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' 5.1 INTRODUCTION

Integration of functions of two or more variables is normally called multiple
integration. The particular case of integration of functions of two variables is called
double integration and that of three variables is called triple integration. Sometimes,
we have to change the variables to simplify the integrand while evaluating the mul-
tiple integrals. Variables can be changed by substitution or by changing the coordinate
system (polar, spherical or cylindrical coordinates). Multiple integrals are useful in
evaluating plane area, mass of a lamina, mass and volume of solid regions, etc.

5.2 DOUBLE INTEGRALS

Let f (x, y) be a continuous function defined in a closed and bounded region R in
the xy-plane. Divide the region R into small elementary rectangles by drawing lines
parallel to coordinate axes. Let the total number of complete rectangles which lie
inside the region R is n. Let &4, be the area of # rectangle and (x,, y,) be any point in
this rectangle.

¢ Consider the sum S= Zf(x,., ¥,)0A, (1)
; . r=I

4 where 64, = 6x,: 6y,

If we increase the number of elementary rectangles
then the area of each rectangle decreases. Hence, as
n — o, 64,— 0. The limit of the sum given by the
Eq. (1), if it exists, is called the double integral of /(x, ¥)

over the region R and is denoted by ”./'( v, y)dA.
I

dil

Hence, ” /(x, yydA=1lim Z,/'(A", L 0,04, Fig. 5.1
" ‘r-‘ il

" 61, -

where d4 = dx dy
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Evaluation of Double Integrals

Double integral of a function f (x, y) over a region R can be evaluated by two succes-
sive integratiorns. There are two different methods to evaluate a double integral.

Method-I Let the region R. i.e., PORS be bounded by the curves y =y, (x), y =y, (x)
and the lines x = g, x = b.

In the region PORS, draw a vertical strip di

AB. Along the strip AB, y varies from ¥y, t0y,

and x is fixed. Therefore, the double integral y=y2%

1s integrated fnirst w.r.t. y between the limits S

». and ), treating x as constant. e
Now. move the strip 4B horizontally from x=za x=b

PS(ie. x=a)tw OR (ie., x = b) to cover ‘ \

the entire region PQORS. The result of the -

. . = P .

forst integral is integrated w.r.t. x between the A Q

limits @ and b. Y=y .

Hence. o)

rp [ ps-ix) .
H y)dxdy —j_ LJ flx, }')dy:Idx Fig. 5.2

Method-Il Let the region R be bounded by

the curves x = x.(y), x = x,(y) and the lines

y=c,yv=d. ~

" In the region PORS. draw a horizontal S y=d R
strip AB. Along the strip 4B, x varies from A B
x 10 x and v is fixed. Therefore, the double ——
imegrél is integrated first w.r.t. x between the p
limits x and x, treating y as constant.

Now, move the strip AB vertically from
PQlie.y=c)to RS (ie.,y =d) to cover
the entire region PQORS. The result of the
first integral is integrated w.r.t. y between the
limits cand d.

Fig. 5.3

Hence. |’| /(;.))drd):J’)U'v f(x, )')d,r]d,».
Note:

(1) If all the four limits are constant then the function f (x. v) can be 1qtegralcd WI.t
anv variable first. But if /(x. y) 1s implicit and is discontinuous within or on the
boundary of the region of integration then the change of the order of integration
will affect the result. B

(11) If all the four limits are constant and f (x, y) 1s explicit then double integral can be
written as product of two single integrals.

(111) 1f inner limits depends on x then the function /(x, y) is integrated first w.r.t. v and
YICe-versa
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Example 1
3¢l
ﬁuate Jo | 7 +3yhdydx.
Solution
jjj;(xz +3y2)dydx=j§\x3y+y3\lo dx
= [ (D
X’ ’ .
=|—=+x
3
=12.
Example 2

12
Evaluate jo j.o (x2 + y2)dy dx.

312

Solution
dx

j;j;(xz +y*)dydx= J‘; x2y+%—

= Jl(sz +§)dx
0 3

|22, 8
=53]
o0
=
Example 3
hdxd .
Evaluate jaj Y y
2d2 xy
Solution
sty (PO g
Lj Xy '."/ j) x)y j,l&uﬂ\\) v

«
)

= (logh— lngl)j -dv
v

= Ing( I; )-\I()g}"f
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= log(g) (loga—log?2)

o) ee(3)

Another method: Since both the limits are constant and integrand (function) is
explicit in x and y, the integral can be written as

arbdxd ad d
it e pl

X

=|logy
= (loga —log2)(logh —log2)

-3 (3
oz ee(3)

log x’f

a
5

Example 4
1 p2
Evaluate .[oL xydydx.

Solution

J.OIJ.IZX.V dydxy = J.O[ {J‘lzy dy}x dx
f

| i—l)xdx
o2 2

0

xdx
|

I
—

Blw NOlwW W

Il

o] — Nl'ﬁw

Il

Another method: Since both the limits are constant and integrand (function) is
explicit in x and y, the integral can be written as

I 2 | b
J J. .wdvdx=J.'.\‘d,\‘-J. ydy
0J] . ’ ( | -
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_ l(i‘. _l)
“2\2 2
_3
=
Example 5
1ex
Evaluate Jo jo dydx.
Solution
o, dy ax=] |yl ax '
= J;xdx
- _2_0
_1
)
Example 6
y A
1lex = ’
Evaluate jo jo e*dydx.
Solution
1ex 2 1 y|* -
J.o.“o endydx = .uxe; 0 dx
= j; x(e—1)dx
-5 e
- %(e—l)
Example 7

Evaluate j:) j:z xy dy dx.

Solution

jl-"xz
0Jdx
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— ("2 xdx
of 2
| 2
=Sl = Jxa
1 5 3
3 ), =)
e o
=325~ 7
_1(1_1)
“2l6 4
__ 1
Y
- Example 8
J'IJ"/T*T_d_xdy_
Evaluate 1+x2 +y2 '
Solution
| j\fﬁ\— dy dx='|.l L Jtan~' —2 | dx
W ey i e
= (tan”' 1—tan”' 0)dx
-, m
g
— -—dx =~
JI:— 4 a
= Ztog v+ i+ ),
:_E]()g(]-F\/E)
4
Example 9
\/ dxdy
Evaluate f '
l—x —)’
Solution

J-u J.u\ \/T_ e :l')_" N J-n".[n \/(I _",.' . ]d_l
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=
J sin! —= ‘:\ | dy
\/I_ v, '
j (\m '—~——sm ())d_\'
T
=30 J
"3 o ye oot
0w\

Example 10 & | | ni ) Ay
X—y a ¢ —
Show that J. d\j j J‘ dx. p— *’_’&iﬁ
O(x+ 1) 0(x+y)’ =g
Solution
Consider, LHS = [ & ——2—dy
0 0(\»+ V)\
J- Jl')\—(\—t—\)
o (\+v)
~H L ldydx
0Jo (\+\) (\+\)
|
1 1 1
= 5 |+ dx
Io 2'\[:—2(x+y)'} x+y|,
- ;
-+ : +-l——li|d\
o| (x+1) x+1 x X
:J-I 1 3 dX
O (x+1)
_lo l‘
S ox 1l
B |
)
| R S .
RHS = [ dv], o
[ [S‘_J:L_ ]d_y
0 0 (x+v)
—j J. [ — — — }d\ dy
0Jdo (\+|) (\+\)
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1 \
= ' {— + — v
- X+Vv o (X+)
1 v 11
= J - - -+ ——— |dh
I+v I+ v
- 1
=J — -dy
¢ (+y)
R
h 1+
1
T2
-l sl X —1V al oY —1
Hence dx —dv= | dv —dx
'L 'L (X+yv)y - J\‘ | I\‘ (x+2¥)
. X—V . . . . ~ .
Since - Y‘ is discontinuous at (0. 0), a point on the boundary of the region (square).
(x+y)

change of order of integration does not give the same result.

EXERCISE 5.1

Evaluate the following:

slpNioy

1. '|_“:2xzy:dx dy

2. j;j:’xye“zdxdy
3. [ [ e*vdxdy
4. J:.OJ'O; ye™ dx dy
5. [ evdxay

6. [ ]+ xyh)axdy

<

1 R
Ans.: —(e-1)
[

[Ans.: 9(1 - e)]

[Ans.: 8(log 8 - 1)]

[Ans.:i}
210
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7. J-Zajom

0

xy dy dx

~ Working Rule for Evaluation of Double Integrals

1. If the region is bounded by more than one curve then find the points of intersection
7 of all the curves.
2. Draw all the curves and mark their point of intersection.
3. Identify the region bounded by all the curves. )
. 4. Draw a vertical or horizontal strip in the region whichever makes the integration
easier.

5. The vertical strip starts from the lowest part of the region and terminates on the
highest part of the region.

6. For vertical strip: (i) The lower limit of y is obtained from the curve where the

1 vertical strip starts and the upper limit of y is obtained from the curve where it ter-

3 minates.

' (ii) The lower limit of x is obtained from the leftmost point of the region and the
upper limit of x is obtained from the rightmost point of the region.

7. The horizontal strip starts from the left part of the region and terminates on the right
part of the region.

8. For horizontal strip: (i) The lower limit of x is obtained from the curve where
the horizontal strip starts and upper limit is obtained from the curve where it
terminates.

(ii) The lower limit of y is obtained from the lowest point of the region and the
upper limit of y is obtained from the highest point of the region.

9. If variation along the strip changes within the region then the region is divided into

parts.

Example 1

Evaluate JJe““by dx dy, over the triangle bounded by x = 0, y = 0,
ax + by =1.

Solution

1. The region of integration is the AOPQ.
2. The integration can be done w.r.t. any variable first. Draw a vertical strip 4B paral-

lel to y-axis which starts from x-axis and terminates on the line ax + by = 1.
| —ax
b

3. Limitsof y: y=0 to y=

Limitsofx:x=0 to x=—
a
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l—J- J. e "dvdy

—J e' J‘U” e” dvdx

I=an

Y4

e” | h
_J' Lo €
b
l I: av —ax .’ow-r“’ ny
“hh € [e" -’_1]dx10_ -~
. . .
=—|“(e—e™)dx X
b .[U ( )
1 eu.\‘ ;
b a lo
1 (@ e 1 )
= —]| — — — + P
b\a a a
_ L
S ab’
Examplg/z
Evaluate J. J \/—— dx dy over the first quadrant of the circle x* + y* = 1.
Solution
1. The region of integration is OPQ. YA
2. The integration can be done w.r.t any vari-
able first. Draw a vertical strip 4B parallel Q (0, 1)
to y-axis which starts from x-axis and ter- T
minates on the circle x* + y? = 1.
3. Limitsof y: y=0 to y=+1-
Limitsofx:x=0 to x=1
J3
| = jIJ. | a4 - d)Cdy
0Jdo m )
I A YU T ’ '
= X —— -y 2 (—
ol 2 i Fig. 5.5

dx

1 ¢
=-= x‘Z(l—
270

[ [Lr@r £/ (xde =

Lf (1™

n+1

|
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1

3

__|x x°
3 20
__(1 1)
-3 2
1
"6
Example 3

Evaluate J.J.(a —x)2dxdy, over the right half of the'circle x*+ y* = a’.

Solution

1.

2

&

(U8}

The region of integration is POR.
The integration can be done w.r.t. any variable first. Draw a vertical strip 4B
parallel to y-axis which starts from the part of the circle x*+y*=a  below
x-axis and terminates on the part of the Va
circle x* + y* = a’ above x-axis.

Limits of
y:y=—Ja’—x> to y=+a’—x’
Limitsofx:x=0 to x=a
<—x2+y2=a2

a tl: —,\’2
— —x)? Q(a, 0)
[NCES) [T dydx :
a Ja? =¥?
_ _ 2
= IO (a—x) |y 7= dx
= j:(a?‘ + x2 —2ax) - 2\Ja® —x*dx
= ZJ‘a(a2 +x? —2ax)\a® —x*dx
0
Putting x = asin®, dx=acos6do
When x=0, 6=0
When x=a, 6-—-12[— Fig. 5.6

= ZJ‘E(a2 +4sin20—2a’sin@)-acosB-acos6 do
0
=2a’ '[05 (cos’ 6+sin’ O cos’ 0 —2sinBcos’ 0)dO

=24 [jf cos’ 6 d6 + jf sin’ @cos’ 0dO+ 2]0'—" cos? O(-sin H)dOJ
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1
:2(_7" (_E)+(ll£)+2
2 2 4 2 2

[Using reduction formula and j[f(g)]” £/(6)d6 = [f( )]”H }

n+l1
T T 2 .
=24’ [Z-FE-{-E(COSJ %—COSO)]

Example 4
y 2
Evaluate ijy + dxdy, over the first quadrant of the ellipse
2 2 b
12— +2=1.
a- b
Solution
1. The region of integration is OPQ. VA

2. The integration can be done w.r.t any
variable first. Draw a vertical strip AB par-
allel to y-axis which starts from x-axis and

2 ,2

terminates on the ellipse _x_ + 22 =1. Q (0, b)
a’

B 2 2
. z 2LV
3. Limitsofy: y=0 to y=b,/1—x—2 N
a

Limitsofx: x=0 to x=a

- N ~ xy(

!

n+1

p e | (X YT o
7 il +1)("z ' bz) & [J O S ) d,,,=[L(l’]_]



;
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a

A RS T

T a+2(2 @ n+dl,
_b|a L a"

T n+2|2 o™ n+4d

_a'd’ (n+2)

T (n+2) 2(n+4)

o ad’

- 2(n+4)

Example 5
Evaluate J‘J‘(xz + y*)dxdy over the ellipse 2x* + y* = 1.

Solution

x’ y’

(L
2

with L and 1 as its axes. {’

\/—2- Q (O, 1)‘

2. The integration can be done w.r.t any vari-
able first. Draw a vertical strip AB paral-
lel to y-axis which starts from the part
of the ellipse 2x°+y’ =1 below x-axis
and terminates on the part of the ellipse

2x* + y* =1 above x-axis. R /
(_ 1 o) (0]
V2

1. The region of integration is PQRS, the ellipse 2x* + y* =1or

2x2+y?2=1

4
x

—
<
nol—
o
~

3. Limits of

yiy=—J1-2x> to y=\/1—2x2
1

.. 1
Limitsof x:x=—— 0 x=—f4
J2 V2 sl A

1
- \/l—Z.rz
1= |2 | — &+ y")dydx
J‘_:};J._ I=2% Fig. 5.8

Ji-ad?
f

3
x2y+y—| dx
3 e

| )
[ 2[)8\/1—2)(2 +%(1—2x2)5]dx
e _)
4J.ﬁ[x2\/1—2x2 +l(1—2x2)2:|dr
0 3

I

-3

Il
_gl-8l- g
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cos6, dx = ——l—sin ede

. s R ]
Putting 2x° =cos 0, x = —
7 7
When v=0,cos0=0,60= g
When x = ,cos0=1,0=0

—

4 V2| 22 \1-2x2 +é(1—2x2)5:|dx

of cos’6 ——— o
:4~[§ CO; l—cos‘9+%(1—cos’6)2}(—ﬁsm6d9)

L

[1 .= o E
=22 -—_’.3005“951n'9d9+l_|.zsm49d9:,
2Jo 3Jo

=22 l(ll£)+l(gl£) [Using reduction formula |
12842 2) 3422
_3\/§7r
16
Example 6

Evaluate J. j(xz - yz)dxdy over the triangle with the vertices (0, 1),
(1, 1), (1, 2).

Solution

1. The region of integration is APOR.
2. Equation of the line PQisy = 1.
Equation of the line PR is

2—1 YA
y-l=1—x-0)=x P R(1,2)

y=x+1 B
3. The integration can be done w.r.t. "
any variable first. Draw a vertical Nig
strip AB parallel to y-axis which p(0, 1) Q(, 1)
starts from the line y = | and termi-
nates on the line y = x + 1.
4. Limitsof y:y=1 to y=x+1
Limitsofx:x=0 to x=1

Fig. 5.9
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1= J(: J-l‘ " (" = vHdrdy

AR
2 V
Ny ——

~
Jd

dvy

( 3 ,;

1
e
—

—_— e —

1,1 16 1 .
473 12 12
2
=2
Example 7

Evaluate '”. e” dx dy over the region bounded by the triangle with vertices
0,0),(2,1),(0, 1).

Solution
1. The region of integration is Va
AOPQ.
2. Equation of the line OQ is
X
y=—2—orx=2y.
3. Here, it is easier to integrate g 4y Q@ 1)

w.rt. x first than y. Draw a
horizontal strip 4B parallel to
x-axis which starts from y-axis
and terminates on the line x = 2y.
% 4. Limitsofx:x=0 to x=2y
: Limitsof y: y=0 to y=1

IR

Fig. 5.10
| v £2)
=J0(5| J.” d.Xdy
= [ e Iali" dy
= J‘IC’\‘ -2ydy
0
= |e',-3 ‘:) [... J.e’(l')./'l(lv)dy - e./ll'lJ

=e—1
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Example 8
2xv5

Evaluate _”' T dxdy over rhe triangle having vertices

VIt x?y? —y*
(0,0), (1, 1) and (0, 1).

Solution

The region of integration is the AOPQ.
Equation of the line OP is y = x.

Here, it is easier to integrate w.r.t. x first
than with y. Draw a horizontal strip 4B par-
allel to x-axis which starts from y-axis and
terminates on the line y = x.

4. Limitsofx:x=0 to x=y
Limitsofy:y=0 to y=1

LI o —

\ 2x)°
S

1
= [y [ aexty -y 2 dxdy

= [y ‘2(1 +x°

=J1y3-2|:1—(1—_y4)%]d_v
J.)Zy3d) —2] (l—y) yidy

=22

| 4

—2j (1— )dy

3|

2
__(l.__) 2
3 »*)

i

D= N Ni—-

0

|
|

|
W — Nl'—-

I\

YA

Q(o,1)

P(1,1)

\\ .

[ JUrer £ (xdx =

[ JUreor f/ody =

> Y

Fig. 5.11
[f(x)]""! ]

n+l1

WA }

n+1

Example 9

Evaluate
y=4x, x+y = 3,y=0,y=2.

H(x2+_y2)dxdy, over the region bounded by the lines
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Solution

1. The region of integration is OPQOR. i

2. The integration can be done w.r.t. any
variable first. But in case of vertical strip \
we need to divide the region into three
parts. Therefore, draw a horizontal strip
AB parallel to x-axis which starts from
the line y = 4x and terminates on the line SEREEER
x+y=3. A fum—— 5

3. Limits of x:x=% to x=3-y

Limitsofy: y=0 to y=2 o PN X

2 r3-y
=] [, (2 + y")dxdy
s Fig. 5.12

A

JE 364 4
G- L. 241
‘LL 1927 |7

1G-p' ¥ 2415

3 -4 30192 4

1 241 ( 27)
= +8-—" 4| -—

12 192 4
_ 463

48

Example 10
ydxdy

Evaluate _”

( ) 5 over the region bounded by the parabola
a—x)\ax—y

y%*=x and the liney = x.

Solution

1. The region of integration is OPQ.
2. The points of intersection of y* = x and y = x are obtained as
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X =x PR
t(x=1)=0

x=101

~y=0,1

The points of intersection are O (0, 0) and
P(l.1).

3. Here, it is easier to integrate w.rt. y first
than x. Draw a vertical strip 4B paral-
lel to y-axis, which starts from the line
v = x and terminates on the parabola

Ve =X

4 Limitsofy:y=x to y=+x

Limitsofx:x=0 to x=1 \

1eE rdx dyv
IZJ-,‘J_ Y )

S Fig. 5.13
(a—x)\ax—y-

= j J : (—l)(ax—y: )_i (—2y)dydx

“la—x)7- 2

:

1 - ] ) _}.r r.. -r N e T ;7'5—‘,‘ 1:'- 1 ;
:—EJ E‘Z(ax—}'_):jx dx i_. JLfl_. )i 7 (1 i’d_. ———?:__ 1 ,
=— : [(ax—x)i—(ax—x:'ﬁ]dx

“(a—x)

- Y (Va1 -Vax)ax
‘a—x

Putting x = a sin’ @, dx = 2a sin fcos £d&

When x=0,6=0

1
Whenx=1.8=s1n" —
v Ja

l:—j M( Ja—1-+Jacos@)2asinBcos6 d6

acos 6
—run ——sin° O _
= "2\0 AL (Ja—-1-Vvacose)dé
cosé
=-2Va ‘““” i ’u—!-\;sin:ﬂldﬂ
COSO J
r— 1

:—2\0 [\.a—l(:.ece—gmev———(l—m\_G) de

vaf@ ~vasinlg
> 4

= —=2va Ja-1[log(sec@+1anB) - sin O] -




-

e e b etk Ay s comodiage Do

= 2JalNa-1 [log(1+51n9)—sin G:I— Jat +
cos@ 2 2

5.2 Double Integrals 5.19

gl

\/Zsinecosé) "

0-

= -2Ja T

a-1]| log 1
h__
a

-

=-2,Ja(a—1) log Ja+l ++a-1+asin™ —\[l_—
a

a—1

Ja v [0
+ : . ]___
2 2 Ja a

Example 11 .

/ Evaluate “-ydx dy over the region enclosed by the parabola x* =y and

:
;

. theliney =x+2.
. Solution

1. The region of integration is POQ.
2. The points of intersection of x* = y and
y = x + 2 are obtained as

xX*=x+2
x*—x-2=0
(x=2)(x+1)=0
x=2,-1
Ly=4,1

The points of intersection are P (-1, 1) and

0(2,4).

i

o

Fig. 5.14

3. The integration can be done w.r.t. any variable first. Draw a vertical strip AB parallel
to y-axis which starts from the parabola x? = y and terminates on the line y = x + 2.

to y=x+2
to x=2

4. Limits of y : y = x?
Limits of x : x = —1

=L s
5

= 1E‘[_zl[(x+2)2 -x“]dx

x+2
dx
rl

bl
2

(x+2) x|

_!

2| 3 51,
_1(64 32 1 |
2 —3——?77)

36

5

90
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Example 12

Evaluate jjm»(x +)dxdy, over the region enclosed by the parabolas

2=y, VP = —x
Solution

1. The region of integration is OPQ.
2. The points of intersection of the parabola
x* =y, and y* = —x are obtained as

Y=y
y=0,1
. x=0,-1.

The points of intersection are O (0, 0) and
O (-1, 1).

3. Here, it is easier to integrate w.r.t. x first.
Draw a horizontal strip 4B parallel to x-axis,
which starts from the parabola x? = y and ter-
minates on the parabola y? = —x.

4. Limitsofx: x=—/y to x=-y2

Limitsofy: y=0 to y=1 Fig. 5.15

xy(x + y)dxdy

1
N
= ))_—-}- y
! 3 21y
5 3]
| 7 6 2
vy Y Yy
- +2+2 2 |4
-([[ 3 7273 2)Y

8 2
LY YL ALY
24 14 21 8

Il

0

" Example 13
Evaluate “.xydxdy over the region enclosed by the x-axis, the line
x = 2a and the parabola x* = 4ay.

Solution
|. The region of integration is OPQ.
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2. The point of intersection of the parabola x* = 4ay and the line x = 2a is obtained as
4q* = 4ay
y=a
The point of intersection is Q (2a, a).

3. The integration can be done w.r.t. any variable first. Draw a vertical strip 4B paral-
lel to y-axis, which starts from x-axis and terminates on the parabola x* = 4ay.

4. Limitsof y:y=0 t = —
ory:y o Yy 10 Va
Limitsofx:x=0 to x=2a

- Q (2a. a)
= [ [F e
[y 7 =
_ J-OZz:x

;

=j2ux- X dx Fig. 5.16
°  32a

x? N B P (28,
4a

dx o) A x
0

(@]

\
/

y
2

620

X

Example 14
Evaluate _” xy dxdy, over the region enclosed by the circle x> +1° —2x = 0.
the parabola y* = 2x and the line y = X.

Solution

1. The region of integration is OPQRO.
2. (i) The points of intersection of the circle x? +)* — 2v = 0 and the line y = x are

obtained as
xt+x?=2x=0
x=0,1
Soy=0,1
The points of intersection are 0O (0, 0) and
P(1,1).

(i) The point of intersection of the circle x2 + y? — 2x = 0 and the parabola
y? = 2x is obtained as
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th

xX2+2x—-2x=0
x=0
Sy=0

The point of intersection is O (0, 0).
(1) The points of intersection of the parabola

v = 2x and the line y = x are obtained as
x'=2

x=0,2

SLy=0,2 \\
The points of intersection are O (0, 0) and :
0(2,2). |

\
. . . RN
- The integration can be done w.r.t. any vari- |
able first. To integrate w.r.t. y first we need §

to draw a vertical strip in the region. But one ’
vertical strip does not cover the entire region,
therefore, divide the region OPORO into two
subregions OPR and RPQ and draw one vertical strip in each subregion.

Fig. 5.17

. In the subregion OPR, strip starts from the circle x2 + »*—2x =0 and terminates on

the parabola j? = 2x.

Limitsofy: v=+2x-x> to ypy=+/2x
Limitsofx: x=0 to x=1.

. In the subregion RPQ, strip starts from the line ¥y = x and terminates on the

parabola y? = 2x.

Limitsofy:y=x to y=+/2x
Limitsofx:x=1 to x=2

I=JJ.x))dxdy
= ” xydxdy + J‘J. xy dxdy
OPR RPO

= J.(: J‘\/\/;TT xydydx +le LE xy dy dx

- J.(:ngydydxﬂ[,:xﬁﬁydydx

D2 [V 2 |2 [V
= [ x[2- dx+J-—x 2| dv
? 2 V2r-i? ! 2 v

1 ¢ s 1 ¢2 1y
"ELXQX_Z)H'X )d)H—EJ.| X(2x — x7)dx

Hx" 112x’  x*
=—_| 4= -
2!4,‘ 21 3 4 |
]
:_+§_2_l+_l_

8 3 3 8

_7
127
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';;-f ;ﬁ:nple 15

Evaluate J.szdxdy, over the region in the first quadrani enclosed by
the rectangular hyperbola xy = 16, the lines y = x, y = O and x = 5.

:
~ Solution
E 1. The region of integration is OPQR. YA
' 2. (i) The points of intersection of the
: hyperbola xy = 16 and the line
‘ y = x are obtained as +
x2=16,x=14 3//
‘ Ly==x4 \\_ 5 | v=38
' Hence, R (4, 4) is the point of inter- R (4, 4) ‘
section in the first quadrant. B ,, Xy =16 ?
(ii) The point of intersection of [ D | QB2
the hyperbola xy = 16 and line 8 T //W/{\‘_
x = 8 is obtained as of A M y=0 C P~
8y=16 !
y=2 Fig. 5.18

The point of intersection is Q (8, 2).

3. The integration can be done w.r.t. any variable first. To integrate w.r.t. first we
need to draw a vertical strip in the region. But here one vertical strip cannot cover
the entire region, and therefore divide the region OPQR into two subregions OMR
and RMPQ and draw one vertical strip in each subregion.

4. In the subregion OMR, strip starts from x axis and terminates on the line y = x.
Limitsofy:y=0 to y=x
Limitsofx :x=0 to x=4

5. In subregion RMPQ, strip starts from x axis and terminates on the rectangular
hyperbola xy = 16

Limitsof y:y=0 to y=l—6—
Limitsof x : x=4 to x=8x
=[] x*dedy
= szdxdy+ ” x*dxdy
OMR RMPQ

A 8 lﬁ 2
=j J x“dy dx+j J " x” dydy
1y J0 - 1 /0 16

4 2 (X 8 o)
::j x'J. dvd,H—J. X j\d\'d.\'
() 0 - ] () .
16

4 . S
= J.“ x|y, dx+ L X |vf dx

4 5 8 5, 16
=1 x’dx+| x° —dx
() 4 X
4 ]
4 2
X X
=7 +16|°_
4 () 2 4

=64+ 864 -16)
= 448,

N
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Example 16
dxdy
Evaluate ‘” L2 over the region bounded by the y 2 x*, x =2 1.
Solution
1. The region of integration is bounded by Va
v > x° (the region inside the parabola B

x-=y)and x 2 1 (the region on the right
of line x =1).

2. The point of intersection of x* = y and
x=11s obtainedas 1 = y.

J

~.

The point of intersection is P(1, 1). A
3. Here, 1t is easier to integrate w.r.t. y , =y
first than x. Draw a vertical strip AB
parallel to y-axis in the region which P(1.1)
starts from the parabola x* = y and o ;
extends up to infinity. [o— x=1
4. Limitsofy:y=x> to y—>o
Limitsofx:x=1 to x—e Fig. 5.19
1= [ [ oy
T x T+ y

EXERCISE 5.2

Evaluate the following:

1. ”—1—drd)-.overthe rectangle 1< x<2,1<y<2. '
xy [Ans.: (log 2)] °

2. ﬂsin m(ax - by)dxdy, over the triangle bounded by the lines x =0, y =0
and ax - by = 1. .
[Ans




w

wn
~N
un

5.2 Double Integrals

3. J.J'e““"dx dy, over the triangle bounded by the lines x=0, y =0, anc
X+y=1.

[Ans. : if3e‘ —4e° =)
L 12

4. J.J.XYJ—X—ydxdy,overthetriangleboundedbyx=0,y=03ndx_y=1_
- -
[ee . 16

| Ans. : ——
L 945 |

5. ||\ xy —y*dxdy, over the triangle having vertices (0, 0), (10, 1). (1, 1).
[Ans.: €]
6. \ J.(x +y +a)dxdy, over the region bounded by the circle Xt - =0

[Ans.: =

7. H xydxdy, over the region bounded by the x-axis, the line y = 2x and

4

X
the parabola y = —. ) N
" ' Ans.: 228 o
L 3 |
8. H5 —2x — y (dx)dy, over the region bounded by x-axis, the line x—2y =3
and the parabola y* = x. _ -
z 217
| Ans.:
L 60 _

1
9. j [ (4x? —y?)?dxdy,over the triangle bounded by x-axis, the line y = x

r -

and x = 1. ,‘ [ .
\ Ans.:l’ l—'——\—3— ‘
L 303 pi
10. ”xy(x +y)dxdy, over the region bounded by the parabola V=X X =Y.
- .
| Ans.: i
28

-

11. ny(x +y)dx dy, over the region bounded by the curve x* = y and the f

line x = y. - 37
LAnS.:S—“

[

12. ”xy(x —1)dx dy, over the region bounded by the rectangular hyperbola

xy = 4, the linesy = 0, x = 1, x = 4 and x-axis.
[Ans.: 8(3 - log 4)]
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