
5.4.3 Evaluation of Integrals Over a Given Region in Polar 
Coordinates 

Example 1 

Evaluate ||rva'-rdr de, over the upper half of the circle r =a 
cos 

Solution 

1. The region of integration is the upper half of the circle raa cos . 

2. Draw an elementary radius vector OA which starts from the origin and terminates 

on the circle r=a cos . 

Limits of r:r=0 
Limits of : =0 

to 

to 

--

I= ||rva -dr de 

Jo 

5.4 Double Integrals in Polar Coordinates 5.61 

r=acos 

= 

3 

2(a'-r')? 

-5a'-r'i-ndr do 

2 

=-(a' sin' 0 -a' )de 

4 

La cos 

de 

3sin -sin 30 

A 

Fig. 5.47 

r=aCOs 

e=0 

n+1 
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Evaluate 
Solution 

Example 2 

a 

32 

--(o-o) 

Limits of :0= 

71 

5 

-6) 

l=||rcos' 0 dr de 

lo 

-3 cos A-4 cos 30 

1. The region of integration is the interior of the circle r= 2a cos . 

Limits of r:r=0 to r= 2acos 

2. Draw an elementary radius vector OA which starts from the origin and terminates on the circle r= 2a cos .. 

Cos 

2a cose 

2 

Example 3 

cos dr do, over the interior of the circle r = 2a cos . 

r cos dr de 

+ 

cos' d 

+ 

2| cos' O de 
64a(7 5 3 I n 

-

(2a cos ) cos de 

8 6 4 2 2 

cos 0 

O= 

cos'(-0) = cos' 

[Using reduction formula] 

Fig. 5.48 

A 

r=2a cos 

=0 

Evatuate |rsin drde, over the cardioid r = a (1 + cos ) above the initial line. 

2 12 2 2 4 



Solution 
1. The region of integration is the part of the cardioid r=a(l + cos ) above the initial 

line (= 0). 
2. Draw an elementary radius vector OA which starts from the origin and terminates 

on the cardioid r=a(lt cos ). 
3. Limits of r: r=0 

Limits of : 9 =0 

I=||r sin 9 dr de 
f (al+ cos 6) 

= 

3 

4 

3 

--a+ cos 0)° (-sin )d@ 

a' 

ja(l+cos 0) 

a'(1+cos )* 

12 

Solution 

r'sin dr de 

Example 4 
Evaluate 

a (1+ cos 0)' sin - de 

-0*cosn)' -(1+ cos 0) 

to 

4 

(0-16) 

to 

sin d 

-
rdr de 

r=a(1 + cos ) 

Limits of :0= 

5.4 Double Integrals in Polar Coordinates 5.63 

4 

between the lines = and = 
4 

fL¯er fe)de = 

2. Draw an elementary radius vector 

on the lemniscate r? = a' cos 20. 

3. Limits of r: r= 0 to r=avcos 20 

to = 
4 

=n 

1. The region of integration is one loop of the lemniscate = a cos 20 bounded 

Fs over one loop of the lemniscate r = a² cos 20 

n+1 

4 

A 

Fig. 5.49 

r=a (1 + cos ) 

O=0 

OA which starts from thc origin and terinates 
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rdr de 

Vr'+a? 

ravcos 26 rdrde 
Jo 

eavcos 20 1 

-J2+a'i 

o+a') i(2r)dr de 

-a(v2 cose-1)a0 

=av2sin 9-o:. 
= a W2s 2 sin 

-4-n) 

Fig. 5.50 

javcos 20 

4 4 

do 

A 

-Jsn-)-) 

p2= a2 cos 20 

O=0 

n+1 



Example 5 
Evaluate |rdr de, 
r= 2a sin . 

Solution 

Over the area between the circles r = a sin and 

5.4 Double Integrals in Polar Coordinates 5.65 

1. The region of integration is the area bounded between the circle r = a sin and 
r=2a sin . 

2. Draw an elementary radius vector OAB from the origin which enters in the region 
from the circler=a sin and leaves at the circle r= 2a sin . 

3. Limits of r : r=asin 
Limits of : 0=0 

to r=2a sin 
to 

Fig. 5.51 

I=[[r'ar de 
[ r2asin 9 

asin 

7a' 

r'dr de 

lasin 0 

do 

J sin' 0d0 

r= 2asin 

=8' sin' 0 - a' sin' 0)de 

r= a sin 

4 

7a' er 3sin -sin 30 

=0 

de 
sinse 
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EXERCISE 5.4 

1. fre 

4. 

2. [[r'dr de, 

= 

7u' 

12 

12 

Evaluate the following: 

defined as 

r cos 9, r sin 

7a'J6 

28 

12 3 

9 

-3 cos + 

a' 

Cos 30 

-3(cos T - cos 0) +(cos 37 � cos 0) 

3 

o' cosesin e dr de, over the upper half of the circle r= 2a cos e. 

3 

Ans. : 

over the region between the circles r= 2 sin and r=4 sin . 

3. rsin dA, over the cardioidr=a(1+ cos ) above the initial line. 

16 

5.5 CHANGE OF VARIABLES IN DOUBLE INTEGRALS 

Ans. 

dr de, over one loop of the lemniscate r² =4 cos 20. 

Ans. 

45% 
2 

The double integral can be changed from Cartesian coordinates (x, y) to polar 

cOordinates (r, ) by putting x=r cos , y =r sin 6. Then ||f(, y)dy dr = 

Jdrdo where J is the Jacobian (functional determinant) 

[Ans.: (4-n)] 



Example 1 

Evaluate 

x'+y? = 1. 

Solution 

V1+x*+y' 

on the circle r =1. 

4. Limits of r: r=0 

J= 

Hence, || f(*, y)dy dx = || f(r cos 0, rsin 0)|rldr de 

When r=0,t = 

Limits of 0: 9=0 to 9= 

5.5 Change of Variables in Double Integrals 

O(x, y) 

= r(cos 

4 

d(r,) 

to r=1 

When r=1,t=0 

cos 
sin 

1. Putting x =rcos , y=r sin , polar form of the circle x + =1 is obtained as r=1. 
2. The region of integration is the part of the circle r= 1 in the first quadrant. 

= ||f(r cos 0, rsin 0)r dr de 

3. Draw an elementary radius vector 0A which starts from the origin and terminates 

||- cos 2/ 
VI+ cos 2/ 

dx dy over the first quadrant of the circle 

2 

-x'-y 
VI+x+ 

-[ JSrar do 

|2 sin' 
V2 cos' I 

Putting r2 = cos21, Lr dr =-2 sin 2t dt 

|ax dx| 

dr 

Hence, the polar form of the given integral is 

-r sin 
r cos 

+ sin' ) 

sin 2/ d/ d 

-sin 2t d )de 

5.67 

Fig. 5.52 

A 

r=1 

=0 

7drdy 
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Example 2 
Evaluate 4xy 

Solution 

x'+y'-x=0 in the first quadrant. 

4. Limits of r:r=0 to r= cos 

Limits of : =0 to 

1. Puttingx=r cos ,y=r sin polar form of 
the circle x' +y²-x=0 is r2-rcos =0, 

-

2. The region of integration is the part of 
the circle r= cos in the first quadrant. 

3. Draw an elementary radius vector OA 
which starts from the origin and termi 
nates on the circle r= cos . 

4xy 

I=}}7+y 
-

-J de 

2 
Hence, the polar form of the given integral is 

=-2[cos 0 sin 

=(7-2) 

-) 

p- dx dy 

dx dy, over the region bounded by the circle 

rcos e 4r cos sin 

Sin t 

COst 

--2 cos 0sin O(e 

Jo 

(cos0 

-cos' 0 

(- cos 2)d! 
sin 2//ã 

= -2| cos sin |leb de 

2 sin t cos t dt d 

2 

-erdrde 

e 2r) dr de 

do 

-cus O (2 cos O sin 0) - sin 20 do 

Fig. 5.53 

A 

-r= COs 

=0 

I= cos . 



Example 3 

Evaluate 

1 

Solution 

+ 
COS TT 

4. Limits of r :r=b 

cos 20/7 

2 

to 

to 

5.5 Change of Variables in Double lntegrals 5.69 

2 

(x'+y) 
x+y² = a' and x +y² = b² (a > b). 

lo 

-el 

-dx dy, over the region bounded by the circles 

1. Putting x = r cos , y =r sin , polar form 
of 

r=a 

=2 

cos 0 

(i) the circle x +y²= d is = a, r=a. 
(ii) the circle x+y= b² is r2= b², r= b. 

2. The region of integration is the part 
bounded between the circles r= a and 
r=b. 

3. Draw an elementary radius vector OAB 

from the origin which enters in the region 
from the circle r=band terminates on the 

circle r= a. 

16 

2 

Limits of : = 0 
Hence, the polar form of the given integral 

dx dy 

=cos' 0 sin' 

( 2r car cos sin' 

r2r sin' 20 (a-b') 
4 

a'-b' 2r (1 - cos 40) 
2 

4 

--rdrd0 

de 

de 

Fig. 5.54 

B 

r= a 

+r=b 

O=0 
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Example 4 

Evaluate 

-(a' -b') 

Solution 

16 

sin 40|r 

4 

dx dy, over the region common to the circles 

xt?= ax and x?+y= by (a, b > 0). 

1. Putting r =r cos , y= r sin polar form of 
(i) the circle +y'= ax is r2= ar cos , r= a cos . 

sin , r= b sin . 

r= b sin 

Fig. 5.55 

8= tan-1a 
b 

r=aCOS 

=0 

2. The region of integration is the comnmon part of the circles r = a cos and 
"=b sin e 

3. The point of intersection of the circler=a cos and r=b sin 6, is obtained as 

(iü) the circle x+y'= by is r'= br 



Hence. = tan 

= 

Limits of 0: =0 

tan 

4. Divide the region into two subregions OAP and OBP. Draw an elementary radius 
vector OA and OB in each subregion. 
()) In subregion OAP, elementary radius vector OA starts from the origin and ter 

minates oñ the circle r= b sin . 
Limits of r: r=0 to 

e tan 

2 

Limits of r: r0 

2 

Ielan-!4 

(i) In subregion OBP, elementary radius vector OB starts from the origin and 
terminates on the circle r =a cos . 

Limits of :0= tan-! 

ab 

b 

fbsine 

= ab 

b 

Ptanl 

|tan 

at P. 

sin? cos 2 

Hence, the polar form of the given integral is 

1 

ab 

2 

tan tan 

-drdy 

b sin = a cos 

sin cos 

tan = 

r*sin cos 

h sec de+ 

+ 

to 

) 

jbsin 

lo 

5.5 Change of Variables in Double Integrals 5.71 

a 

b 

= tan 

r=b sin 

2 1an 

= tan 

-cote? 

to 

to 

de+2 

r=a cos 

= 

2 

2 

-b' sin' Ode+? 

tan-Jo 

Pacos 

tan1 sin cos 9|2 

cosec*0de 

rsin e cos² 

1 

ju cos 

,-cot tan 

lo 

Sin 0 cos 0 

d 

"rdrde 

a' cos e de 

"rdrde+ 
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Example 5 
Evaluatee r+y'dx dy. 

Solution 

1. Limits of x : x=0 

J0 

Limits ofy :y= 0 to 

rant. 

2. The region of integration is the first quad 

3. Putting x = r cos , y=r sin 6, the integral 
changes to polar form. 

to 

4. Draw an elementary radius vector which 
starts from the origin and extends up to 
infinity: 

Limits of 0: = 0 to 

Limits of r: r=0 to r’o 

I=eros'dr dy 

=:erdr de 

=-e-2r)dr de 

X’ oo 

Hence, the polar form of the given integral is 

=-'(0-e)de 

y’ oo 

Example 6 
Evaluate 

Solution 

--fdefegar = e 

e= 

1. Limits of x:x -’-oo 

Limits of y:y -’-oo 

dx dy 

2 

(1+x'+y'y2 

to 

to 

3 

y4 

(0, ) 

Fig. 5.56(a) 

Fig. 5.56 (b) 

=0 



2. "The region of integration is the entire coor 
dinate plane. 

3. Putting x =r cos , y = r sin 6, integral 
changes to polar form. 

4. Dravw an elementary radius vector which 
starts from origin and extends up to o, 
Limits of r: r=) 

= 2 

Limits of 0: 0= 0 to 

dr dy 

(1+x'+y²y? 
rdr do 

Solution 

3 
(1+r')? 

--["0-)de 

Example 7 

to 

*j¯orr)dr = 
de 

Evaluate Jo Jy ²+ y 

5.5 Change of Variables in Double Integrals 

r’ o 

1. Limits of x : x=y 
Limits of y:y= 0 to 

to 

=21 

n+1 

3. Putting x=rcos , y = r sin Ø, polar form of 

(0,0) 

(i) the line y =x is r sin 0=r cos 0. tan = 1. 0= 

Fig. 5.57(a) 

4 

4 e= 2 

dx dy by transforming into polar coordinates. 

2. The region of integration is bounded by the lines y =x, x=a and y=0. 

Fig. 5.57(b) 

5.73 

X 

=0 

Hence, the polar form of the given integral is 



5.74 Chapter 5 Multiple Integrals 

(ii) the line x = a is r cos = a, 
r=a sec 

4. Draw an elementary radius vector OA 
which starts from the origin and terminates 

On the line r= u sec . 

Limits of r:r= 0 to 

Limits of : 0= 0 

*aei 

nutes. 

Hence. the polar form of the given integral is 

= a: 

Evaluate 

Example 8 

4 

Solution 

to 

- (a sec @ cos b d9 

4 

r cos 0 

r=a sec 

cos d 

cos drde 

= 

4 

rdr de 

(0, 0) 

!. Limits ofy :y= 0 to T=v2r-r 
Limits ofx:x=0 

X=y 

Fig. 5.58(a) 

Fig. 5.58(b) 

A 

Qla, a) 

k-X=a 

k-r=a seco 

P 9=0 

-dy dr by transforming into polar coordi 

2. The region of integration is bounded by the circle x+-2r = 0 and the lines 

3 Puting r=r cos B.1=r sin . polar torm of the circle+ 2r=0 is 

= 0. =0. Since the limits of x and y are positive, the region of integration is the 

part of the circle in the first quadrant. 



p2-2r cos = 0 

4. Draw an elementary radius vector OA 
which starts from the origin and termi 
nates on the circle r = 2 cos . 

Limits of r:r=0 

Limits of : O =0 to 

Jo 

r=2cos . 

r2cose cos 

r2 cos 

Hence, the polar form of the given integral is 

=0+ 

=[?2 cos? 0de 

Solution 

2 

to 

=(1+ cos 20)d0 
sin 20/7 

cos dr do 

tsin Tt 
2 2 

cos dO 

Exanple 9 
Evaluate ['rr 

Limits ofx : x =0 

x'+y' 2x=0. 

r=2 Cos 

dy dx 

= 

-rdrde 

5.5 Change of Variables in Double Integrals 

2 

-sin 0 
2 

to 
1. Limits of y : y =x to y= y2x-' 

(x'+y')dx dy. 

(0, 0) 

(0, 0)| 

2. The region of intcgration is bounded by the line 

3. Putting x = cos , y=r sin , polar form of 

Fig. 5.59(a) 

A 

5.75 

-xe+y²-2x = 0 

Fig. 5.59(5) 

(2. 0) 

r=2cos 

(2. 0) 

X 

= 0 

= and the circle 
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(i) the line y =x is 

r sin = r cos , tan = 1,0=. 
4 

(ii) the circle * +y- 2r=0 is 
p2-2r cos = 0 

r=2 cos . 
4. Draw an elementary radius vector OA 

which starts fromn the origin and ter 
minates on the circle r = 2 cos . 

Limits of r:r=0 r=2 cos 

Limits of 0:0= to 
4 

Hence, the polar form of the giveninte 
gral is 

-4J? 

-4? 

- de 

4 

F2cos 

4 

3T 

4 

Evaluate [[ 

A |2 cos 6 

to 

('+y')dx dy 

Example 10 

cos*0 d 

+1 

2 

=?(1+2 cos 20 + cos 20) de 

d 

1+ cos 20 

-[1+2 cos 20 + 

2 

2 sin 26 

2 

+ 

2 

do 

1+ cos 40 

2 

sin 402 

Xye r'ty') 

2 

(0, 0)| 

dr dy. 

P 
(1, 1) 

(1, 0) 

sin -sin+(sin 27-sin r) 

y=x 
<x+y2� 2x=0 

Fig. 5.60(a) 

Fig. 5.60(b) 

= 4 

X 

r=2 co_ 

O=0 



Solution 
1. Limits of y:y=Vx-x* to 

Limits of x:x=0 

form of 

is 

2. The region of integration is the part of the first quadrant bounded by the circles 
x?+y?-x=0 and x'+y² =1. 

3. Putting x = r cos , y = r sin , polar 

(i) the circle x?+y'-x=0 is 
p-rcos = 0, r=cos . 

Limits of : 0=0 

(ii) the circle x +y²=l is P=1, r= 1. 
4. Dravw an elementary radius vector OAB 

from the origin which enters in the 
region from the circle r = cos and ter 
minates on the circle r= 1. 

--
--

2 

r´ sin cos e 

Hence, the polar form of the given integral 

-dx dy 

to X=1 

to 

cos 

=-sin 8 cos @e de 

=-sin @ cos (e-e 

cos 20 

4 2e 

5.5 Change of Variables in Double Integrals 

y=1-? 

sin cos |e-2r) dr de 

---2) �e' +e 

"rdr do 

-cos 

ecosel 

= 

-(cos t- cos 0) -e 

r=1 

-sin 20-e-cos. 2 sin. 

2 

(0, 0)| 

Fig. 5.61(a) 

A 

Fig. 5.61(b) 

x² + ye = 1 

-x?+ y²-x=0 
P(1, 0) 

r=1 
B 

5.77 

X 

r= cos 

O=0 

Limits of r: r= cos to 

n@cos@ Jao 
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--

Example 11 

Evaluate 

Solution 

1. Limits of x:x: 

Limits of y:y0 to y= 4a. 
4a 

2. The region of integration is bounded by the 
line v=X and the parabola y2 = 4ax. 

3. Putting x =r cos , y=r sin , polar form of 
(i) the line y =x is r sin 

tan = 1. 

to 

= 

-[0-2sin' o 

= 8a 

-dx dy. 

(ii) the parabolay²= 4ax is 
4 

Limits of 0:= to 
4 

X=y 

, sin? =4ar cos . r=4a cot cosec . 
4. Draw an elementary radius vector OA which 

starts from the origin and terminates on the 
parabola r= 4a cot cosece. 

dr dy 

2 

Hence, the polar form of the given integral is 

= cos , 

r=4a cot cosec 

= 

do 

rdrde 

-0- 2 sin' )(4a)' cot' Ocosec' de 

|(cot` cosec'0-2 cot' 0)de 

y 4 

(0, O) 

4 = 

y²= 4ax 

X= 

Fig. 5.62(a) 

2 

r=4a cot cosec 9 

4 

Fig. 5.62 (b) 

P(4a, 4a) 

9=0 

Limits of r: r=0 to 



= 8a E-cot e)(-cosec°e)}- 2cosec'0+2 de 

= 84' 

4 

=8a? 

cot 0 

1 

3 

3 

3 
+2 cot + 20 

= 8a--)+2(-1)+ 2. 

cot'. 

Solution 

2 

Example 12 

-cot 

ça rvsar-? 
Evaluate Ja 

Limits ofx :x=0 

4 

1. Limits of y:y = 2Vax to y= V5aX -x? 

(i) the parabola y²= 4ax is 

Hence, = sin 

5.5 Change of Variables in Double Integrals 

4 

2 

V5 

+2 cot I 

to X=a 

2. Since the limits of x and y are positive, the region of integration is the part of the 
first quadrant bounded by the parabola y² = 4ax and the circle x²+y'-5ax = 0 

3. Putting x =r cos ,y =r sin , polar form of 

r² sin² e= 4ar cos , 
r= 4a cot cosec . 

(ii) the circle x²+ y²- 5ax = 0 is 

dx dy. 

at P. 

r= 5a cos . 

4. The points of intersection of r = 4a cot coseco and r= Sa cos are obtained as 
4u cot O cosec =5a cos 

sin' = 
4 

5 

n+1 

0=tsin 

5.79 

2 

p2-5ar cos = 0, 
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S. Draw an elementary radius vector OAB from the origin which enters in the region 
from the parabola r = 4a coto cosec O and terminates on the circle r = 5a cos 0. 
Limits ofr :r= 4a cot 

Limits of 0:0= sin 

(0, 0) 

2 

4 = 
2 

cosec 

B 

A 

to 

to 

P 

r=5a cos 

P 

= 

2 

Fig. 5.63(a) 

Fig. 5.63(b) 

-y²= 4ax 

-x²+ y²-5ax = 0 

X 

r=4a cot cosece 

<r=5a cOs 

=0 



Hcnce, the polar form of the givcn integral is 

- ? 

sin 

sin 

sin -l 2J4acot @cosec) ,.2 sin 0 

Let 

sin 

2 

2 

(5acos 

3 

, cosee*e|rancotcoseco 

-Sa coseco + 4a 

-Sa cosec 

-J2,25a cot @ cosoc @ + 4a cosec*e(-cosec Acot 0) ]de 

-5a+ 5a 

Solution 

cosec 0(5a cos - 4a cot 0 cosec)do 

2 

-(sV5-1) 

y? 

Example 13 

J= 

J5 4a 

Evaluate JJx» 
x 2 

+ 
2 3 

-dr dy 

+ 5a cosec sin-! 

X= ur cOs , y 

Ox, y) 

cosecel2 

dr, 0) 

Jacos0 

Or 

Isin 

n 

2 

dx| 

-ar sin O 

|bsin 0 br cos0 

5.5 Change of Variables in Double Integrals 

rdrd0 

Oy dy 

do 

br cos 0 

dx dy =Jdr do = abr dr d0 

=ubr 

frorre)do: 
4a 

3 
Cosen3 

2 

cosec sin 

4a 

3 

n +1 

COsec sin-!< 

cosec| cosec-! 

2 

dx dy, over the first quadrant of the ellipse 

2 

5.81 

y =1. 
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Under the transformation x= ar cos , 

= br sin , the ellipse 

-plane gets transformed to r²= I or r= 1, 
circle with centre (0, 0) and radius I in the 
re-plane. 

Limits of r: =0 to 

The region of integration is the part of the 
circle r= 1 in first quadrant in the re-plane. 
Draw an elementary radius vector OA which 
starts from the origin and terminates on the 
circle r= 1. 

Limits of 8: 9=0 to 

1. 

y0. 

Hence, the polar form of the given integral is 

1 

2 

ab' 

a 

4 

+ =1 in the 

= | abr° cos @sin (²)² abr dr de 

ab| cos 20E 

EXERCISE 5.5 

a'b 

r=1 

fsin 20el 

2(n + 4) 

= 

2 

2 

dr dy 

-(-cosN+ COs 0) 

lo 7 +4| 

n+4 

Change to polar coordinates and evaluate the following: 

Fig. 5.64 

Fig. 5.65 

A 

-r=1 

e=0 

dx dy, over the region bounded by the semicircle x' + y'- x= 0, 

Ans.: 

2. |y'dx dy, over the area outside the circle x? + y?-ax=0 and inside 
the circle x' + y' - 2ax - 0. 



3. || sin(x' + y')dx dy, over the circle x + y' = a'. 

5. 

7. 

6. JJ.T+y 

4. || xy(x' +y')?dx dy, over the first quadrant of the circle x +y = �. 

c3 rv3x dy dx 

9. 

8. [ 

11. 

f"s x'dr dy 

[ 

Jo Jo 

Jx'+y' 

J0 J0 

sin 

r2a rV2ax-x? 

e-dx dy 

10. ['e 4xy 

y 

Ja'-y' 

5.5 Change of ariables in Double Integrals 

+y')dx dy 

x'+y? -eteydx dy 

4"log e(x' + y')dx dy 

Ans,: 15za 

Ans.:: 

|Ans.: z(1-cosa') 

5.83 

64 

a 
4 

Ans.:: 

Ans.:log3 

Ans. 

a' 
14 

a' 

Ans.:1-e) 

Ans.:a' logo 

Ans. ; Sra| 

Ans.: 

4 
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12. [°roe -y 

13. J, 

14. 

15. 

dx dy 
(4a² +x +y' 

dx dy 

Va' -x? 

V? 

Xy 
Nax-x x? dx dy 

dx dy 
Jx' +y² 

-y 

Ans.: 
1 
8a?4tan 

Ans.: 

1 

1 

[Ans. : a] 

z1-(1+ a')e-o 

[Ans. : N2-1] 
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