — x = 0,

I Ixy
y - 0.

Ans. : —//—T:]
V2

y _Uy’dx dy, over the area outside the circle x? + y? - ax = 0 and inside

the circle x’ + y’ - 2ax — 0.



5.5 Change of Variables in Double Integrals 5.83

a4
[Ans. : —1—%0—}
64

[Ans. : 7(1- cosa? )]

3. ”sin(x2 +y?)dxdy, over the circle x* + y? = a.

3
4, ” xy(x* +y*)2dxdy, over the first quadrant of the circle x* + v = @*.
7
{Ans. - 9;‘
. _ 14

3
.:—log3
l:Ans 5 og ]

.[ foax dy dx

JX* +y?

6. J'UJ‘\ x*dxdy

N
[Ans. : 94ilog(1 + ﬁ)}

7. J.: J.omi sin[%(a2 _xto yz):‘dx dy
[Ans. : a—z}
, 2
k 8. J: '[OJOZ_—XZ e V'dxdy
[Ans. : %(1 — )j\
9. j:aj(jzax—_xz(x2 +y*)dx dy

2

_Axy
x? +y?

10. [

2 2
e ¥ )dxdy

(/1 \/a/' 2 ) )
i1. Joﬂj.y "loge(x” +y’)dx dy
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a a+\[07—7 dxd
12. [J 2 2y 23
0Jy (4a” + x* +y*)

a pval-x? dXdy
13. jo Jax-x? \/az_xz_yz

14. jon— =

~(x2+y?)
o X1y e dx dy

x dxd
s L

[Ans.: 12
8a

1
Ans. : —
[ 4a®

5

e H
[Ans. :q]

[1-(1+a%)e ]]

[Ans. : \/5—1]
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