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(j/m ,T\’/,

Example 16

dxdy
\/Evaluate Hm’ over the region bounded by they2x? x > 1.

N7
. )(o %) P2 A oA
Solution YU v
I The region of integration is bounded by Y’ X0 o -

3 2 x* (the region inside the parabola

x*=y)and x > 1 (the region on the right

"/

of line x = 1). \

. The point of intersection of x? = y and
x=1l1is obtainedas 1 =y,
The point of intersection is P(1, 1.

. Here. it is easier to integrate w.r.t. y
first than x. Draw a vertical strip 4B
parallel to y-axis in the region which

starts from the parabola x> = y and o
extends up to infinity. "

(8]

(U]

4. Limitsofy:y=x> to y— e
Limitsofx:x=1 t0 x— o - Fig. 5.19 :
s poo 1 9 I b\‘]) b2
1= . dydx = :
| had 'A ’ Y) &
=| 1 B ] ~ L A0 j
i G

EXERCISE 5.2 1

Evaluate the following:

1. ”ldXdy,over the rectangle 1 <x<2,1<y<2.
Xy

[Ans. : (log 2)*] V

2. H sinz(ax + by)dx dy, over the triangle bounded by the lines x =0, y =0
and ax + by =1,

1 k
[Ans. i ;EEJ ;



.
92
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; 3. H e***“dx dy, over the triangle bounded by the lines x=0, y=0, and -
- X + V= 1.

:
1
.

1 4 - 3
Ans.: —((3e" —4e +1}
[ ns 12( )

4. ”XV\/1—X -y dxdy, over the triangle bounded by x =0, y=0and x +y = 1.

16
[An 945:\
5. H\/xy —y*dxdy, over the triangle having vertices (0, 0), (10, 1), (1, 1).
[Ans.: 6]
6. ”(x +y +a)dxdy, over the region bounded by the circle x? + y* = a*.
‘ [Ans. : 7a’]

N

p ”xydxdy,over the region bounded by the x-axis, the line y = 2x and
2

X
the parabola v = —.
4a [Ans. : 20%0“]

8. [[5-2x-y(dx)dy, over the region bounded by x-axis, the line x + 2y = 3

‘ d th rabola v = x.
an e pa Y [ 217}
Ans.: —
60

9, ” 4x* 2dx dy, over the triangle bounded by x-axis, the line V=X

]

10. HXV(X +y)dxdy, over the region bounded by the parabola y2 = x, x? =

[Ans. : i]
28
11. ny(x +y)dx dy, over the region bounded by the curve x2 = y and the
line x = y.

{Ans. : iJ
56
12. ”xy(x —1)dx dy, over the region bounded by the reéctangular hyperbola
xy =4, the linesy =0, x=1, x = 4 and x-axis,

[Ans.: 8(3 - log 4)]
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5.3
\hNC_H_ANGE OF ORDER OF INTEGRATION

U _ ' , ; . er of
Sometimes, evaluation of double integral becomes casicr by changing the ord

, ) : integration
'ntegratlon. To change the order of integration, first, we draw the region ”,f intcgra :fic
with the help of the given limits. Then we draw a vertical or horizontal strip 45 per |

3 1 . . ~ . . B 4 o o atjorn.
required order of integration. This change of order also changes the limits of integratio

5.3.1 Changing the Order of Integration

Example 1

I px
Change the order of integration of fo fo S (x, y)dedy.

Solution
. .- .. 'z
I. Since inner limits depends on x, the func- k
tion is integrated first w.r.t. y and then O (1 1)
w.T.t. x. ‘
The correct form of the integral + e {
e 7
=J.”L f(x, y)dydx. ) ,
‘2. Limitsof y: y=0 to y=ux, along x=1
vertical strip A’B’
Limitsof x : x=0 to =1 — ) -
3. The region is bounded by the lines y = 0, 0 5)7 y=9v A P x
v=x,andx= 1. '
4. The point of intersection of y = x and Fig. 5.20(a)
z=11is Q(1, 1).
5. To change the order of integration, i.e.,
10 integrate first w.r.t. x, draw a horizon- ‘ Q(1,1)

wal strip AB parallel to x-axis which starts
‘rom the line y = x and terminates on the
tine z= |, :
Limitsof x :x=, to x=1

Limits oiy:y=0 to y=1
Aence. the given integral after change of

order is

x ¥

P

[T 7o vidvex= j ,.[ f(x, y)drdy

Fig. 5.20(b)

e S A e PO

Example 2

e order of integration of J.o J” /(x. y)dydu.




i
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. Solution

1. Since inner limits depend on y, the function

1s integrated first w.r.t. x and then w.r.t. y.
The correct form of the integral

=[]0 £ pdxdy.

2. Limits of x :x=0 to x =y, along hori-
zontal strip A’B’
Limitsofy:y=0 to y=1

3. The region is bounded by the lines x = 0,
x=y,andy= 1.

4. The point of intersection of x =y and y = 1
is O (1, 1).

. To change the order of integration, i.e., t0
integrate first w.r.t. y, draw a vertical strip
AB parallel to y-axis which starts from the
line x = y and terminates on the line y = 1.
Limits ofy: y=x to y=1
Limitsofx :x=0 to x=1

bl i B ek it ok

(W4}

Logiiae Rt ol andle dbos

Hence, the given integral after change of order
1S

[.50 fee yyaxdy =[] 0x, )y dx

Fig. 5.21(b)

Example 3
Change the order of integration of jo L f(x, y)dydx.

Solution ,
1. Since inner limits depend on x, the function X 5 - a /
is integrated first w.r.t. y and then w.r.t. x. p '“_"7.(/3 % 3
5 Limitsofy:y=x to y=a.along verti- ,
cal strip A’B’. e
Limitsof x :x=0 to x=u //+
3. The region is bounded by the lines y = v, ) 3
y:aandxf() )
4. The point of intersection of v x and A
X

5. To change the order of integration i.c., to
integrate first w.r.t. x, draw a horizontal
strip AB parallel to x-axis which starts from

|,
y=aisQ(a,a) — R >
|
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the line x = 0 and terminates on the line 7}
y=ux
Li‘mitsof x:x=0 to x=y P =2 Q(a a)
Limitsof y:v=0 to y=a : ‘
Hence, the given integral after change of _
order is il .';E:\\//’l'
a fu apey AB
LT renvas [ s s
o X
(0,0)

Fig. 5.22(b)

Example 4 .
Change the order of integration of _[0 J; Sf(x, y)dxdy.

~~

Solution

1. Since inner limits depend on x, the function is integrated first w.r.t. y and then w.r.t. x.

The correct form of the integral = J.: _[ :, f(x, y)dydx

y‘# B/ y: oo
*/}
A’
o X
(0,0)
Fig. 5.23(a) Fig. 5.23(b)

2. Limitsofy:y=x to y=-co, along vertical strip

Limitsofx:x=0 to x=oo

The region is bounded by the lines y = x and x = 0.

Here the only point of intersection is origin O.

5. To change the orde-r of iqtegration, i.e., to integrate first w.r.t. x, draw a horizontal strip
AB parallel to x-ax1s which starts from the line x = 0 and terminates on the line y = x.
Limitsof x : x=0 o x=y

il el




:
3
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5.3 Chan

Limitsofy: y=0 to y=o°

o

He . .
nce, the given integral after change of order is

ge of Order of Integration

[7] Fxydydx = [T £ yydedy.

5.29

Example 5

1ex
Change the order of integration of L) L f(x,y)dydx.

Solution

1. The function is integrated first w.r.t. y and
then w.r.t. x.
2. Limitsof y: y=x 10 y=\f)_c
Limits of x :x=0 10 x=1
3. The region is bounded by the line y =X and
the parabola y* = x.
4. The points of intersection of y* = X and

y =Xx are obtained as
xt=x
x=0,1
~y=0,1
The points of intersection are O (0, 0) and

0 (1,1). -

5 To change the order of integration, 1., to
integrate first w.r.t. x, draw a horizontal
allel to x-axis which starts

strip AB par
from the parabola y? =x and terminates on

the line y = X.
Limits of x : x=)* 10 xX=Y
Limits of y:y=0 to y=1

Hence, the given integral after change of

order is

j‘ j;[; f(x, y)dydx= _‘l j:, f(x, y)dxdy

0 0

y

Fig. 5.24(b)

15

Example 6

1
Change the order of integration of joj

|

yho
V' / (xa _V)dJY d'\'.
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Solution

L The function is integrated first w.r.t. x and
then w r.t. V.

<

2o Limits of v : Voto x=yd

Limitsof v:y=0 to y=1
- The region is bounded by the parabola
1 = x and the cubical parabola y = x3,
4. The points of intersection of y’=xand y=x3
are obtained as

’.IJ

XV

x0=x
x=0,1
“r=0.1.
The points of intersection are O (0, 0) and Fig. 5.25(a)

O (1. 1),
To change the order of integration, i.e.,
to integrate first w.r.t. y, draw a vertical
strip parallel to v-axis which starts from
the cubical parabola y = x* and terminates
on the parabola 1~ = .

Limitsof y:y=1 to y=+/x

n

Limitsofx:x=0 to x=1
Hence, the given integral after change of

order is

J J’i‘:. flx.y)dxdr = folf\i;f(,\', y)dy dx

Example 7
Change the order of integration of
.8 ! ‘
J() J‘iﬁ /(“\’v)’)dxd_v.

4
Solution

I The function is integrated first w.p (. X and

then wort,
: ; =8 Y
2 Limitsolfyv: y==— (o =2
' 4
Limisofy v =0 0 y=8
3. The region is bounded by the line y = 4, . 8
dx, v = ¥ and x-axis (v = 0).

Fig. 5.26(a)
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4. The point of intersection of y = 4x and
Y = 8 is obtained as
8 = 4x
x=2.
The point of intersection is P (2, 8).

. To change the order of integration, i.e.,
to integrate first w.r.t. y, divide the region
OPQOR into two subregions OQR and
OPQ. Draw a vertical strip parallel to
y-axis in each subregion.

(i) In subregion OQR, strip AB starts
from x-axis and terminates on the line
y=4x+ 8.

Limitsofy:y=0 to y=4x+38
Limitsofx:x=-2 to x=0

(ii) In subregion OPQ, strip CD starts from
the line y = 4x and terminates on the line v = 8.
Limitsof y: y=4x to y=38
Limitsofx:x=0 to x=2

¥

0 (0, 0)

Fig. 5.26(b)

Hence, the given integral after change of order is

¥ ypaxdy = [0 G ydydr + 05 pdydx
. 4

Example 8

a

b
Change the order of integration of j_a J-O" f(x, y)dxdv.
Solution

1. The function is integrated first w.r.t. x and
then w.r.t. y.

. . ))2
2. Limitsofx:x= 0 to x= —
Limitsofy:y=-a to y=ua

3. The region is bounded by the y-axis, the
parabola y? = ax. and the line y = -a. and
)7 = d.
4. (i) The point of intersection of y* = ax and
y = —a is obtained as

a? = ax

X=u
The point of intersection is R (a, —a).

Fig. 5.27(a)

16
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(ii) The point of intersection of y* = ax and

5. To change the order of integration, i.e.,
to integrate first w.r.t. », divide the region
into two subregions ORS and OPQ. Draw
a vertical strip parallel to y-axis in each
subregion.

(1)

(ii)

Chapter 5 Multipte Integrals

Y =a 1s obtained as
a’=ax
xX=aqa
The point of intersection is 0 (a, a).

x ¥

In subregion ORS, strip AB starts from
the line y = —@ and terminates on the .
parabola )? = gx. Fig. 5.27(b) .
Limitsof y:y=—a to y=—ax (partofthe parabola below x-axis)
Limitsofx:x=0 to x=g _

In subregion OPQ, strip CD starts from the parabola y? = ax and terminates on
the line y = a.

Limitsofy: y=+ax to y=a

Limitsofx: x=0 to x=a

Hence, the given integral after change of order is

[ remasar=[ [ % sty ars [ e v

Example 9

2 2+./422
Change the order of integration of fo fy+ g S (x, y)dxdy.
Solution |

1. The function is integrated first w.r.t. x and then w.r.t. Y.

2. Limitsofx:x=y to ’x=2+,/4—2y
Limitsof y:y=0 to y=2

3. The region is bounded by the x-axis,
the line y = x and the parabola
(x —
4. The points of intersection of y =x
and (x - 2)*=2(2 - ) are obtained

as

The points of intersection are
0 (0,0)and Q (2, 2).

"y

2 =22 -y).

(x—-2) =212 - X)
x=0,2
S y=0,2.




5. To change the order of integration, YA
i.e., to integrate first w.r.t. y, divide
the region into two subregions OPQ
and POR. Draw a vertical strip par-
allel to y-axis in each subregion.

(i) In subregion OPQ, strip AB
starts from x-axis and termi- 7
nates on the line y = x.
Limitsofy:y=0 to y=x Fig. 5.28(b)

Limits of x :x=0 to x=2
(ii) In subregion POR, strip CD starts from x-axis and terminates on the parabola
(x—22=22 -
2

Limitsof y:y=0 to y=2x——2—

By

Limits of x:x=2 1o x=4
Hence, the given integral after change of order is

.[0 J ,Jr £l yydedy = [ [, £ y)dyd f. [ e dydy

Example 10
: P acosa pNa —x
Change the order of integration ofj0 j f(x,y)dydx.

xtan &

Solution
1. The function is integrated first w.r.t. y and then w.r.t. x.

5 Limitsof y :y=xtan & 1o y=+a -x
Limits of x : x =0 to x=acos

3. The region is bounded by the line y =x tan ¢, the circle x> +)? = a’ and y-axis. Since
given limits of x and y are poOsitive, the region lies in the first quadrant.

4. The points of intersection of

Ya
y=xtan0:andx2+y1=azareob- ‘\Q(O.a)

tained as B Pau y=xtan &
 + x}an*o=a <P (acos a.asin a)
x=%tacos X /
y=%a sin . ( e x2.y2=a’
The points of intersection are a'd -
P (a cos &, a sin &) and //Y O (0.0 X
P’(~a cos 0, —a sin Q). // \
5 To change the order of integra- ( ‘
tion, i.e., to integrate first w.r.t. x. (-a go\sa\ ’} e
divide the region into two subre- -a sin a) T

gions OPR and POR. Draw a hor-
izontal strip in each subregion. Fig. 5.29(a)
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(1) In subregion OPR, strip AB starts

Va
from !
- |

-axis and terminates on
the line y =y tan ¢
Limits of v : x = @
X=yeot ¢ A B
Limitsof y: y=0 to

V=asin o

Q (0, a)
- D

\

to

P(acos a. asin a)

x2+y2= g2

(i) In subregion PQR, stip CD 0(0.0)
starts from y-axis and terminates
on the circie x2 + 32 = g2,
Limits of x : x = 0 to Ca C’;é o
—asin a)

Limitsofy:y=agsina to

A\

v =g Fig. 5.29(b)

Hence, given integral after change of order is

J.:CO‘\Q‘[Y\:::} Fix, 3 )dydom I:Sinaj.:cowf(X, y)dxdy

+J.aasina.l.om S (x, y)dx dv

Example 11 .
Change the order of integration ofj0
Solution

I. The function is integrated first w.r.t. y and then w.r.t. x.
2. Limitsof 1 y=+4x—x" to y=+4x

Limits of x : x =0 to x = 4. _
3. The region is bounded by the circle Y

Jax
| =/ (x.»)dydx.

x* +y* — 4x = 0, the parabola )? = 4x F B /737& 4)

and the line x = 4. | J2 = 4x y .
4. (1) The point of intersection of

x* 437 —d4x=0and)? = 4x is T A
onhtained as

xt =0 _ ..K* I
o o)
A 8 (0. 0) \

) ; |

Cie pomt ol intersection is O (0, 0). O\
(11) The points of itersection of y* = 4x \\\
and v 4 are obtained as AN

v \\‘ .
) 16

1N r —l
Honts of intersection are

,x:]d (~) (4. 4

Fig. 5.30(a)
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ok ?O.Change the order of integration, i.e.,
0 Integrate first w.r.t. x, divide the re-
g1lon into three subregions ORT, TPS and
RSQ. Draw a horizontal strip parallel to
X-axis in each subregion.

(1) In subregion ORT, strip AB starts
from the parabola )? = 4x and termi-
nates on the circle x2 + )? —4x = 0.

Limits of x :
¥ 7

xX="—tox=2—+4—y" s
2 ¥

(Part of the circle where x < 2)

Limitsofy:y=0toy =2

(i) In subregion TPS, strip CD starts
from the circle x*> + y* — 4x = 0 and
terminates on the line x = 4.
Limits of x : x=2++4-)°
(Part of circle where x > 2) to x = 4
Limits ofy: y=0toy =2

(iii) In subregion RSO, strip EF starts from the parabola )? = 4x and terminates on
the line x = 4.

Q' (4, -4)

Fig. 5.30(b)

2

Limitsofx:x=!4— to x=4
Limits of y: y=2 to y=4

Hence, given integral after change of order is
4 pAx 2 p2—Ja—r?
ol = 2 x, y)dxd
J{)J 4x—x2 f(x’ y)dyd'x J-O J.\T f( y) 3%

e[ I e SO & [ ] o vy

Example 12
. , 2 p4-x0)
Change the order of intcgration of j” J.\/LT /(x, v)dydy.
_\ .
Solution
1. The function is integrated first w.r.t. y and then w.r.t. v.

2. Limitsof y: y = 41 o v =4 )
Limitsof x: x =0 to vy = 2

The region is enclosed by the parabolas v 4 v v 4y
4. (i) The points of interscction of v and v~ 4

(O8]

the lines v Qanda
Ve obtameo .
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y=(04-2)
y= i\/i.
The points of intersection are O (2, +/2) and Q’(Z,—\/E)-

(ii) The point of intersection of x = 2 and y = (4 — x)? is obtained as
| | y=(4-2)2=4.
The p01.nt of intersection is S (2, 4).
(111) The points of intersection of x = 0 and y* =4 — x are obtained as

y =
- ' y=%2.
The points of intersection are P (0, 2) and P’ (0, —2).

YA

y2=4—x
/.P,/ ae -2
(O! _2)
Fig. 5.31(a)

(iv) The point of intersecti fx= =(4 - x)?i ;
o ]l;. onofx =0 and y = (4 - x) is obtained as
The point of intersection is U (0, 16).
5 To change the order of integration, i.e., to in
) ] 2 5 Ny te I' t 3 7
region into three subregions POR, PRST and STU. %?aiv f;rﬁ;rj‘;;ft in ;Wlde e
al strip in each

subregion.

(i) In subregion POR, strip AB starts from the ,
on the line v = 2. parabola y? = 4 — x and terminates
Limitsof x :x=4-)* to x=2

Limitsofy:y=\/§ to y=2




. |

14
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U (0, 16)

“TQ@2 -2
P’(0, —2)

Fig. 5.31(b)

(ii) In subregion PRST, strip CD starts from y-axis and terminates on the line
x=2.
Limits of x : x=0 to x=2
Limits of y :y =2 to y=4

(ii1) In subregion STU, strip EF starts from y-axi :
o ol S y-axis and terminates on the parabola
Limits of x : x=0 to  X= 4— \/; (Part of the parabola where x < 4)
Limits of y :y =4 10 y=16

Hence, the given integral after change of order is

2 (4-x) 2 4 03
[ poe ydyde= [ [, S0 sy [ f iy

* .[‘16 j‘:—\/; f(x, y)dxdy

5.3.2 Change the Order of Integration
the Following and Evaluate

Example 1

Change the order of integration and evaluate J‘aJ-a( 22 )dvdr
0Jx = . . B




R T Ry S S T H RN A AR

e | .
38 “hapter 5 Multiple Integrals Yy-n v =2
Solution
P Sinee inner limiis dqaend on v, the function VA
I integrated hm W.T.1. B’ y=@a
2\ Mits of yYiv=yx 10 Vv =oa, ;\lnng verti- P ' )
cal strip
Limitsofa:x=0 to y-= a
3 The region is bnunded by the lines y = x, \\//t
Saand v =0 ,,/ .

4. The point Hf intersection of y=xandy=u«a ’
18 O (a. «) / A I

5. To change the order of integration, i.c. to ol
mtegrate fisst wort. x, draw a horizontal (0, 0)
strip 4B parallel to x-axis which starts from

1v-axis and tenmndtes on the line y = x Fig. 5.32(a)
Limitsof x: x=0 to c=y
Limitsof y:y=0 to v=gq Y4
Hence, the given integral after change of y=a
order is P Q (a,a)
\ ‘: " . o AN ‘2 2 ’d ;
J (\ T )dy dy J.() J.() (x7+y7)dxd) //+
‘ )
—_ J‘" \_+ y X d)/‘ A : B
0
o }3 >
ok x
' (0,0)
a4 “dy
030V Fig. 5.32(b)
— 4 "4 ’
34,
i
s
3

Example 2~

Change the order of integration and evaluate j

“S1n v
J — —dydx.
0 Jy X

Solution

Flhe function s imiegrated first worty, but evaluation beeome
the order ol integration.

faomits ol vy X oy

gniftsolvix=0 to N=or

S casier by changing

|
J
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