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Example 16 
dx dy 

Evaluate JJ 42 over the region bounded by the y2x, x21. 

Solution 
1. The region of integration is bounded by 

2(the region inside the parabola 
r=y) and x 2 1 (the region on the right 
of line x= 1). 

2. The point of intersection of x = 

y and 
x =l is obtained as 1 = y. 
The point of intersection is P(1, 1). 

3. Here, it is easier to integrate w.r.t. y 
first than x. Draw a vertical strip AB 
parallel to y-axis in the region which 
starts from the parabola x* = 

y and 
extends up to infinity. 

4. Limits ofy:y=x* 

Limits ofx :x = 1 

p YA 

P(1,1) 
X=1 

to yco 

to x o 
1 Fig. 5.19 

n45( 2/ dx 

(tan o- tan" 1)dx 

-

EXERCISE 5.2 
Evaluate the following: 

1. dr dy, over the rectangle 1sxs2, 1sys2. 
[Ans.: (log 2)] 

2. J sin r{ax by)dx dy, over the triangle bounded by the lines x = 0, y = 0 

and ax + by = 1. 

Ans.Tab 
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Jjedx dy, over the triangle bounded by the lines x = 0, y = 0, and 

X+y = 1. 

Ans.:(3e-4e' -
4. Jxy1-x-y dx dy, over the triangle bounded byx= 0, y = 0 and x + y =1. 

. 16 Ans. 
945 

5. xy-y dx dy, over the triangle having vertices (0, 0), (10, 1), (1, 1). 

[Ans.:6] 

6. JJ(x+y + a)dx dy, over the region bounded by the circle x + y = a. 

[Ans. za'] 

7. |xydxdy, over the region bounded by the x-axis, the line y = 2x and 

2 
the parabola y = A Ans. 8 

8.52x - y (dx)dy, over the region bounded by x-axis, the line x +2y = 3 

and the parabola y X. 
217 Ans. 60 J 

1 
9. (4x - y?)? dx dy, over the triangle bounded by x-axis, the line y = x 

and x = 1. 

Ans 
10.xy(x + y)dx dy, over the region bounded by the parabola y2 = x, x = y. 

Ans. 
11. xy(x + y)dx dy, over the regíon bounded by the curve x = y and the 

linex = y. 

31 Ans. 566 
12. Xy(x - 1)dx dy, over the region bounded by the rectangular hyperbola xy 4, the lines y = 0, x = 1, x = 4 and x-axis. 

Ans.: 8(3 - log 4)] 
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5.3 CHANGE OF ORDER OF INTEGRATION 
eumes, evaluation of double integral becomes casier by changing the ora 

gration. To change the order of integration, first, we draw the region of inegrauo 
wth the hclp of the given limits. Then we draw a vertical or horizontal strip as pr 

required order of integration. This change of order also changes the limits of integrauon. 

5.3.1 Changing the Order of Integration 

Example 1 

Change the order of integration of Sxy)dr dy. 

Solution 
YA 1. Since inner limits depends on x, the func-

tion is integrated first w.r.t. y and then 
O1, 1) 

w.r.t. x. 

The correct form of the integral 

= Sx, y)dydx. 
X= 1 2. Limits of y: y = 0 

vertical strip A'B' 
Limits of x = 0 

3. The region is bounded by the lines y = 0, 

yFx, and x = 1. 

4. The point of intersection of y = x and 

=l is Q(1, 1). 
5. To change the order of integration, i.e., 

to integrate first w.r.t. x, draw a horizon-
tal strip AB parallel to x-axis which starts 
from the line y =X and terminates on the 

ine r= 
Limits ofx :x = 

to y F X, along 

tox= 1 
y= 0 A P 

(0, 0) 

Fig. 5.20(a) 
YA 

o1,1) 
x 1 

y 

to x=T 

Limits of y:y=0 to y=|| 
Hence. the given integral after change off 
order is 

O 
(0, ,0) r.vdy dr = r, yjdr dy 

Fig. 5.20(b) 

Example 2 

hngehe order of in tegration of S(x. yjdy dr. 
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Solution 
1. Since inner limits depend on y, the function 

is integrated first w.r.t. x and then w.r.t. y. 

The correct form of the integral 

Y=1 
P a(1,1) 

= Sydrdy. 

2. Limits of x : x = 0 

zontal strip A'B 
Limits ofy :y= 0 

3. The region is bounded by the lines x = 0, 

x=y, and y = 1. 

4. The point of intersection of x = y andy=l 

is Q (1, 1). 
5. To change the order of integration, i.e., to 

integrate first w.r.t. y, draw a vertical strip 

AB parallel to y-axis which starts from the 

line x =y and terminates on the line y 
= 1. 

to x=y, along hori- A' B' 
=y 

to y =1 

(0, 0)| 

Fig. 5.21(a) 

B y=1 

o(1.1) 

Limits of y: y* = 1 
to y=1 

Limits ofx :x = 0 to x = 1 
y X. 

Hence, the given integral after change of order 

1S 

S, yjdr dy = flx, ydy dr O 

(0, 0) 

Fig. 5.21 (b) 

Example 3 

Change the order of integration of f(x, y)dy dx. 

Solution YA 

1. Since inner limits depend on x, the function 

is integrated first w.r.t. y and then w.r.t. x. 

2. Limits of y: y =x 

cal strip A'B. 

Limits of x: x = 0 to x=u 

3. The region is bounded by the lines y X, 

B Va 

Q(a, a) 
to = a, along verti-

y =a and x = 0. 

4. The point of intersection of 

y =a is Q (a, a). 

5. To change the order of integration i.e., to 

integrate first w.r.t. x, draw a horizontal 

strip AB parallel tox-ax1S which starts from 

Nand 

O 

(0, 0) 

Fig. 5.22(a 
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the linex = 0 and terminates on the line Y 

Limits of x:x = 0 

Limits of y:y=0 to ya 
Hence, the given integral after change of 
order is 

y= a to y P Q(a, a) 

A 

S.y)dy dr = f%, ydrdy 

O 

(0, 0) 

Fig. 5.22(6) 

Example 4 
Change the order of integration of J, J, S(x, y)dr dy. 

Solution 
1. Since inner limits depend on x, the function is integrated first w.r.t. y and then w.r.t. x. 

The correct form of the integral = fx, y)dy dx 

Y V B Y: 

y=X 

B 
y 

A 

A' 

O 
O 

(0, 0) (0, 0) 

Fig. 5.23(a) Fig. 5.23(b) 
2. Limits ofy: y=x to y= o, along vertical strip 

Limits ofx : x = 0 to 
X 

3. The region is bounded by the lines y = x and x = 0. 

4. Here the only point of intersection is origin O. 

5 Tochange the order of integration, i.e., to integrate first w.r.t.x, draw a horizontal strip AR narallel to x-axis which starts from the line x =0 and terminates on the liney =x. 
X y Limits of x: x 

= 0 



5.3 Change of Order of Integration 5.2 15 

Limits ofy: y=0 to 
Hence, the given integral after change of order is 

fx y)dy dr = |fa, ydrdy. 

Example 5 

Change the order of integration of. JJ. Sx,y) dy dx. 

Solution 
Y 

O1,1) 

1. The function is integrated first w.r.t. y and 

then w.r.t. x. 
B 

X 

2. Limits ofy :y =x to y= Vx 

Limits of x :x = 0 to x =1| 

3. The region is bounded by the line y =x and 

the parabola y = x. 

4. The points of intersection of y = x and 

y =x are obtained as 

ON 
(0, 0) 

x=0, 1 

y=0, 1. Fig. 5.24(a) 

The points of intersection are O (0, 0) and 

2(1, 1). 
5. To change the order of integration, i.e., to 

integrate first w.r.t. x, draw a horizontal 

strip AB parallel to x-axis which starts 

from the parabolay=x and terminates on 

the liney=x. 
Limits ofx : x =y' 

Limits of y :y =0 

Hence, the given integral after change of 

order is 

y (1.1) 

to xy 
to y=1 , 0) 

SJ Sx. ydy dx = JJft. yjdr dy Fig. 5.24(b) 

Example 6 

Change the order of integration of flx, yjdr dv. 
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4. Solution 
I.The function is integrated first w.r.t. x and 

then w.r.t. y. 
fa1,1) 2 Limits of.r:*-

y2=X -y= x3 
to 

Limits ofy:y= 0 
3. The region is bounded by the parabola and the cubical parabola y = x'. 4. The points of intersection ofy = x and y = x 

to y=1 
B' 

O (0, 0) 
are obtained as 

x=x 

x= 0. 1 

'y=0. 1. 

Fig. 5.25(a) 
The points of intersection are O (0, 0) and 
Q(1. 1). 

5. To change the order of integration, i.e., 
to integrate first w.r.t. y, draw a vertical 
strip parallel to v-axis which starts from 
the cubical parabola y = x* and terminates 
on the parabola i"=x. 
Limits of y: y= 

(1,1) 
B, 

y2=x 7 
y = xs to y= V 

A 
Limits of x : x =0 to x=l| 

Hence. the given integral after change of O (0, 0) 
order is 

J fix dr d = J a. ydydr 

Fig. 5.25 (b) 

Example 7 

Change the order of integration of y= 8 

(0, 8)/ / P (2, 8) (x. y)dr dy. 
A ARENN YNRRY 

Solution 

The funetion is integrated first w.r.t. x and 
then w.r.t. Y. 

-8 2. Limits ofr: r = 
4 

Limits ofry0 
3The region is boundcd by the line y = 4r +8, 

4 8 and r-axis (v == 0). 

to y=8 

RL 
(-2,0) O (0, 0) 

x 

Fig. 5.26(a) 
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5.3 Change of Order of Integration 

4. The point of intersection of y = 4x and 

y= 8 is obtained as |/y 8 D 
8 = 4x P(2.8) (0 8) 
x 2. 

The point of intersection is P (2, 8). 

5. To change the order of integration, i.e., 
to integrate first w.r.t. y, divide the region 
OPQR into two subregions OQR and 

OPO. Draw a vertical strip parallel to 

y-axis in each subregion. 

C 

(1) In subregion OQR, strip AB starts 

from x-axis and terminates on the line 
y = 4x + 8. 

Limits ofy:y =0 to y= 4x +8 
Limits of x : x -2 to =0 

(i1) In subregion OPQ, strip CD starts from 

the liney=4x and terminates on the line y =8. 

Limits ofy: y = 4x to y=8 

Limits of x : x=0 

A 
(-2, 0) A O (0, 0) 

Fig. 5.26(b) 

to x 2 

Hence, the given integral after change of order is 

JE,ydr dy = J.JSa ydydr +Jf y)dy dr 

Example 8 

Change the order of integration of flx, y)drdv. 

Solution 

1. The function is integrated first w.r.t. x and 

then w.r.t. y. 
y 

(a, a) 
B' 

2. Limits of x : x 0 to * 
a 

--y = ax Limits of y: y = -a to y=u 

3. The region is bounded by the y-axis, the 

parabola y' = ux, and the line y 
= -a. and O 

(0,0) y=a. 
4. i) The point of intersection of y = ax and 

y=-a is obtained as 

a ax 
R (a a) 

y : -a 

The point of intersection is R (a, -a). 
Fig. 5.27(a) 
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(1) The point of intersection of y? = ax and 
ya is obtained as 

YA 

a,a) P a ax 

y = ax x a 

The point of intersection is Q (a, a). 
5. To change the order of integration, i.e., 

to integrate first w.r.t. y, divide the region 
into two subregions ORS and OPO. Draw 
a vertical strip parallel to y-axis in each 
subregion. 

O 

B 

A (a, -a) 
A y=-a () In subregion ORS, strip AB starts from 

the line y = -a and terminates on the 
parabola y? = ax. 

Limits ofy: y=-a 
Limits ofx : x = (0 

(ii) In subregion OPQ, strip CD starts from the parabola y2 = ax and terminates on 
the line y= a. 

Fig. 5.27(b) 
to y=-vax (part of the parabola below x-axis) 
to x=Fa 

Limits ofy: y=Wax 
Limits ofx: x = 0 

to y=a 

to x a 

Hence, the given integral after change of order is 

-Vax fx)dr dy = J dydr+ s, ydy dr 
a 

Example 9 
Change the order of integration of J Sa, y)drdy. 

2y 

Solution 
1. The function is integrated first w.r.t. x and then w.r.t. y. 2. Limits of :x =y to x= 2+y4-2y 

Limits ofy : y=0 
3. The region is bounded by the x-axis, 

the line y = x and the parabola x-2 2(2-y). 
4. The points of intersection of y = x 

and (x -2 = 2(2-y) are obtained 

to y= 2 

Q(2,2) 

-2)=2(2-y) 
B' 

R(4, 0) 
x 

as 

x-2)-2(2-x) O 
X=0,2 (0, 0) 

y=0, 2. 
The points of intersection are 
O (0, 0) and Q (2, 2). Fig. 5.28(a) 

x= 
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5.3 Change of Order of Integration 

S. To change the order of integration, 

1.e., to integrate first w.r.t. , divide 

the region into two subregions OPQ 
and POR. Draw a vertical strip par-
allel to y-axis in each subregion. 

YA 
a(2.2) 

A 
D 

(x2) 2(2-y) 

4,) 
(i) In subregion OPQ, strip AB A P2,0) C 

starts from x-axis and termi-

nates on the line y =x. 

Limits ofy: y= 00 

Limits ofx :x = 00 

(11) In subregion PQR, strip CD starts from x-axis and terminates on the parabola 

x-2= 2(2-y). 

to y=X Fig.5.28(b) 
to x = 2 

Limits of y:y=0 to y= 2x-

Limits ofx :x = 2 to x= 4 

Hence, the given integral after change of order is 

S S sx, yjdr dy = J, Sx, ydy dr + fI *sa. yndrd 

Example 10 
acos a va-x? 

Change the order of integration ofla Jn f(x, y)dydr. 
Jx tan a 

Solution 
1. The function is integrated first w.r.t. y and then w.r.t. x. 

2. Limits of y: y=x tan a to y= Va -x 

Limits ofx :x =0D 

3. The region is bounded by the line y=x tan a, the circle x*+y=a and 1-axis. Since 

given limits ofx and y are positive, the region lies in the first quadrant. 

4. The points of intersection of 

y=x tan o and x* +y = a are ob-

tained as 

to x =a coS a 

Q (0, a) 
B Y= X tan a 

P (a cos a. a sin a) 

x+xtan'o= a? 
x=ta cos a 

A 
'. y=ta sin a. 

2- y? = a 

The points of intersection are 

P(a cos a, a sin a) and 

P(-a cos , -a sin a). 

5. To change the order of integra-

tion, i.e., to integrate first w.r.t. r, 

divide the region into two subre-

gions OPR and PQR. Draw a hor-

izontal strip in each subregion. 

O (0, 0) 

-a cos a, 
-a sin a) 

Fig. 5.29(a) 
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() In subregion OPR, strip AB starts y from -axis and terminates on 
the line y =x tan a 

Limits ofx:x- 0 
Q (0, a) 

C Y= X tan a 

to 
P(a cos a, a sin a) 

Xy cot a 

Limits ofy: y=0 B -x2y2=a2 to 
V=a sin a 

1i) In subregion POR, strip CD 
starts from y-axis and terminates 
on the circ.e x2 +y2= a2. 

O(0. 0) 

Limits of x : x = 0 to 

r= yay 
Limits of y: y=a sin a to 

P 
(-a cos a, 
-a sin a) 

y= a Fig. 5.29(b) 
Hence, given integral after change of order is 

facos ava-Stx, ydydr = asin a Cycot a ydrdy 

x tan a 

fx, y)drdv 

Example 11 
Change the order of integration ofl nTS(x, y)dy dr. 

Solution 
. The function is integrated first w.r.t. y and then w.r.t. x. 

Limits of : y=v4x-x* to y= V4x 
Limits of x : x =0 to x = 4. 

3. The region is bounded by the circle 
x+y -4x = 0, the parabola ? = 4x 

B Q(4, 4) 
and the line x = 4. 

y2= 4x 4. (1) The point of intersection of 
r+-4r = 0 and y = 4x is 

ontained as 

0 
P(4. 0) 

x 0 
(0. 0) y0. 

Tne point of intersection is O (0, 0) 
(11) The points of intersection of y' = 4r 

and 4 are oblained as 

y2-4x = 0 

16 
4 a(4.-4) 

he po17!s of intersection are 

Fig. 5.30(a) 4 and (4.-4 
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5.35 5.3 Change of Order of Integration 

. To change the order of integration, 1.e., Y 
O(4, 4) to integrate first w.r.t. x, divide the re-

g1on into three subregions ORT, TPS and 
2 

RSQ. Draw a horizontal strip parallel to 
X-axis in each subregion 
1) In subregion ORT, strip AB starts 

from the parabola y = 4x and termi-

nates on the circlex2+-4x 0. 

Limits of x: 

y2 4x T(2, 2) 
S(4, 2) 

P(4, 0) 
x (2, 0) 

(0, 0) 
x2+ y2- 4X= 0 

to x = 2-4-y 
4 

(Part of the circle where x < 2) 
Limits of y: y = 0 to y = 2 

(ii) In subregion TPS, strip CD starts 

from the circle x2+y - 4x = 0 and 

terminates on the line x =4. 

(4, -4) 

Fig. 5.30(b) 

Limits ofx: x =2+4-y 
(Part of circle where x > 2) to x = 4 
Limits ofy : y = 0 to y = 2 

(iii) In subregion RSQ, strip EF starts from the parabola y = 4x and terminates oon 

the linex = 4. 

Limits ofx x = 
4 

to x=4 

Limits of y: y= 2 to y=4 

Hence, given integral after change of order is 

2-/4-

J J 
cv4x 

fx, ydydr = | S(r, ydrdy 

d 

Example 12 

Change the order of iniegration of S(r. vdydr. 

Solution 

1. The function is integrated first w.r.i. v and then w.r.i. . 

2. Limits of y: y = v4- lo = (4-
Limits of x: x = 0 

3. The region is enclosed by the parabolasi A ( th i's ad 
4 (i) The points of interseciion of r 

tor2 

2nd 4 are obtaineo 
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= (4-2) 
y=tv2. 

The points of intersection are Q (2, 2) and Q'(2,-v2). 

(ii) The point of intersection of x = 2 andy= (4-x) is obtained as 

y= (4-2) = 4. 

The point of intersection is S (2, 4). 
(iil) The points of intersection ofx = 0 and =4-x are obtained as 

= 4 

y=t2 
The points of intersection are P (, 2) and P (0, -2). 

U (0, 16) 

y= (4 - x2 

B 

X= 2 

s(2, 4) 

A (0, 2) 
2) (2 

/V(4, 0) 

-y?= 4 -x 

a(2, 2) 
TP 

(0,-2) 

Fig. 5.31 (a) 

(iv) The point of intersection of x = 0 and y = (4 -x) is obtained as 

y= 16. 

The point of intersection is U (0, 16). 

5. To change the order of integration, i.e., to integrate first w.r.t. X, divide the 
region into three subregions POR, PRS7 and S7U. Draw a horizontal strip in each 

subregion. 

(i In subregion PQR, strip AB Starts from the parabola y = 4 - x and terminates 
on the line r = 2. 
Limits of x: x = 4 - y? to x= 2 

Limits ofy: y= vV2 to y= 2 
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5.3 Change of Order of Integration 5.37 

Y 

U (0, 16) 

-y= (4- x)2 

s(2, 4) 
\D 
R(2, 2) p 

A 
Q 

(2, 2) 

B 
(0, 2) 

x= 2-

V(4, 0) 
-y2= (4 -

a(2, -2) 
P(O,-2) 

Fig. 5.31 (b) 

(ii) In subregion PRST, strip CD starts from y-axis and terminates on the line 

x2. 
to x= 2 

Limits of x :x 
= 0 

Limits ofy: y 
= 2 

(iii) In subregion STU, strip EF starts from y-axis and terminates on the parabola 

y= (4-x. 

to y= 4 

x=4-y (Part of the parabola where xr <4) 
Limits of x : x = 0 to 

Limits of y :y= 4 to y= 16 

Hence, the given integral after change of order is 

EES, )dydr = J S, y)dx dy + ,S(x, yjdr dy 

+J. J"Sx. y)dr dv 

5.3.2 Change the Order of Integration and Evaluate 

the Following 

Example 1 

Change the order of integration and evaluate (+y*)dy dr. 
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Solution 
Since inner limits depend on r, the functiOn 

IS integrated first w.r.1. . 2 mits of y:V* 
B 

to ya, along verti (a, a) 
cal strin 

Limits ota : x = 0 to 

3 The region is bounded by the lines y X, 

a 

andr= (0 
y-

4 The point of intersection of y == x andy = a 

Is (a, #) 

5. To change the order of integration, i.e. to O 
integrate h.st w.r.t. r, draw a horizontal 
strip AB parallel to x-axis which starts from 
1-axis and terminates on the line y = x. 

Limits of x: x=0 
Limits o1' y : y = ( 

Hence, the given integral after change of 

(0, 0) 

Fig. 5.32(a) 
to x=y 

to y=a YA 

a 

order is P Q (a,a) 

dy dr = r+y dx dy 
y=X 

A RH B y'x dy 
lo 

O 

(0,0) 

Fig. 5.32(b) 

4 

3 4 

Example 2* 

Change the order of inlegration and evaluale ddr. 
Soiution 

TRe function is iniegratel first w.r.l. )), but evaluaion becomes easier by changing the order of ntegraiion. 
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