Functions of Several Variables

Dr. V. Srinivasa Kumar

Introduction

The Space [ x[] : The space [l x[] or [? is the set of all ordered pairs of the
form (x,y) such that xel] and yell. Thatis.,
0x0 ={(xy):xell and yel}. If x=(x,x,) and g=(y,,y,) are any

two vectors or points in [] x[] then

5c+g:(x1+y1, x2+y2)

ax =(ax,, ax,) where ael]

1
2
3. X.y=xy, + Xy,
4
5

d(%,9) =% -9 =y - ) +(x -v)

If x=(x,x,) and g=(y,,y,) are any two vectors or points in [ x[J then

their dot product x.y=xy, + x,y, is a real number.

If x=(x,x,) is any vector in [ x[I then its norm or length |x| =./x + xJ

is a non- negative real number. The non- negative real number d(fc , g) is

called the distance between X =(x;,x,) and g=(y;,y,)-

Definition: Let X, =(a,b)ell x . An ¢ - neighborhood of X, =(a,b) is
defined to be the set of all points X =(x,y) in U x[J such that

% — %, | =\/(x—oc)2+(y—b)2 <e .

The space [1": The space [1" is the set of all ordered n-tuples of the form
x=(x, x,, x,,...,x,) such that x; el , where j=1,2,3,...,n. The space ["
is called an n-dimensional Euclidean space. If x=(x, x,, x,,...,x,) and

Y=(Y>Yo> Ys»---»Y,) are any two ordered n-tuples then

CX+Y=( Y, Xt Yy, X+ Yz X, T Yy)

ax =(ax,, ax,,ax,,...,ax,) where a el

] :\/xl2 + XX X

1
2
3. X.Y=xy, + XY, +XY; +...+ X, U,
4
5

2

Cd(x,9)=|x-y9 ||:\/(x1 —yl)2 +(x, —y2)2 +(x, —y3)2 +o4(x, - y,)



If x=(x,x,,x,,...,x,) and g=(y,, Y, Ys,---,Y,) are any two vectors or

points in " then their dot product x .y = x\y, + X,Y, + X3y, +...+ Xy, is a

real number.

If x=(x,x,,X,,...,X,) is any vector in [J" then its norm or length

%] = \/xf + X, + X, +...+x° is a non- negative real number. The non-

negative real number d(fc , g) is called the distance between the n-tuples

xX=(x, %y, X550, %) and G =(Yy5 Yo» Ys»--r Yy, ) -

Properties of norm: if x= (xl, x,, xg,...,xn) is any vector in [J" then its

norm ||| is defined by |x]| :\/xl2 + X5 +0G . I X=(0, X, Xy, X

and §=(Y,, Y> Ys»----Y, ) are any two ordered n-tuples in " then

1920

. |%]=0 & x=0

- [x+gl < & (gl

1
2
3. |lax|=l|a||%| where a el
4
5. [Ixl-1gll < |x-dl

Definition: A function f:0" —»[™ is called a function of several
variables. If X =(x, x,, X,,...,x,) is an n-tuple in 0" and if
f(x)=(4> Yo, ---»Y,,) then we define component functions f, :0" -0
fi (X)) =y, where k=1,2,3,...,m. Hence we write,

F(%)=(£i (%), £o(%)s s £ (%)) O f=(fis f2r--»frn)- The functions

fi» [, .-.and f, are called component functions of f:0" —-[™.
Examples

1. Define f:0% ->0% by f(x,y)=(y,x). This is a function of two
variables.

n

2. Define V:0° >0 by V(,bh)=Ibh, where b and h denote the
length, breadth and height of a cuboid. Then V(l,b,h) denotes its

volume.

3. Let S=[1 x[] —{(0,0)} . Define G:S —[ by G(h,w)zh—u; , where h

and w denote the height in meters & weight in kgs of a person. The

function G(h,w)= h—u; represents the BMI of a person.

4. Define h:[1° >0° by h(x,y,z)=(xy,yz,zx).

)



Limits
Definition: Let Sc [l x[J Suppose that %, =(a,b)el] x[J is a limit point

of S and f:S —[] is a function of two variables defined on S. We say that

( 1)1nE1 . f(x,y)=L if for every ¢ >0 there exists a 6 >0 dependingon ¢ >0
x,y)—\a,

and X, such that |f(x,y)—L|<¢ forall x=(x,y)eS for which
O<|x-%x|<&. Here Lell .

Remark: If f:0 x0 -0 and X, =(a,b) el x[J then there are three types of

limits as follows.

1. limlim f(x,y)

x—a y—b

2. limlim f(x,y)

y—b x—a
3. lim X,
(x.y)—>(a,b) Fxy)
2x*y .
Problem-1: Define f:[] xIJ -0 by f(x,y)=————— . Find
x“+y +1
a) 11rr11 lim f(x,y)
x—>1 y-2
b) limlim f(x,y)
y—2 x-l
: 2x"y
Solution: Define f:U xJ =0 by f(x,y)=—5——.
x“+y +1

2
a) 11m l1m f(x,y)=lm 11m2x—y
x>l y-2 x +y +1

) 4 x>
=lim 5
1l x4+ 5
_2
3

b) hm hm Sl y)=limlim ——-—F—
y—o2 x>l x +y +1

~ lim —2Y
y=l y= +2
_2
3



Hence lim lim f(x,y)=1lim lim f(x,y).
x—>1 y-2 y—2 x-l

Problem-2: Let f(x,y)= 2x —Y  Where 2x+ y #0. Then find
X+y

a) limlim f(x,y)

x—>0 y—0

b) lim lim f(x,y)

y—>0 x—0

-y
2x+y

Solution: Let f(x,y)= where 2x+y #0.

a) limlim f(x,y)=1limlim 7Y
x—0 y—0 x—0 y—0 2x+y

b) lim lim f(x,y)=1lim lim

y—0 x—0 y—=0 x>0 Dx + Yy
=lim —Z
y—0 y
=-1
Clearly, 11r101 hm flcy)=limlim f(x,y).

y—>0 x—-0

-1
Problem-3: Let f(x,y)= m where y #0 and x #1. Then find

y(x-1)

a) limlim f(x,y)

x—1 y-l1

b) lim lim f(x,y)

y—1l x-l

Solution: Let f(x,y)= where y #0 and x = 1.

x(y- 1)
x—1

y(x-1)
b) 11m hm f(x,y)=1lim lim xEy 3

y—l x-l1 y X —

a) 11m hm f(x,y)=1lim lim

x—1 y-l

does not exist.

Problem-4: Let f(x,y)= Qxy 5 where (x,y)#(0,0). Then find
X’ +y




a) limlim f(x,y)

x—>0 y—-0

b) limlim f(x,y)

y—>0 x—0

2

Solution: Let f(x,y)= Qxy where (x,y) #(0,0).

X +y
a) limlim f(x,y)=1limlim 2xy =0
x—0 y—-0 x—0 y—->0 x _|_y

=0

b) lim1 =lim li
) limlim fooy)=limlim—=

Hence, limlim f(x,y)= hm hm flxy).

x—0 y—0

Problem-5: Define f:[] x[] =[] by f(x,y)=x"+y>+2. Compute
lim X Y).
(.y)—(0,0) Jey)

Solution: Define f:[] x[J =0 by f(x,y)=x>+y*+2 . Let £ >0 be given.

Choose ¢ = \/g Then, for all x = (x,y) ell xJ for which 0 < d(fc,()) <6 or

0<x*+y® <&, we have |f(x,y)—2|:‘x2+y2‘
=x*+y’<5° <§ <&

= |fixy) -2/ <e

Hence 11m f(x y)=

o) x2+y2+2)=2

xy)-> (00)(

x® +2x% + xy*+ 2y°
x> +y’

Problem-6: Let f(x,y)= , where (x,y) #(0,0). Compute

lim x,Y).
(eim, | fxy)

3 2 2 2
Solution: Let f(x,y)= X +2X + XY+ 2y

. Then
x> +y’

3 2 2 2
11m f(xy lim = +2x2+x124 2y
()~ (x:y)—(0.0) X +y

~ tim 2 (x+2)+y*(x+2)
(x.y)(0,0) x> +y°




_ (x2 +y° )(x +2)
= lim
(x.y)>(0,0) x> +y’

= lim (x+2)=2

(x,y)—(0,0)

3 2 2 2
N lim X +2x2+xg+2y _o
(.9)-(0,0) X +y
2

Problem-7: Let f(x,y)= %x y2 , where (x,y) #(0,0). Then show that
x>+

lim x,y)=0.
(.y)—(0,0) Jey)

2

Solution: Let f(x,y)= % where (x,y) #(0,0). Let & >0 be given.
x> +y

Choose 6 = g . Then, for all x = (x,y) ell x[1 for which 0 < d(fc,()) <0 or or

0<x*+y*> <&, we have |f(x,y)-0|=|f(x,y)

< 2{x* +y?
< 2d06=¢
= |fley) -0 <e

Hence lim x,y)=0.
(x,9)—(0,0) fey)

Continuity

Definition: Let Sc [l x and X, =(a,b)eS and f:S—[ is a function of
two variables defined on S. A function f:S—I[] is said to be continuous

at X, =(a,b) if for every & >0 there exists a § >0 depending on & >0 and

X, such that |f(x,y) - f(a,b) <& forall x=(x,y)eS for which |x-Xx]|<5.



Remarks

1. f is continuous at X, =(a,b) < ( 1)11’1(1 ) f(x,y)= fla,b)
x,y)—>a,

2. If f is not continuous at a point x, then we say that f is
discontinuous at x,. The point X, is called a point of discontinuity of

f.

2

X’y .
l x,y)=(0,0
Problem-1: Show that f(x,y)=14 x> +y’ f (%y)#(0.0) is

0 (xy)=(00)

continuous at the origin.

2

Xy )
,y)#(0,0
Solution: Given f(x,y)= 2 +y2 if (x y) ( )

0 if (xy)

(0,0)
= f(0,0)=0
If x and y are any two real numbers, then (x-y)>0
= x*+y°-2xy >0
= x*+y° >2xy

2, 2 2, 2

Ty Ty

= xyéx— and |xy|£x— - (1)

Let £ >0 be given and choose § =2¢.
For any all x=(x,y)ell x[] with d(fc,@) = H)Z—OH =x*> +y® <5, we have

|[f(x,y)- f(0,0) =

22
2 yz_o
X +y

A
7~
<
M_
+ =
<
N
Ne—
VR
x
N
N |+
<
N
N—



= |f(xy)- f0,0] <&
Thus for every ¢ >0 there exists a 6 >0 such that | fey)— f(O, O)| <¢ for
all (x,y)el) xJ for which /x*+y® <§.

= f is continuous at the origin.

2xy .
if (xy)=(0,0
Problem-2: Show that f(x,y)= x*+y? ( ) ( )

0 ¥ (xy)=(00)

is discontinuous at (0,0).

2xy )
L x,y)#(0,0
Solution: Given f(x,y)= x*+y? f ( y) ( )

0 i (xy)=(00)

—  f(0,0)=0

Assume that f is continuous at (0,0). Then for ¢ :% there exists a 6 >0

such that |f(x,y)— f(0,0) <& forall (x,y)ell x[] for which {x*+y* <5.

2xy

- <é for all (x,y)e x[J for which x*>+y® <&

X’ +y

Choose a point (u,v) ontheline y = x and inside the circle centred at the origin with radius
o

= v=u and Ju?+0v* <6

N 2uv 1
u® +0v? 2
. 2u? - 1
u’ +u? 2
1 C . . L.
= 1< 5 which is a contradiction



Hence f is discontinuous at the origin.

Exercise

1. If fix,y)=>-Y , x+y=0 the find
X+y

a) limlim f(x,y)
x—0 y—-0

b) limlim f(x,y)

y—>0 x—0

2.2
2. Show that f(x,y)=—— XY whenever x’y?+(x-y)’ #0. Show
Xy’ +(x-y)
that lim lim f(x,y)=1lim lim f(x,y)=0.
x—>0 y—0 y—>0 x—0

. (1 )
3. Let flx.y)= xsm[gj if y=0

0 if y=0
Then find
a) limlim f(x,y)
x—>0 y—-0

b) lim lim f(x,y)
y—>0 x—0
li ,
© Jim Sy

2 2

4. I flxy)=——2L (xy)=(0,0) then find LJim  f(xy) on the
xY)—=>U,

x> +y*’

straight line y =mx.

0 i <0 ory=>x’
5. Discuss the continuity of f(x,y)= .f Y y at origin.
1 if O<y<x’

6. Show that f(x,y)= xX+y , X # Yy is continuous at (1,2).
X-y
xt -yt .
7. Let flx,y)=1x"+y"° if (x,y)#(0,0)
0 if (x,y)=(0,0)

Show that f(x,y) is not continuous at the origin.

dkkkk



Partial Derivatives

Definition: Let S c U x[J . The partial Derivatives of a function f:S —[]

are defined as follows.

%=fx(x,y) - lim f(x+h,y;3—f(x,y)
% - £, (o) = lim LRI Sy
2112‘ - () = tim LU= fiboy)
g;j; (o) = tim D08 kk) - £,5y)
P ) - i B0
;;gx - () = lim Loy TR fiboy)

Remark:

1. Let SclxU. If f:S—I[ iscontinuous and if either f, or f, is

2 2
continuous on S then ﬂzﬂ
0x0y 0Oyox
2 2
2. In general, oy ¢Q_
0x0y 0yox

xy(xz _yz)
Example: Define f:0 xlJ =[] by f(x,y)=——53—-— for (x,y)#(0,0) and
X" +y

f(0,0)=0. Then o°f =1 at (0,0)

0x0y
2
S _ 1 at 0,0
oyox
2 2
Hence or # or at (0,0).
Ox0y 0yox

Definition: Let Sc[1°. A function f:S —[ are defined as follows.

%zfx(x,y’z) = lim f(x_"h’yaz)_f(x?y?Z)

h—0 h

10



f(x,y+k,z)—f(x,y,z)

ay k—0 k
i:fz(xayaz) = ].11’1’1 f(x,y,Z+J).—f(x’y’Z)
0z j—0 _]

Problem-1: Find the first and second order partial derivatives for the function

f(x,y)=sin"’ [fJ .
y

g O sint | X
ox 0x y \/

of _ 0 {fj _ ;(i]_L
oy Oy Y 1 [,CT v') ydy’ - x°

Ff _o(of)_ o > | _1of «x
ox0y 0Ox\ody) Ox y/yQ_XQ Yy ox | \Jy? — x?

11



_ y
3
(y2 — x2 )/2
2 2
Clearly, or _oJ :
ox0y  Oyox
2 2
Problem-2: If u(x,y)=tan™" ( 22 XY QJ then prove that a—LQL + a—g =0.
x> -y ox~ 0Oy

Solution: Given u(x,y)=tan™ (XQQ Y 2)

ox 0x 2 2

= ou _ itanl[ 2y J
X -y

2 2

_ 1 i[ 2xy ]

B 2 ox\ x*-y?

1+( 2xy J Y
X -y

__Pey) 2 -y )y -4y
_ : :

(xz_yz) +4x2y2 (x2_y2)

2(x* - y?)y - 4x’y
(x2 -y’ )2 +4x°y’

~4x’y - 2y°
(xg _y2)2 n 4x2y2

12



_ T2y

x> +y?
2
N 6u_i -2y
ox®  ox\x*+y’
0 1

= (—2y)—=

( y)é)xx2+y2

I
R
\S)
N
N—
7\
—~
=
MR
+ [
< (xR
N
N—
N
N—

2
N au: dxy S5

Oxc? (xz +yz)2

Similarly, Z_u = itanl( 22 Y J

y oy x* -y’

B 1 0 [ 2xy

[ 2xy jz oy \ x* -~ y’

I+ 45—
X -y

_ (x2 -y )2 2(x2 - yg)x —2xy(—2y)
<x2—y2)2+4x2y2 (xz_y2)2

2x° + 2xy>

13



Problem-3: If z(x+y)= x* +y” then prove that [

Solution: Let z = f(x,y) and given that z(x+y)=x"+y’

. Pu_ 0 2x
oy> oy\ x*+y’
0 1
=2 8_( 2 QJ
x | xX*+y
= 2x S 2
(x +y )
_ —Axy
(x2 +y2)2
o*u —4x
= - 2 yz 2 (2)
oy (x +y )
‘u  o*u

2 2
= z=floy) =Y
xX+y
oz (x+y)2x—(x2+y2)
ox (x+y)
_ X +2xy-y’
(x+y)2
0z _ X’ +2xy-y’ S
ox (x+y)2

Similarly, — =
oy

oz (x+y)2y—(x2+y2)

(x+ y)2

-x* +2xy + y°
(x+y)

14

0z

0x

0z
oy

:



0z _ —x'+2xy+y’
oy (x+y)2

- (2)

2

[ 0z 52]2 x* +2xy - y° — (=% + 2xy +y°)
Now, | — - —| = i
ox %y (x+y)

(x+y)2

(x+y)
_ A(x-y)
(x+y)2
oz oz} _ 4(x-y) .
( ox ayj (ery)Q (3)

o 4(1_8_2_6_2j - 4£1—x2+2xy‘92 _ —x2+2xy+92}
) 5 S
(x+y) (x+y)

ol ) o)
(x+y)2

(x+y)
= 4 x—y)2
(x+y)2
R
ox oy)  (x+y)

From (3) and (4)

2
02 _0Z| _4(1-92_22]
ox 0y ox 0Oy

15



Problem-4: If u= log(x3 +y’+2° - 3xyz) then show that

Solution: Given that u= log(x3 +y’+2° - Sxyz)

ou__ 8(¢-vz) o 8(y'-xz)
ox x*+y’+2z2°-3xyz’ oy x*+y’+2z°-3xyz’

u 3(22 —xy)
oz x*+y’+2z°-3xyz

o’u —3(x4 -2xy°® - 2xz° + SyQZQ) u -3 (y4 ~2yz® - 2yx® + 3x222)

= a2 s .3 3 2 ’ 2~ 3,.3,.3 2
X (x +y +z —Sxyz) y (x +y +z —Sxyz)

o%u —C’)(z4 ~2zx® - 2xy° + 3x2y2)

oz (x3 +y’+2z° - Sxyz)2

o o0 oY o o oVo o o
a |—+—+—|u=|—F—+—||—+—+—|u
ox 0y 0z ox 0y 0z )\ox 0Oy Oz

0 0 0 |[ou oJu oJu
—tt—+— || —F+—+—
ox 0y 0z){ox 0Oy 0z

o 8 0 3(x2+y2+zz—xy—yz—zx)
ox 0y 0z x*+y’+2° -3xyz

0 o 0 3
ox 0y 0z x+y+zJ
-3 -3 -3

= + +
(x+y+z)2 (x+y+z)2 (x+y+z)2

_ -9
(x+y+z)2
2
0 0 0 -9
> | —+—+—|u=——"—
{8x oy 82] (x+y+2)

16



Pu Pu Pu By —xy-yz-zx)

b)

ox®  ox® ox® (x3 +y’+2° - 3xyz)
-3
= 2
(x+y+2)
ou  *u u -3

Euler’s theorem

Definition: Let Sc[] x[] . A function f:S —[] is said to be a homogeneous
function of degree kif f(Ax,Ay)=4" f(x,y) for all (x,y)eS. A function
f:S -l is said to be a homogeneous function if f(Ax,Ay)= f(x,y) for all

(x,y)esS.

Examples:

1. The function f(x,y) = v (x,y) #(0,0) is a homogeneous

xX+y
function of degree zero.
2 2
2. The function f(x,y) = * Y (x,y) #(0,0) is a homogeneous
xX+y

function of degree one.
Euler’s theorem: If z = f(x,y) is a homogeneous function of degree n, then
0z 0z

X—+y—=nz, Vx,y in the domain of the function.
ox oy

Proof: Suppose that z = f(x,y) is a homogeneous function of degree n.

= Z:f(xul/):f[x’ ﬂj:x”f(]_, g}
X X

= z= x”g(g] — (1) where g(gj:f(l,%j

X

17



= xZ yg'[gj +nx"g(gj
x x

ox
az n-2 ’ y
= x—=-x"yg|=| +nz - (2
0x X
x )\ x X
0Z . ,
> Yy =x 1yg[gj - (3
Y X

Adding equations (2) and (3)

Problem-1: Verify Euler’s theorem for the function z = ax® + 2hxy + by>,

where a>0 and b >0.

Solution: Given z = f(x,y) = ax’ + 2hxy + by’, where a >0 and b > 0. Then

f(Ax,Ay) = a(}uc)2 +2h(lx)(ly)+b(/1y)2
= A1’ (ax2 + 2hxy + byg)
= A* flx,y)

= f(Ax,2y)= 2% f(x,y) Vxy

= z=ax" +2hxy + by’ is a homogeneous function of degree 2.

Consider z =ax’ + 2hxy + by®> = 2—2 =2ax + 2hy and Z—Z = 2hx + 2by
X Yy

= xZ =2ax’ +2hxy and y@_z = 2hxy + 2by”
ox oy
0z 0z 5 5

= XxX— +y— = 2ax” +2hxy + 2hxy + 2by
ox oy

2ax’ + 4hxy + 2by”

2(ax” + 2hxy + 2by? )

= 2z

18



0z 0z
= XxX— +

— = 2z
ox yé‘y

Hence the Euler’s theorem is verified.

Exercise

1. Find all partial derivatives of the following
a) log(x2 + yZ) b) tan(tan’1 x +tan™’ y) ) e
o*u o’u o’u
oy 0z 0z 0x ox 0y

2 2
3. If f(x,y)=log (x2 +yz)+tar1‘1 Y| then prove that 0 ]: + 0 f2 =0.
X ox oy

xY

2. If u= log(x2 +y’+ zg) prove that x

4. Verify Euler’s theorem for the function u =sin™ (fj +tan™’ (gj
y x

5. Ifu:cot‘IL Xry } show that xa—u+ya—u+%sin2u:0.

m 0x oy

kkkkk
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Total Derivatives

1. If z= f(x,y) is a function of two variables then its total derivative is

defines by
@=6_2@+8_z@ ordfzgder%dy
dt Ox dt oy dt ox oy

2. If w= f(x,y,z) is a function of three variables then its total derivative
is defined by
dw _owdc | owdy owdz
dt

— ordf:gdx+gdy+gdz
Ox dt oy dt 0z dt ox oy 0z

Problem-1:If u(x,y)= x> +y*, x=at’, y =2at, where a >0 then find %

Solution: Given that u(x,y) = x* +y?, x = at’, y = 2at, where a >0

u_
ox

, 8_u=2y , @:Qat and @2261
oy dt dt

2x
du _oudc  ouds
dt Ox dt Oy dt

= (2x) (at) + (2y) (2a)

= 4xat + 4ay

= 4a(xt +y)

= 4a(at’t +2at)

= 4a(at’ +2at)

= 4at’(t +2)

Problem-2: If u(x,y,z)=x"+y° +2z°>, x=e', y=e'sint and z=e’ cost

then find @ )
dt

Solution: Given that u(x,y,z)=x> +y> +2z*> , x=¢€', y=¢€' sint and

z=e' cost

20



u_pou_p o u_, odx o dy
0x

2x, —
oy 0z dt dt

=e'(cost+sint) and

a4 _ e'(cost —sint)
dt

du ou dx oudy oJudz
= = —_— 4+ — =+ — —

dt  ox dt oy dt oz dt
= (2x)e' + (2uy)ef(cost+sint)+ (2z)e'(cost—sint)
= 2e'e' + 2e'sinte’(cost+sint)+ 2e’ coste’(cost—sint)
=e” (2+ 2sint (cost+sint)+ 2cost(cost —sint))
= 4e?
du _ 4
dt

Exercise
. [ x ¢ 5 ! du
1. Ifu:sm[—j,x:e ,y=t" then find —.
y dt

2. fu=xy+yz+zx , x=%, y=e' and z=e' then find @

3. If u=f(y-2z,z—x, x—y) prove that 6_u+8_u+ au:

—=0.
ox 0y 0z

dkkkk
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Differentiability

Definition: A function f:[] x[J —[] is said to be differentiable at a point

(xo,yo) if
1. % and % exist at (x,,Y,)
f(x:y)_f(xmyo)_[Z{C(xo’yo):l(x_xo){gf(xo’yo)}(y_y(’)
2. lim < =0
(x,y)—>(x0,Y0) H(x, y) - (xO’ Yo )H

Definition: Let F:[] x[] —[] x[] be a function of two variables whose
component functions are f:[J x[] —»[] and g:U xJ —»[J. Suppose that

g’ﬂ,ﬁ_g and %9 exist at a point X, =(x,,y,). Then the matrix
ox Ox Ox oy
oy ¥
A ax( 0) ay(xo)
Jf (x0)= 69 R 8g R
8_x( o) @(XO)

is called the Jacobian matrix at x,. The determinant of the Jacobian matrix

is called the Jacobian of f and g. The Jacobian of f and g is defined by

of of
o(f.g) |ox ody|_of ag of og

a(x,y) dg dg Cox oy oy ox
ox 0y

Definition: Two functions f:[J x[J —»[] and g:[J x[J —»[] are said to be

0
1. Functionally dependent if (f,g) =0
o(x,y)
0
2. Functionally independent if (f,g) =0

0(x,y)

Problem-1: Find the Jacobian matrix for the function F(x,y) = (e”y +y, y2x).

Solution: Given that F(x,y)= (e“y +y, ny). Let f(x,y)=e""Y +y and

gley)=y’x
:>%:e’”y,g:e’“*ul,a—g:y2 and a—g:2xy
0x oy X 0
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Then the Jacobian matrix of F(x,y)= (e“y +y, y2x) is given by

o o
ox 0y
JF(x7y): og dg
ax oy

2

y 2xy

ey e* 4 1:|

Problem-2: Show that u(x,y)= 1x— Y and v(x,y)=tan' x +tan'y are
Y

functionally dependent and hence find a relationship between them.

Solution: Given that u(x,y)= 1x— Y and v(x, y)=tan'x +tan'y
Cl

ou l+y> ou_ 1+x* ov 1 and @1

o exl o (exm) o i@ M Ty
u ou
Then o(u,v) _|ox oy
o(xy) |v v
ox 0Oy
_udv_udv
ox 0y Oy Ox
[ 1+y (1}_ 1+x2(1]
(1 —xy)Q 1+y2 (1—xy)2 1+ x?
=0

= u(x,y)= lx_ Y and v(x,y)=tan ' x +tan 'y are functionally dependent.

Since v(x,y)=tan' x +tan'y, we have tanv = tan(tan’1 x+tan™ y)

= tanv =u or v =tan'u

This is a functional relationship between u and v.
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o(u,v) 9(x,y) _q

o(x,y) o(u,v)

o(u,v) _ o(u,v) o(r,s)

o(x,y) o(r,s) (x,y)
ou Oou Jdu
ox oy oz

Exercise

. Find the Jacobian matrix for the function F(x,y) = (x2 +cos y, yex) :

d(u,v) 0(x,y) _ .

. Show that =
ow tha o(x,y) o(u,v)
A x=uv, y:E then find M
v o(u,v)
.Ifuzﬁ,v:ﬁ and w:ﬂthenﬂndM.
X y z a(X,U,Z)

. Show that the functions u=x+y+z, v=xy+yz+zx and
w=x>+y’+2z> are functionally dependent and hence find a relation

between them
2 2

. Prove that u= x2 — y2 , U= 22 Y > are functionally dependent and
X" +y X +y

hence find a relation between them.
. Determine the functional dependence and find the relation between

_X7Y and v = XY
xX+y (x—y)

u

5

dkkkk
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Maxima & Minima
Definitions:
1. Afunction f:0" — [ is called a scalar field, where n > 1.
2. Afunction f:[0" ->[™ is called a vector field , where n >1 and m>1.

3. Let f:00 x -0 and z= f(x,y). A point (x,,y,) is said to be a

critical point or a stationary point if 2_f (x0,Yo) = fre(%0,Yo) =0 and
X

0
%(XO’yO)zfy (xo,y0)=0.

4. Let Scl x[l . A scalar field f:S—I[] is said to have an absolute
maximum or a global maximum at a point (a,b) of S if
|f(x,y)| < f(a,b) for all (x,y)eS. The number f(a,b) is called an
absolute maximum value of f on S.

5. Let Scl xUJ. Ascalar field f:S —[ is said to have an relative

maximum or a local maximum at a point (a, b) of S if there exists a
neighborhood B of (a,b)in S such that |f(x,y)| < f(a,b) for all

(x,y) € B. The number f(a,b) is called a local maximum value of f

on S.

6. Let Sc U xlJ. Ascalar field f:S —[] is said to have an absolute
minimum or a global minimum at a point (a,b) of S if |f(x,y)| > f(a,b)
for all (x,y)eS. The number f(a,b) is called an absolute minimum

value of f on S.

7. Let Sc xlJ. Ascalar field f:S —I[] is said to have an relative

minimum or a local minimum at a point (a,b) of S if there exists a
neighborhood B of (a,b)in S such that ‘f(x,y)‘ > f(a,b) for all

(x,y) € B. The number f(a,b) is called a local minimum value of f

on S.
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8. Let Sc x[l. A point (x,,y,) is said to be a stationary point of a

scalar field f:S—[ in S if g—f(xo,yo):fx(xo,yo):O and
X

% (%0,Yo) = [, (%6,Yo) =0. A stationary point (x,,y,) €S is said to be

a saddle point of f:S —[ if every neighborhood B of (x,,y,)
contains points (x,y) such that f(x,y)< f(x,,Y,)and other points
such that f(x,y)> f(%,Y,)-
Remark: Let S c Ul x[J . The stationary points of a function f:S —[] are
of the following types

a) Points of Maxima
b) Points of Minima

c) Saddle Points

Notation: Let z = f(x,y). We use the following notation.

1. p=—
o
0z
2. gq=—-=
1= 75, Iy
0’z
3. r= =
ox? T
2
4. s= gz =f.
0x0y v
0’z
5. t = @ = fyy
0z 0z .
Here we suppose that both ™ and P continuous.
X Yy

Problem-1: Find the stationary points of f(x,y)=2— (x2 + y2) for all

(x,y)ell <.
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Solution: Given that f(x,y)=2- (x2 + yz) for all (x,y)el] x[J .

= g:—Qx and g:—Qy

o0x oy
Clearly , E:O = x=0
0x
E:O = y=0
oy

Hence (0,0) is a stationary point for the function f(x,y)=2- (x2 + yg)
and f(0,0)=2.

Since f(x,y)=2- (x2 ; y2) <2= f(0,0) for all (x,y)el] x[I, it follows that  f

not only has a local maximum at (0,0) but also an absolute maximum at the

origin.
Problem- 2: Find the stationary points of f(x,y)=x+y’ for all
(x,y)ell <.

Solution: Given that f(x,y)=x"+y’ for all (x,y) el x[] .

= g=2x and g=2y

0x oy
Clearly, g=0 = x=0
0x
z:O = y=0
oy

Hence (0,0) is a stationary point for the function f(x,y) = x* + y
and f(0,0)=0.
Since f(x,y)=x>+y”>>0= f(0,0) for all (x,y)ell x[], it follows that f has

an absolute minimum at (0,0) .
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Problem-3: Find the stationary points of f(x,y)=xy for all (x,y)eJ x[J.

Solution: Given that f(x,y)=xy for all (x,y)ell x[].

g:y and %2

= x
ox oy
Clearly, g:O = y=0
0x
E:O = x=0
oy

Hence (0,0) is a stationary point for the function f(x,y)=xy
and f(0,0)=0.
Consider a neighborhood centered at the origin and with radius ¢ >0 in

[ x . Choose a point (—a,-b) such that 0<+a®+b* <&, where a and b
are positive real numbers. Then f(-a,-b)=ab>0= f(0,0). Now, choose a
point (u,—v) such that 0<+u’+v®> <5, where u and v are positive real

numbers. Then f(u,v)=-uv<0=f(0,0).

= (0,0) is neither point of maximum nor a point of minimum for the given

function.

Hence (0,0) is a saddle point for the given function f(x,y)=xy.

Taylor’s Theorem

Suppose that all the first and second order partial derivatives of z = f(x,y)

are continuous on the domain of f. Then

0= () (=20 L 0 | =0) | L ) 0= | S )+

+(x—xo)(y—yo){aa;—aj;(xo,yo)} + % (Y-t {%(xo,yo)}r&



Where R,/|h|" — 0 as |a| -0, where h =(x—x,,y—y,)-

Test for Maxima and Minima
Let z = f(x,y) have continuous partial derivatives up to second order and
suppose that (xo,yo) is a critical point of f. Consider the expression the

expression

A:l:fxx(x07y0):||:fyy(x07y0)]_[fxy(x0’y0)]2 or A=rt—s’ at (%05 Yo) -

1. If A>0 and f,(x,Y,)>0, then (x,,y,) is a local minimum for f .
2. If A>0 and f(x,,y,)<0, then (x,,y,) is a local maximum for f .
3. If A<O, then (x,,y,) is a saddle point for f .

4. If A=0 the test fails and further examination of the function is

necessary.

2
Here f, (x,,y,) means that r = Z ]; is evaluated at the point (x,,y,)-
x

Problem-4: Find the critical points of f(x,y)=xsiny and determine

whether they are local maxima, local minima or saddle points.

Solution: Given that f(x,y)= xsiny for all (x,y)el] x[]

of of

= —=siny and = ——=Xxcosy
ox oy

of

Clearly, 8_:() = siny =0 = y=nx,where nell
X

Z—fzo = xcosy=0 = x=0 because cosy#0 for y=nx
Yy

Hence the critical points of f(x,y)=xsiny are (0,nz) for nell

2
Now, r:aé:O
0x
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=-xsiny = f, (O,n7)=0

o> f

S =
0x0y

=cosy = f,,(0,nr)=(-1)"

Then A= f,, (0,n7)][ f,, (0,n7)]~[ £, (O,nz)] =1

= all the critical points are saddle points for the give function
flxy)=xsiny.
Problem-5: Find the maximum values of x° +y® —3axy, where a#0.

Solution: Given that f(x,y)=x’+y®-3axy , where a=0.

of of

= > =3x"-3ay and — =3y’-3ax
ox oy

Clearly, Z—f =0 = 3x*-3ay =0
X

= x*-ay=0

= x’=ay or y=>— - (1)
a

Similarly, g—f =0 = 3y*-3ax=0
Yy

= y’-ax=0 — (2
x4
From (1) and (2), —F-ax=0
a

= x*-a’x=0

= x(x —as):O
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= x(x—a)(x2 +ax + a2) =0

= x=0 or x=a

If x=0 then y=0

If x=a then y=a

Thus, (0,0) and (a,a) are stationary points for the given function

flx,y)=x*+y° -3axy.

We have r=6x, t=6y and s=-3a

At the point (0,0) , A=rt-s*=-9a” <0
= (0,0) is a saddle point for the given function f(x,y)=x’+y’ —3axy
At the point (a,a), we have r=6a,t=6a and s=-3a

= A ):rt—32:36(12—9a2:27a2 >0

a,a
Case-1

Suppose that a>0. Then r =6a >0 and Apay >0
= (a,a) is a point of minimum for the given function

Case-2

Suppose that a<0. Then r=6a<0 and A >0

(aa)

= (a,a) is a point of maximum for the given function

Constrained Extrema & Lagrange Multipliers

In some problems, we need to maximize or minimize a function z = f(x,y)

subject to a condition g(x,y)=c, where c is a constant.
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1. To find the points of extrema for the given function z = f(x,y) under
the constraint g(x,y)=c, we use the Lagrange method of multipliers.

In this method, we construct the following equations

d_,% - (1)
ox ox
9% S5 @
oy oy
glx,y)=c - (3

Here A is called a Lagrange multiplier. By solving these three equations, we
find the values of x,y and 4. After we find all pairs of points (x,y)
satisfying these three equations, say (x,,y,),(%,,4,),-.-,(X,,Y, ), we evaluate
f at these points obtaining a list of numbers f(x,y,),f(%,Y,),---» f (%,,Y,)
. The absolute maximum will be the largest of these and the absolute

minimum the smallest.

2. To find the points of extrema for the given function w= f(x,y, 2)
subjected to the constraint g(x,y, z) =c, we use the Lagrange method

of multipliers. In this method, we construct the following equations

9 _ la—g - (1)
0x ox
g _,%9 S5 @
dy oy
S _ ;% S5 @)
0z 0z
glx,y,z)=c —> (4

Here A is called a Lagrange multiplier. By solving these four equations, we

find the values of x,y, z and 1. After we find all points (x,y,z) satisfying
these four equations, say(x,,4;,2,),(%,,Ys,2,),---,(%,,Yn» 2, ), We evaluate f

at these points obtaining a list of numbers
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f(x,y,2), f(%,Y5,2,),..., f(%,,Y,,2,). The absolute maximum will be the

largest of these and the absolute minimum the smallest of these values.

Problem-1: Find the extreme values of f(x,y)= x> -y’ along the circle C of

radius 1 centered at the origin in the xy plane.

Solution: Given that f(x,y)= x> -y>. We have to find the extreme values of

the given function along the circle x> +y° =1

Let g(x,y)=x>+y*>-1. Then E:Qx, g:—Qy, a—g:2x and a_gzgy
0x oy 0x oy

T -39 o ox-oix - (1)

ox ox

g9 -2y =24y - (2)

oy oy

x> +y’ =1 - (3)

Consider 2x=2A4x

= 2x(1-1)=0

= x=0 or 1=1

Consider -2y =24y

= 2y(41+1)=0

= y=0 or 1=-1

If x=0, x¥+y>’=1 = y=1or -1
Ify=0, x¥’+y’=1 = x=1or -1

If =1 then y=0. In this case, (1,0) and (-1,0) are critical points for

the given function f(x,y)=x" -y’ along the circle x*> +y> =1
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If 2=-1 then x=0. In this case, (0,1) and (0,-1) are critical points for

the given function f(x,y)= x> -y along the circle x> +y* =1

Clearly, f(0,1)= f(0,-1)=-1 and f(1,0)= f(-1,0)=1. So the maximum and

minimum values are 1 and -1.

Problem-2: Find the extreme values of z = xy subject to the condition

x+y=1.

Solution: Given that z = xy is subjected to the condition x+y=1
Let f(x,y)=xy and g(x,y)=x+y-1.

Then g:y, g:x, a—gzl and 8_g=1

ox oy ox oy
Then @:ﬂa—g = y=41 - (1)
ox ox
of og
gty Y - (2)
x+y=1 - (3)

From (1) and (2), we get x=y =41
Since x=y and x+y=1, we have 2x=1 = x:é

1
Hence x=y =—

= (% , %) is a critical point for the function f(x,y)=xy subjected to the

condition x+y=1.
1 1 1 . : . . -
= f 2°'3 =— 1is a maximum value of z = xy is subjected to the condition

x+y=1.
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Problem-3: Find the minimum value of x* + y* + z°, given that xyz=a’ ,

where a >0.
Solution: Let f(x,y,z)=x>+y’ +2z° and g(x,y)=xyz-a’, where a>0

of of __o, o g g g

= —=2x, —=-2y, —=2z, —=yz, —=xz and = =x
ox oy Y 0z ox Y oy 0z Y
g=ﬂa—g = 2x=Ayz :i=i - (1)
ox ox yz 2
9 _,% = 2U=Axz - Yt (2)
oy oy xz 2
S99 o opegy = 22 5 3
0z 0z xy 2
xyz = a’ - (4)
From equations (1), (2) and (3)
x_Y¥y_=z2_42
yz xz xy 2
From —= 4 weget x*=y> = x=y or X=-y
Yz xz
From 2 = 2  weget y’=2z> = y=2z or y=-z
Xz  xy

If x=y=2z then xyz=a® = x°=d° = x=a

In this, (a,a,a) is a critical point of f(x,y,z)=x*+y* +z* under the

constraint xyz =a’.
If x=y and y=-z then xyz=a® = z°=ad’ = z=a.

In this case (—a,—a,a) is a critical point of f(x,y,2z)=x’+y*+ 2z under the

constraint xyz =a’.
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If x=-y and y=z then xyz=ad’° = y’=-a® = y=-a

In this case (a,—a,—a) is a critical point of f(x,y,2z)=x" +y* + z° under the

constraint xyz =a’.
If x=-y and y=-z then xyz=a® = y’=a’ = y=a

In this case (-a,a,—a) is a critical point of f(x,y,2z)=x* +y* + z° under the

constraint xyz =a’.

= f(a,a,a)=3a’, f(-a,—a,a)=3a’, f(a,—a,-a)=3a’ and

f(-a,a,—a)=3a’.
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Exercise

1. Classify the stationary points of following functions

2

a) z=x*+(y-1y b)z=x"-(y-1)
c) z=x>-3xy* +y’ d) z=x°+y° -3xy

2. Find the points of maxima, minima and saddle points for

fley)=B-x)B-y)(x+y—3).
3. Find the maximum and minimum values of f(x,y)=x’y’(1-x-y).

4. Find the minimum value of f(x,y,z)= x" +y” + z*> subjected to

x+y+z=3a, where a>0.

5. Find the maximum and minimum values of f(x,y,z)=x+y+2z subjected

to l+l+l:1.
X y z

dkkkk
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