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Solution

L Smee mner limits depend on ., the function Vi
In integrated first w.r.t, v,

2bmusofvie v oo » =a, along verti-
cal strip
Limitsofa i xy=0 to x=gq

3 The region is bounded by the lines y =

“randy =0
4. The point Sf intersection of y=xandy=
IS U (a, d) A
> To change the order of Integration, i.. to 0 X
miegrate hist wort. x, draw a horizontal (o, 0)
strip 4B parallel to x-axis which starts from
-axis and terminates on the line y=ux. Fig. 5.32(a)
Limitsof x: x=0 to =y
Limitsofv:y=0 to y=a A
Hence. the 0wen integral after change of y=a
order is P Q(aa)
0 s v dvdes [T (v o ivge /
P or e )dydy L) J.U (x™+ p7)dxdy g
) )
’ +y x| dy AR B
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. (0,0)
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= —y-ay :
fu 37 @ Fig. 5.32(b)
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Example 2-

. . , moemSin Y
Change the order of integration and evaluate L) J ——dydv.

v }
Solution

FLe tunction is integrated first wor v, but evaluation becomes casier by changing
e order ol integration,

Pinisoty v o oy

Eomrsofy x =0 o v=nx



R TP o PP S TR ™,

3. The region is bounded by the line
y=x,y=rmand x = 0.

4. The point of intersection of the line
v =xand the liney = xis P(n, m.

5. To change the order of integration, i.c.,
to integrate first w.r.t. x, draw a hori-
zontal strip AB parallel to x-axis which
starts from y-axis and terminates on the
line y =
Limitsofx:x=0 to x=y
Limitsofy:v=0 to y=nr

Hence, the given integral after change of

order is

[ =[]

=J-'fsmy

-\'lu Ly

7sin
() "V

=J”sinydy

0
Iﬂ
=|-cos yj,
= —cosm+cos()
=2

5.

$ Change of Order of Intearat o

Vﬂ;

7 01(0,0)

Fig. 5.33(b)
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mple 3

oy (77 e
Change the order of integration and evaluate L) L V dy da

Solution

I. Sinceinnerlimitsdependonx,the function
is integrated first w.r.t. y but evaluation
becomes easier by changing the order of

integration.

2. Limits of y : y = x to y — o, along

vertical strip
Limitsof x :x =0 to x =
3. The region is boundcd by the lines v

and x = 0.

Y

4. Here, the only point of intersection is

origin.

Y4

(0,0) |

b’

>

Fig. 5.34(a)
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T'o change the order of integration, i.e.
to ntegrate first w.r.t. x, draw a hori-
zontal strip 4B parallel to x-axis which
starts from v-axis and terminates on the
line v = .

Limisofx:x=0 to
Limisofv:y=0 to

X=y

V= oo

Hence. the given integral after change of

order 18

J.Ji_\ dvdy = j'u\ J.o %d\' dy

A
= {5
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Fig. 5.34(b)

Example 4

Change the order of integration and evaluate

Solution .

|

[§]

()

The function 1s integrated first w.r.t. y, but
evaluation becomes easier by changing the
order of integration.

Limitsofy:y=0 to y=x.
Limitsofx:x=0 to x— oo

The region is the part of the first quadrant
bounded betwcen the lines y = x and v = 0.
To change the order of integration, i.e., to
integrate first w.r.t. X, draw a horizontal strip
parallel to y-axis which starts from the line

= x and extends up 10 infinity.

o o . 3 B0
Limitsofx:x =y (0 X

: ) 00
Limitsofy:v=0 to V7

3

X

J: J-o\ xe —T dydx.
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Hence, the given integral after change of order Ya
1S

J.f _[: xe-%—dy dx = f J’ xe—{;dx dy

_ “(_L)J*e‘?(_ﬁ o
0 2 N X ay

; 1 = | ""’d
= —_—— ‘[1 -— y
24 ’ .
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Example 5

Change the order of integratm
2
a ra X
———=dx dy.
J‘() -[y /xz + }"2

Solution

1. Since inner limits depend on y, the function is integrated first w.r.t. x but evaluanon
becomes easier by changing the order of integration.
- 2. Limitsofx:x=y to x=a,along horizontal Y4
strip A'B’
‘ Limitsof y: y=0 to y=a
3. The region is bounded by the lines y = x, x = a -

D]
1)
|19

and y = 0. N =
4. The point of intersection of y = x and x = a 1s y R

xX=a,y=a. ’ .

The point of intersection 1s Q (a. a). L .
5. To change the order of integration, i.e. to in- <ooo» F o

tegrate first w.r.t. y, draw a vertical strip 4B
parallel to y-axis which starts from x-axis and
terminates on the line y = x.

Limitsof y:y=0 to y=x

Limitsofx: x=0 to x=a

Fig. 5.36(a)
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Hlence. the given integral after change of order is

al ex 1
= . {J.o ——m dy}xzdx
log(y + \/)’2 +x° ).‘x:dx
0

’ Llog(.\' ++/2x7 ) —log x]xzdx

x(l +\/§):| .4

log——=
L X

= log(1++2) [ ¥*dx
= log(1+\/§)\%

u

0

:log(l+\/§)%3

Ya

7

Fig. 5.36(b)

Q(a, a)

Example 6

Change the order of integration and evaluate

e’

SENIVAES
JOIU (e’ +1) 1—x?

Solution

- dy dx.
-y

| The function is integrated first w.r.t. y, but evaluation becomes easier by changing

the order of integration.

Fig. 5.37(a)

YA
Q (0, 1)
X2+ y2=1
A B
\ o) P(1,0) x
\M

Fig. 5.37(b)
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. Limitsof y: y=0 to y=~/1—x2

Limitsofx :x=0 to =]

. Since given limits of x and y are positive, the region is the part of circle ¥’ + 12 = |

in the first quadrant.
To change the orde'r of iptegration, i.e., to integrate first w.r.t. x, draw a horizontal strip
AB parallel to x-axis which starts from y axis and terminates on the circle x* + 1~ = |

Limitsofx:x=0 to x=\/l—y2

Limitsof y:y=0 to y=1

Hence, the given integral after change of order is

A 4 T Iy (e —
0J0 (el'+l)m Oe,"+1 0 (l_yz)_xz y
v I-)?
= ye Sin_l X > d]
0 _ -
e’ +1 1-y .
_ | e.V (Sln_] 1 S -1 O)d
= - — ]n ’
e’ +1 Y
e’ orm
= - .—d
0¥ +1 2
T | f(y)
= —|log(e” +1 |l f—=—dy=log f( )
2| g )l() [ .[ f(y) g/t
/1
= 5[log(e+ 1)—log2]
T (e+1)
= —log —_—
2 2
Example 7 _
. . a rat+ a’)—\'z
Change the order of integration and evaluate j J — — dvxdy.
0 Ja—a —) ’
Solution
1. Since inner limits depend on y, the function is integrated first w.r.t. x.
5> Limits of x:x=a—Ja’ =y’ to x=a+a’ —T along horizontal strip 4’5’
Limitsof y:y=0 to y=a
3. The region is bounded by the circle (x - a) +* = a* and the line y = 0. Sinee
limits of y are positive, the region is the part of the circle (x - a)* + 7 - « above
x-axis.
4. The points of intersection of the circle with x-axis are O (0, 0) and Q (2¢. 0).
5. To change the order of integration i.c. to integrate first w.r.t. v, draw a vertical strip

AB parallel to y-axis which starts from x-axis and terminates on the circle
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(.\" a)Z +},.’ = aZ yA\
or X'+ vi-2ax=0 P(a, a)
Limitsofy:y=0 to =+/2ax — x?
Limitsofx:x=0 to x=2a
Hence. the given integral after change of
order is Q (2a, 0)
l+\/l -\ 2a pV2ax—x? X
NN V;'T\_d*d"‘I I,
Ya V2av-»*
=] [ dx
0 0
—J. "a\'—x dx
Fig. 5.38(a)
o T
=L Ja —(x—a) y4
2a
‘. a’ - B
2 2 a ),
a’ . (0—a) a’ -1
=20+ sin 1= oL gin' (=1 Q(2a, 0
2 2 2 2 ()OA(O) (ax;)
5. .o .- a,
=a sin'l [.sin”'(=1)=—=sin"'(1)] 0, 0)
4
=aqa —
2
_na’
T

R R R RO R —

Fig. 5.38(b)

Example 8

1 p2-x
,//Change the order of integration and evaluate -[0 J\_: xy dxdy.

Solution

I Since inner limits depend on x, the function
i1s integrated first w.r.t. y.
I'he correct form of integral

I p2-x
JUI xydy dx

2. Limitsof y -y =x* to y=2
vertical strip A’B’
Limitsofx :x =0 to x=1

3. The region is bounded by y-axis, the line
x +y = 2 and the parabola x’ = y. Since given
limits of x and y are positive, the region lies
in the first quadrant.

x, along

O
(0,0)

Fig. 5.39(a)
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4. The points of intersection of x + y = 2 and Pi(-2, 4)
x? =y are obtained as N /
x2=2-x

x2+x-2=0 \

(x—1)(x+2)=0

x=1,-2 C
yv=1,4 R
. . . A
The points of intersection are P (1, 1) and 0
P'(-2,4). (0, 0)
5. To change the order of integration, i.e., to l‘-'ig 5.39(b)

integrate first w.r.t. x, divide the region into
two subregions OPR and RPQ. Draw a horizontal strip parallel to x-axis in each
subregion.
(i) In subregion OPR, strip AB starts from y-axis and terminates on the parabola
x2=y.
Limitsof x: x=0 to sz;
Limitsof y: y=0 to =1
(ii) In subregion RPQ, strip CD starts from y-axis and terminates on the line
x+y=2.
Limitsofx:x=0 to x=2-y
Limitsof y :y=1 to y=2
Hence, the given integral after change of order is

([ adyar=[ [ waxdy+ [ [ o axdy

Jr 2 27
1 X
0 2 )

ydy+]
0
1 ¢, 12 2
=Ejo(y)ydy+5_[l (2-y)'ydy

2

x
2

_1 I 2 ] 2 _ )2 3 )
_}:on dy+5-[l (4y 4y"+y )dy

I
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Example 9

" Change the order of integration and evaluate

Solution

l.

)

)

J4aJ-2\/E

xydydx.

Since inner limits depend on x, the function is integrated first w.r.t. y.

. Limits of _\‘:y=:— to y=2Jax,
a

along vertical strip 4’B’

: The region is bounded by the parabolas

= 4ay and 1? = 4qx.
The pomts of intersection of x2 = 4ay
and - = 4qx a1e obtained as

= 164’
=16a’ (4ax)
X(x'—64a’)=0
v=0,x=4a
“v=0,y=4a

The points of intersection are O (0, 0)
and P (4a, 4a).

Ya
y? = 4ax
P(4a, 4a)
BI
“— x2 = 4ay
A .
(@) X
(0, 0)

Fig. 5.40(a)

To change the order of integration, i.e., to integrate first w.r.t. x, draw a horizontal
strip 4B parallel to x-axis which starts from the parabola y* = 4ax and terminates on

the parabola x? = 4qy.

. v
Limitsof x:x==— to x=2./ay
4a

Limitsofy:y=0 to y=4a

Hence, the given integral after change of
order i 1S

j I xydydy = J.OM J.;ﬁ xy dxdy
da

2ay
da

. |3 ydy

[ |
=S l 2a(l16a”) — ~
2( 6a
I 96
= —r—d
2 5

Ya

y? = d4ax
P(4a, 4a)

= 4ay

(0, 0)

Fig. 5.40(b)
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Example 10

i Change the order of inteW evaluate

1 a—a’-y’ Aylog(x+a)
‘[ '[ (x—a)

dxdy.

Solution

I. The function is integrated first w.r.t. x, but 4
evaluation becomes easier by changing ¥

the order of integration. 2 = ;\—
o 5 > : a2 2 52
2. Limitsof x : x=0 to x=a—4/a’ -V’ r; (x-a)f+y =a

Limitsof y :y=0 to v=a

3. The region is bounded by the circle . g / x
(x —a)* +)*=a? the lines y =g and x = 0. (0.0)
4. The point of intersection of

(x —a)*+y?=a’and y = a is obtained as

(x—a)l+a*=a’ Fig. 5.41(a)
xX=a
The point of intersection is P (a, a). ya

5. To change the order of integration, =
i.e., to integrate first w.r.t. y, draw a ver- ol B y Fa a)

tical strip AB parallel to y-axis which S
) A ! - -
starts from the circle (x — a)> + y* = a* (x-a)yF+y“=a

and terminates on the line y = a.

o X
Limitsofy: y=+2ax—x~ to y=a (0,0) //
Limitsofx:x=0 to x=a

Hence, the given integral after change of

order is Fig. 5.41(b)
a=va® =)? Xy l()g(x + a) a ra X lOg(\’ + a) )
J.n .[( _ ) dxdy = ,[ m—(:____a)z—1 dy dx
ZJ-u xlog(x +’a) »o &
¢ (x—a) | 2050
_ J-u x log(x +7a) a —=2av+ .\ ]d\'
O (x—=a) 2

|
=—| xlog(x+ a)dx
2 J‘() g( (l )

"

* log(x+a)
g(x +
2 g a

e

4]

P
“
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—

2 l B 2
"7log2a—§j0 {(x—a)+ = }dx]

xX+—a

[ o og2a~ 11X _acs 2 log(x + I
= - — - —|— —ax a X a
2 & 212 g );

L 10

1 : s s ,
:Z a’ log2a—%—+a' —a“log2a+a’ logaJ

|-

a +a’lo
=—| — a
5 g

=%(1+210ga)

Example 11
Change the order of integration and evaluate

P \1—4,V: 1+x2
. dx dy.
Io Jo \/1 _ 52 /l_xz__yz Y

Solution

l.

(S

The function is integrated first w.r.t. x, but evaluation becomes easier by changing
the order of integration.

Limitsofx - x=0 to x=41-4)’

1
Limitsof y:y=0 to y=5

Since the limits of x and y are positive, the region is the part of the ellipse in the first

quadrant.
YA

a(o0.5)

— x%+4y?=1
A’ B’
—t > X
o] 'P(1,0)
(0.0)

Fig. 5.42(a)
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- 4. To change the order of integration, i. €., to integrate first w.r.t. y, draw a vertical

str1p AB parallel to y-axis which starts from x-axis and terminates on the ellipse
x*+ 42 =1,

Limits of y: y =0 to y=%\/1—x2

Limitsof x:x=0 to x=1

X%+ 4y2 =1

PA,0)
(0,0)

Fig. 5.42(b)
Hence, the given integral after change of order is

E L%Im 1+ x?

_ dxdy = j' b j"‘ — dyd
o e flox : J(l—x) )2
U1+ x? y %JI_—‘d
=], /——1_ @

E
l: Ja? —xldx = \/a — X7 +-£sm "-‘.]
[2)
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Example 12

Change the order of integration and evaluate

J.:J.o‘ \/(a2 LA

—x®)(a-y)(y-x)
Solution

. The function is integrated first w.r.t. x, but
evaluation becomes easier by changing the
order of integration.

2. Limitsofx:x=0 to x=y

Limitsofy: y=0 to y=a

. The region is bounded by the line y = x,

y=aandx=0.

4. The point of intersection of y =a and y = x
is P (a, a).

5. To change the order of integration, i.e., to
integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis which starts from the
line y = x and terminates on the line y = a.
Limitsofy:y=x to y=a
Limitsofx :x=0 to x=a

Hence, the given integral after change of order

is

[ rdvde
\ (a —x Nua - y)(y—x)
"j j xdy dx

\/‘a - x* )(a— V)U —X)

N SN [ -
\/(I——\ Ja- — =)
Putting y — x = r*, dv =2t dt

When y=x, =0

When y=ua, (=~Na—Xx

(U9

YA
y=a
P (a, a)
//+
)
A’ B’
[6) X
(0,0)
Fig. 5.43(a)
YA
B y=a
" P(a, a)
S+
a
“A
— — —>
O X
(0, 0)

Fig. 5.43(b)
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: JHJ‘J' xdydx J'u X J- a=v 2tdr '
‘:. 0Jdo -2 2.3, = B ) d'\‘ z
V@ —xYa-y)y-x) 70 Jq? -2 Via—x—r) |
a X \/:T
= 2-"() 2 2 0 d, dr
a” —x- V@a—x)=¢?
B x- ' ’ a=Xx
= ZJ —————|sin"' dx
0 al _ r: la —Xx 5

_ A a X o .
= = = (sin” 1—sin™' 0)dx
J.“ va —x° '

B 2%1,1’[—5«12 —xh) (—2x)J¢r

a

!
= —gIZ(cz2 —x’)?

[ [T s (ode = [/(\)JJ

0 n+1

=Tta

- Example 13
Change the order of integration and evaluate

1
(e y

3 x dy dx.
hJ; A+x0)7(1+y0)

- Solution

- 1. The function is integrated first w.r.t. y, but evaluation becomes easier by changing
the order of integration. '

- 1
2. Limitsof y:y=x to y=-—
X

Limitsofx :x=0 to x=1 |

3. The region is bounded by the rectangular
hyperbola xy = 1, the line y = x and y-axis
in the first quadrant.

4. The point of intersection of xy = 1 and ) /
y = x in the first quadrant is obtained as
x? =1
x =1
sy =1
The point of intersection is P (1, 1).

5. To change the order of integration, i.e., to T~
integrate first w.r.t. x, divide the region o) e
into two subregions OPQ and QPR. Draw
a horizontal strip parallel to x-axis in each Fig. 5.44(a)

subregion.
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(1) In subregion OPQ, strip 4B starts from YA
y-axis and terminates on the line y = x. ; i ;
7 4
Limitsofx :x=0 to x=y f//
Limitsofy . y=0 to y=1 7)) £
o . : (o} D 2
(11) In subregion QPR, strip CD starts from - 1 %
v-axis and terminates on the rectangular //// y=
hyperbola xy = 1. Q 0 P(1,1) ‘
S | |
Limitsofx :x=0 to x=— A B 1
y
Limitsofy:y=1 to y— e 5
Hence, the given integral after change of 0.0
order is Fig. 5.44(b)

|
: . 1
i 4 dx = 4 ! dxdy + v Y dxdy
U (1+xy)2(1+y2)dy “Mo I+ vy 7 f, jo 1+ % (1+ x)°

v

1
y(+xp)|,

P 1 - 1 (1 }j
=- ~1|dy- ~ 1y
01+y2(1+y2 )y T+ 72

I 1 1 1= 1
=- - dy+— d
-[0[(1+y2)2 1+y2] YT Y
Putting y = tan @ in the first term of first integral, dy = sec?6dé,
Wheny =0, =0
Wheny=1, 6=

© Yy 1
+ —
J.' 1+y2 y(1+xy)

=".011+yy2

&1

‘ r 2 -
e y ‘. [%sec’6d6 L iy
I"j (l+xy)2(l+y2)dydx_ '[04 sec’ 0 +|tan y|0+2|an 1,'

_ﬁﬂi@i&@deman-' | —tan™" 0)+5 (tan™" oo —tan"1]
0 2 - »
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ro

(S )

. Example 14
. Change the order of integration and evaluate

E j-ljx/: cos™! x

- dxdy.

— x? \/l—x2 -

. Solution
e 1.

The function is integrated first w.r.t. x, but evaluation becomes easier by changing

the order of integration.

. Limitsof x: x=0 to x=4/1-)?

Limitsofy:y=0 to y=1

Since given limits of x and y are positive, the
region is the part of the circle x2 + y? =1 in the
first quadrant.

. To change the order of integration, i.e., to

integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis in the region. 4B starts
from x-axis and terminates on the circle
xXX+y?=1.

Limitsofy:y=0 to y=+1-x’
Limitsofx:x=0 to x=1.

Hence, the given integral after change of order is

Leyi-y? cos™' x
' dxd
.[J. \F_ z\/i_xz_yz 4
Ji-¥ cos™' x dy dx
-1 J1-x* rx) %
1-x2

cos'x| ., »y dx

—.[ /l_xz .

_j cos_ x(sin"l—sin" 0)dx

=—Ejocos"x(—\/l_1_;2_)dx

7| (cos™ x)?| B y _
=-2 ._5_“ [ [reorode=
_——[(cos | —(cos™ 0)2]

n AN
] _Z{o_(g) ]

3

T
16

Fig. 5.45(a)
,V“

Q (0, 1)

/j\x2+y2—1
/ (1,00 x

OO)

Fig. 5.45(b)

/()] ]
2
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EXERCISE 5.3

() Change the order of integration of the following:

-ty o~

1. _IC j \\ f(x, y)dy dx

[Ans. S _[_24 J-:_y f(x, y)dy dx + J':j:_zf(x, y)dy dx]

sl e 2x

2. .IOJ\ f(x, y)dy dx

[Ans. : J:J';f(x, y)dx dy +Lzﬂf(x, y)dxdyJ
2 2

-t

3. L] fx yidx ay
[Ans. : J.11_|:2 f(x, y)dx dy]

4. _l._aa _]':5 f(x, y)dx dy
[Ans. : JOGJ.__G\E f(x, y)dy dx + J.Oa J'afa7 f(x, y)dy dx]

. f(x, y)dy dx

a

3- Jo_

NI e Baos 3 2

[Ans. : Jloa'[o‘/?y f(x, y)dxdy + '[:aj‘:a_y f(x, y)dx dy]
6. jij‘; f(x, y)dxdy

. [Ans. : J'ZJ._G;; f(x, y)dy dx +J'_32J':m f(x, y)dy dx]

7. LI, rxyidxdy

,'Ans. : ijf f(x, y)dy dx + J':J.O”f f(x, y)dy dx}

6-x
8. [ '[.7.f(x,y)dydx

{Ans. : J‘IZJ'OZJVV ‘f(x, y)dx dy +J'23J‘:'2yf(x, v)dx dyJ

T—
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0 L ey o
| Ans.: 117 fxvideay 177 po yidedy + [ fe, yiaxdy |
10. [ ] /G ndvdy
V [Ans. s o ydydxs [T fix vidy dX}

L 11 [ fx v)dxdy

JV2ax-x

[ Ans.: |

a er2a

LJO J‘m_vf;;;; f(x, y)dxdy +.[:J;z - f(x, y)dx dy +Lzaj;sz(x, y)dx dle
2a 2a

12. | jf:—: f(x, y)dy dx

\iAns. : E jg f(x, y)dx dy + I; _[OJF"V_I f(x, y)dx dyJ
2
13 _[: J? f(x, y)dy dx
\:Ans. : j: j: f(x, y)dxdy + J: J‘:Vm f(x, y)dx dy}

|

14. ["[7" f(x, y)dy dx

[Ans. : _[,; jf f(x, y)dxdy + ﬂ_m f: f(x,y)dxdy + J:ab'f: f(x,y)dx dy]
by a m

15. j;L f(x, y)dy dx

. . 1
l Ans. : _]l Jl wf(x, y)dx dyi'

16. |’ jo"f(x, y)dy dx

Ans. : J-:le f(x, y)dxdyj

1%
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1 Vi-x? 1+ x2 2
[AnS.ZJ.OJ.O 2 mdydx = Tﬂ:l

2 ’i X
18. J'ojozmdydx

dxdy = %(5 log5 —4)}

A (22 X
nS..jOJ-\/.Z_y——m

ara X
19. fo J;, 1y dy dx
a
[Ans. . T]

5.4 DOUBLE INTEGRALS IN POLAR COORDINATES

6,
The integral I f i f(r,0)drdé represents the polar form of the double integration.
6

This integral is first integrated w.r.t. » keeping & constant and then the resulting
expression is integrated w.r.t. 6.

5.4.1 Limits of Integration

If the limits of integration are not given then these limits are obtained from the equa-
tions of the given curves. Let the region is bounded by the curves r=r, (8), r=r, ()
and the lines 8= 6,, = 6,.
The region of integration is PORS. Draw an elementary radius vector AB from origin
which enters in the region from the curve r = r(6) and leaves at the curve r = ry(6).
Therefore, limits for r are r,(8) to r,(6) [i.e., r varies along the 4B and & remains
constant]

To cover the entire region PQRS, rotate elementary radius vector AB from PQ to
RS. Therefore, & varies from 6, to 6,.

n(0)

[[r(r.6)dr do = j: f,,w) £(r, 6)drde
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Fig. 5.46

5.4.2 Evaluation of Integrals in Polar Coordinates

Example 1
Evaluate I§Ilrdrd9
0 Jo '

Solution

| Another method: Since both the limits are constant and integrand (function) is
[ explicit in » and 6, the integral can be written as

i rarao=[*do.[ rar

2

r

- ol -5

0
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Example 2
7T rsin®
Evaluate -[0 Jo rdrde.

Solution 5
T rsing sin@
i rare= T [J dr}de
sin@ ?
:
1 :
LY {
2'[0 sin- 6d6 1
] (r1—cos26
-—L——E——de j
z_l_‘e_sin 26"
4 2 ii
1( smzn) |
=—| T — ¥
4 2 g
_x

4

Examnpde 3

2acos@
EvalumeJ. j “ r281n9d9dr

S i s (Recost et ot B e (0 L oy

Solution

Since inner limits depend on @, the function is integrated first w.r.t. ».

Jacosd

The correct form of the integral = J3 L
)

f”J‘“ - sin@dr d@ = j [J’v’mol dr]sin()d@

2ucost

sin@do

“

rosin@drdeé

0

8a
3

2cos' BsinOdO
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8a’ 5 s, .
———S—JO- cos’ B(-sin0)do

=_§a_300549% /(O]
T2 \0 { JLr@y roae="="" }
8a’ ( LT j
=2 | cos*=—cos'0
12 2
2,
=—d

3

Example 4

a(l+sin8)
Evaluatej j ’ 72 cos@dOdr.

Solution

Since inner limits depend on &, the function is integrated first w.r.t. 7.

a(l+sin6) s

The correct form of the integral = j '[ ¥ cos6drdé
E j”““‘"m > cos@dr d6 = U e 2d1]cos€d9

. a(l+sm@)
= Jz \——\ cos6d6
013

= —J-" a (1+sm6) cos6do

n+l

_ﬁ’_ (1+sm6) \: P dez[f'(e)]”"]
= \ Juerrede=="r—

a Y o
= — (1+Sin—) —(l+Sln0)
12[_ 2

Example 5

052 r
Evaluate j J mdrd@.
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Solution
: \\"“";’[ 2r | " Jeos 20 2.2
it | LTS
t cos 20 . n g [/.(F)Jml
1 - 4 _
) n#—|
=2 3(“1 l)de
2 1+ cos 260
b
2 2cos’ 0
1
=—§ ( sec” 0—1)
1)1
=———tan9—9
212 .
1(1 T n)
=——|=tan=-Z=
202774 4
1
=—(mr-2
8( )
Example 6

n n
Evaluate foz f02 sin(6+ ¢)d6do.

Solution
jj sm(0+¢)d9d¢ j[j sm(9+¢)d0] )

n

= Jfl— cos(0 + ¢)]:d¢

'*IZ[C()S('QIE + (D) ~COS (/)]dq)

= J' (—sing —cosp)deo

i

i

n
—|cus¢ —sin <p|(;

1l

' - :
—(cns T_ sin— —cos 0+ sin ())
bl b

il

2
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